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Abstract

We develop a perturbational technique to approximate equilibria of a wide class of discrete-time dy-
namic stochastic general equilibrium heterogeneous-agent models with complex state spaces, including
multi-dimensional distributions of endogenous variables. We show that approximating policy functions
and stochastic process that governs the distributional state to any order is equivalent to solving small
systems of linear equations that characterize values of certain directional derivatives. We analytically
derive the coeflicients of these linear systems and show that they satisfy simple recursive relations,
making their numerical implementation quick and efficient. Compared to existing state-of-the-art tech-
niques, our method is faster in constructing first-order approximations and extends to higher orders,
capturing the effects of risk that are ignored by many current methods. We illustrate how to apply
our method to a broad set of questions such as impacts of first- and second-moment shocks, welfare
effect of macroeconomic risk and stabilization policies, endogenous household portfolio formation, and
transition dynamics in heterogeneous agent general equilibrium settings.
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1 Introduction

We develop a numerical method to approximate equilibrium dynamics of a large class of discrete-time
heterogeneous agent (HA) models that feature aggregate and idiosyncratic shocks, and occasionally
binding borrowing constraints. Our method is based on approximation techniques that scale aggregate
shocks and consider Taylor expansions of equilibrium conditions with respect to that scaling parameter.
Our method can be used to quickly compute equilibrium effects of higher-moment shocks, welfare effects
of risk and macroeconomic stabilization policies, general equilibrium portfolio problems, and transition
dynamics to a new steady state in environments with rich heterogeneity.

Our approach intentionally focuses on maintaining the computational speed, flexibility, and ease-of-
use of traditional perturbational techniques commonly employed to solve and estimate representative
agent dynamic stochastic general equilibrium models, such as those implemented with the DYNARE
software package.! We use recursive representations of equilibria and approximate equilibrium dynamics
around the steady state of the model in which aggregate shocks are switched off. We show that it
is possible to analytically derive expressions for all objects that are used to construct equilibrium
approximations. These expressions are represented by a small-dimensional linear system of equations
regardless of the dimensionality of the state in the recursive equilibrium representation (which is usually
infinite-dimensional in HA economies). In our implementation, the construction of these linear systems
requires just two inputs: (i) the standard outputs from commonly used routines for calculating the
steady state (i.e., the invariant distribution) of HA economies without aggregate shocks, and (ii) the
functional forms defining equilibrium conditions. In addition to preserving the spirit and convenience
of DYNARE-like algorithms, our method is faster than existing state-of-the-art techniques to obtain
the first-order approximations of HA economies, and extends easily to higher orders.

Our approximation approach is based on two insights: (i) that traditional perturbational techniques
can be reformulated as solving a small-dimensional linear system that characterize values of certain
directional derivatives; and (ii) that this reformulation is particularly useful for HA economies, which
have a high-dimensional state and feature kinks in policy functions, for example, due to the presence
of occasionally binding borrowing constraints. We describe each of these insights in turn.

Policy functions in the recursive representation depend on exogenous (idiosyncratic and aggregate)
shocks and endogenous (typically, multi-dimensional) state variables. Traditional application of per-
turbational techniques (e.g., Schmitt-Grohé and Uribe (2004)) requires finding derivatives of policy
functions with respect to all its arguments, evaluated at the steady state. These derivatives solve non-
linear matrix equations whose size and complexity scales with the dimension of the state. Using these

derivatives, one can construct equilibrium responses of desired order of approximation to aggregate

1See Judd (1998) and Schmitt-Grohé and Uribe (2004) for an introduction to such methods.



shocks.

Our first contribution is to demonstrate a reformulation of the perturbational approach. Specifically,
we illustrate that aggregate equilibrium responses can be characterized using directional derivatives—
values of policy function derivatives evaluated in suitably chosen directions. This reformulation offers
several advantages. Firstly, the directional derivative of any policy function remains scalar, ensuring its
dimension is one regardless of the state variable’s dimensionality. This is particularly salient in HA con-
texts, where the endogenous state’s dimensionality is vast, yet key equilibrium objects are summarized
by a limited set of variables. Secondly, the directional derivatives we employ have intuitive economic
interpretations. For instance, the first-order approximation is derived from a sequence of directions that
align with the state’s equilibrium path following a one-time, unanticipated aggregate disruption (com-
monly known as an “MIT shock”). Second-order approximations use directional derivatives reflecting
the state’s trajectory due to compounded MIT shocks over different periods and a direction capturing
precautionary motives due to the presence of risk. Lastly, all directional derivatives solve linear equa-
tions with coefficients that can be deduced analytically. Even in representative agent (RA) scenarios,
our method presents benefits. For example, it circumvents the need to tackle nonlinear equations or
incorporate further refinements — such as selecting the stable root of matrix quadratic equations or
resorting to pruning — which traditional perturbational techniques require to rule out approximations
with explosive paths.

Applying perturbational techniques to HA settings introduces distinct challenges. Firstly, the pres-
ence of idiosyncratic risk and incomplete markets means that equilibrium dynamics typically hinge
on an infinite-dimensional distributional state. Our formulation readily adjusts to this and we show
that both individual and aggregate responses can be expressed using only a small set of directional
derivatives that are constructed using convenient linear operators. Secondly, traditional perturbational
methods rely on the assumption that policy functions are sufficiently differentiable at the steady state.
This assumption is violated in many staple HA models due to the presence of occasionally binding
borrowing constraints, which induce kinks in policy functions. These kinks are endogenous in the sense
that they themselves depend on the state of the economy. We show that such kinks can be explicitly
incorporated into analysis using generalized functions.? Leveraging these generalized functions allows
us to characterize the effects of kinks in policy functions and mass points in the invariant distribution
on equilibrium responses to aggregate shocks.

To apply our approach in HA economies, we first derive the exact expressions for the linear opera-

2The generalized functions, (e.g, functions that include delta-function components) are also commonly known as
distributions. Mathematically, these functions are not related to distributions in the sense of probability theory. Thus, we
reserve the word “distribution” for the latter (e.g., the invariant distribution of asset holdings in HA economies) and refer
to the former as “generalized functions”. The reader can consult Kanwal (1998) for a good introduction to generalized
functions.



tors that characterize the theoretical values of the required directional derivatives and then propose a
discretization scheme to implement them numerically. This sequence ensures that as the approximation
grid shrinks in size, our numerical solutions consistently converge to the true solution. Notably, such
convergence would not be guaranteed if we followed the traditional technique of first discretizing the
transition probability kernel that characterizes the steady state invariant distribution and then apply-
ing perturbational techniques. In particular, we show that the most popular method to discretize the
transitional probability kernel — the so-called histogram method — cannot be used to study equilibrium
approximations beyond the first order as it fails to correctly capture non-linearities in the laws of motion
in the aggregate distribution of HA economies.

In Sections 2-4, we focus on the most canonical formulation of the approximation problem — the
economy starts near its steady state, aggregate shocks are homoskedastic, and all equilibrium variables
are uniquely determined in the deterministic economy. We first develop our analytical techniques in
RA settings (Section 2), and then extend them to the HA settings (Section 3). In Section 4, we discuss
how outputs from off-the-shelf algorithms used to compute the steady state of the deterministic model
can be used to construct objects needed for first- and second-order approximations to aggregate shocks.
In Section 5, we consider three extensions that do not fit into our baseline framework: models with
transition dynamics to a steady state, models with stochastic volatility, and portfolio problems.

Models with transition dynamics emerge when initial conditions are different from their long-run
values. Such problems arise naturally when one studies the effects of permanent shocks or policy
changes. We show that the same linear operators that we derived to approximate around the non-
stochastic steady state also characterize the equilibrium path from a given initial condition to the
long-run ergodic distribution.

Models featuring stochastic volatility are prevalent in many settings that explore the implications
of changes in uncertainty and risk premia. The conventional approach to incorporating time-varying
risk can be cumbersome even in simple settings. The reason is that when employing standard per-
turbational techniques, both the level and volatility of innovations to aggregate shocks are perturbed,
meaning that the effects of volatility shocks only manifest at the third order. We proceed differently:
by perturbing only the level of the shock, we can describe the impact of uncertainty shocks using just
second-order expansions. Furthermore, our specification of uncertainty shocks combined with the di-
rectional derivatives approach retains tractability even in rich HA settings. In fact, we characterize
equilibrium responses to uncertainty with the same linear operators we previously constructed for the
first and second-order approximations in a homoskedastic economy. This suggests that approximating
models with stochastic volatility is as time-efficient as doing so in the homoskedastic settings.

In the last extension of Section 5, we turn attention to portfolio problems. Macroeconomic en-



vironments with portfolio problems—models in which agents can invest in assets with different risk
characteristics—are commonplace. This encompasses settings where agents can both borrow and lend
among themselves and also invest in risky capital. However, these models pose challenges for per-
turbational methods. In a deterministic economy, all assets are risk-free, making portfolio allocations
indeterminate. Moreover, while portfolio choices hinge on the model’s second-order properties, like risk
premiums or covariances of equilibrium variables, even the model’s first-order dynamics are influenced
by these choices.

The HA literature predominantly follows two paths. The first essentially sidesteps the household
portfolio problem, positing a mutual fund that manages a unified portfolio for all households. The
second, meanwhile, disregards the risk attributes of assets and assumes that portfolio allocations are
determined entirely by other forces, such as differences in transaction costs of trading various assets.?
We augment this literature by developing a general approach that incorporates risk considerations. Our
method simultaneously solves for the optimal portfolios of all agents, second-order risk premium of these
assets, and equilibrium approximation for aggregate responses that depend on those portfolios.

In Section 6, we place our method in the context of the large literature that approximates HA
models with aggregate shocks. In Section 7, we use a calibrated economy in the spirit of Krusell and
Smith (1998) to compare the precision and speed of our method to existing techniques and then study
several applications that demonstrate usefulness of our method. Proofs for all the main statements are

in relegated to an online appendix.

2 Perturbational approximations with directional derivatives

In this section, we show that standard perturbational techniques to approximate equilibria in dynamic
stochastic macroeconomic models can be reformulated, to any order of approximation, as a problem of
finding sequences of directional derivatives that solve linear systems of equations. It will be helpful to
present our key ideas first in the simplest, representative agent (RA) settings as most of the insights
carry over directly to richer HA models.*

Consider the problem of finding solution to a one sector neoclassical growth model, in which agents
have preferences ﬁ]Eo Yrco C’t1 ~7. technology is Cobb-Douglas exp (0;) K¢, productivity ©; follows
an AR(1) process

O = peOi_1 + &, (1)

where & is a mean-zero random variable drawn independently across time from a distribution with

bounded support, |pg| < 1, initial capital stock K_; is given and ¢ denotes depreciation rate. The

3See Gornemann et al. (2021) and several papers that follow them for the mutual fund trick and the large literature
on two-asset HANK pioneered by Kaplan et al. (2018) for asset-specific transaction costs.
4We thank Ben Moll for the suggestion to use the RA model to explain the key insights of our method.



optimal allocations in this economy can be characterized by three equations as follows

O;’Y — 6]Et)\t+1 = O, (2&)
A — (L+aexp (©,) Kp~1) O =0, (2b)
Ct + Kt - @tha_l - (1 — 5) Kt—l =0. (QC)

Let Xy = [Ky, Cy, )\t]T be the vector of endogenous variables. We are interested in finding approx-
imations to stochastic sequence {X; (Et)}ngt that solves equation (2) given stochastic process (1) and
the initial condition K _;.

We can express the system of equations (2) more generally. Let Y; := [0, PX;_1, X, EtXtH]T and
write equation (2) as

G (Yy) =0, (3)

where mapping G is explicitly defined by (2) and P is a selection matrix for the pre-determined en-

dogenous variables.?

Vast majority of DSGE models can be represented in this form, with vector
Y; consisting of exogenous variables, pre-determined endogenous variables PX;_ 1, current period en-
dogenous variables X; and their expectations E;X;11. Relative to the canonical formulation of such
problems given in Schmitt-Grohé and Uribe (2004), we introduced an auxiliary variable A; to ensure
that expectations are linear in X;41. This can be done without loss of generality and simplifies analysis.

The perturbational approach approximates the solution to this problem as follows. First, it perturbs

the stochastic process (1) by scaling exogenous shocks £ by scalar o > 0:
G)t = p@@t,1 + O'gt. (4)

We refer to the economy with ¢ = 0 as the deterministic economy. Second, the problem is written
recursively. In our example, the state variable is Z = [©, K]. Using bars to denote policy functions, the

recursive formulation of this problem can be written as
G(Y (Z;0)) =0forall Z,0 (5)

where

Y (Z;0) = [0,K,X (Z;0) ,EeX (po® + o€, K (Z;0):0)] . (6)

5Throughout, we assume that G depends only on the subset of Y; for which this dependence is no-trivial. For example,
equation (2) defines a mapping G : R — R3, where G is a function of scalars ©¢, K;_1, EtAty1 and a three dimensional
vector X¢. For our exposition, we keep convention that ©; and K are uni-dimensional variables but extension to multi-
dimensional case is straightforward (see the appendix).



Finally, one finds the steady state Z* of the deterministic economy (Z* = [0, K*] in our example) and
takes various orders of Taylor expansions of (5) with respect to o, evaluated at o = 0, to approximate
the stochastic economy.

To simplify notation, we drop explicit references to o and Z when o = 0 and Z = Z*, that is X (2)
and X denote X(Z;0) and X(Z*;0), respectively. Let Z(Z) denote the Law of Motion (LoM) of the
state in the deterministic economy, which in our example takes the form Z(Z) = [pe©, K (Z)]. Finally,
we use notation X,, X,, to denote first two derivatives of X (Z*,o) with respect to o evaluated at
o = 0. We refer to these terms as precautionary motives.

A standard implementation of perturbational methods (e.g., Schmitt-Grohé and Uribe (2004) or
DYNARE) differentiates (5) to find derivatives of policy functions X, = [5X, 5 X " and their
higher-order generalizations and uses those derivatives to construct equilibrium responses to any se-
quence of shocks £ given initial conditions K_; = K*. Finding X » requires solving a matrix quadratic
equation and picking its stable root.® This is easy to do when the dimensionality of Z is small, as it is
the case in most RA-DSGE models, but becomes problematic as dimensions of Z grow. The difficulties
arise both because it becomes hard to solve such equations and costly to store their solutions.

We present an alternative implementation of the perturbation approach. While being mathemat-
ically equivalent to the standard implementation, it does not require solving non-linear equations or
storing any matrices that depend on dimensionality of Z. Instead, it collapses the problem of find-
ing the stochastic solution of any order of approximation to solving linear systems of equations where
dimensionality does not depend on dim Z. This makes it particularly well-suited for models in which
state Z is a large and complicated object, as it is often the case in HA environments.

The pertubational approach implicitly requires that solution is sufficiently stable and policy functions

are sufficiently differentiable. We state it here for completeness.”

Assumption 1. Let Z; := Z(Z(....Z(Zy))).
—_———
t times

(a) X (Z;0) is sufficiently differentiable at (Z*,0);
(b) limy oo Z¢(Zo) = Z* for all Zy in a neighborhood of Z*.

We start by reviewing some basic properties of derivatives. X 7 is the Jacobian of X (Z) evaluated
at Z = Z*, which is a dim X x dim Z matrix that consists of partial derivatives of all policy functions

with respect to each variable in Z. For now, let X z - Z be a usual product of matrix X z and a vector

6See Uhlig (2001) and Fernandez-Villaverde et al. (2016) handbook chapter to see how to solve the neoclassical growth
model using standard pertubational methods.

"By “sufficiently differentiable” we mean that policy functions are differentiable at least n times when we consider nt
order of approximation. A number of authors (e.g., Blanchard and Kahn (1980) or Jin and Judd (2002)) study sufficient
conditions on the primitives of macroeconomic model that ensure that Assumption 1 holds. For our purposes, we simply
take this assumption as given.

h



Z of dim Z. Note that we have a relationship

Xy 7= lim = [X (Z* taZ; o) X (2+0)], (7)

a—0 ¢

so Xz - Z can also be interpreted as a directional derivative, i.e., a measure of how policy functions
change if the state Z is perturbed from Z* in direction Z. Mathematically, Xz is also the first-order
Fréchet derivative of X with respect to Z. Fréchet derivatives are helpful because they allow us to
generalize (7) to cases when Z is of arbitrary dimensionality. Similarly, Z is the Fréchet derivative of
Z(Z) evaluated at Z*. In our example it takes the form

= Po 0

z| f gw ]

We are interested in finding approximations to X;(£?) for any £ = (&, ..., &;). Observe that X;(E?)

can be constructed from policy functions as follows

Xi(&") = X (2 (€%50):0)] oy - (8)

where Z;(£!,0) is defined recursively as Zy = [0€y, K*] and

Zy (5t;o') = [p@@t—1 (5 ) + o0&, K (Zt 1 (Et L ) ,O’)] ) (9)

Take the first-order Taylor expansion of (8) with respect to o and evaluate this expression at o = 0 to

obtain the following characterization of the first-order equilibrium approximation.

Lemma 1. X, =0 and to the first-order approzimation, X, satisfies

t

X, (&) =X+ %8+ 0 (7))

s=0

where Xy = Xz - Z; and {Zt}t satisfies recursion Zo = 1, O]T and Zy = Z g Zy_1.

Note that o appears twice in policy functions: it appears as a part of arguments in Z as it scales
innovations £, and as a standalone argument. This latter dependence is zero to the first order (X, = 0)
and so first-order approximations depend only on the first-order responses of policy functions X to
changes in state Zt.8 Examining the recursion that defines {Zt}t we can see that Zt captures the
period-t response of state Z to a one time shock to © in period 0. Thus, directional derivatives {Xt}t
have a natural economic interpretation as the impulse response to an “MIT shock”, i.e., to a one-time,
unanticipated unit shock to ©. Lemma 1 is also related to the insight of Boppart et al. (2018) that the

first-order approximations can be recovered from impulse responses to MIT shocks.

8While the fact that precautionary motives are zero to the first order is well-known (see, e.g., Schmitt-Grohé and Uribe
(2004)) it may be helpful to remind the intuition behind this result. The argument o in X (Z;0) captures how the level
of risk affects economic decisions. The first-order approximation linearizes economy, and so economic agents behave as if
they are risk-neutral and hence risk is irrelevant for them, manifesting in X, = 0. This also illustrates that to capture
effects of uncertainty on equilibrium variables, one needs to use at least second-order approximations.



To find {X;}; we differentiate (5) with respect to ¢ and use the observation that in deterministic
economy
1 r— . _ . .
lim ~ [X (Z (Z* + ozZt>) -X (Z(Z*))} — X, Ty 7= Xonr.
a—0

To state our result succinctly, use K; = PX,,? and let Gy be the Jacobian of G evaluated at Y = Y.

Proposition 1. {Xt} is the solution to a linear system
t
GyY: =0 for all t, (10)
N . PN T . N
where ¥, = {pt@, PXt,hXt,XtH] CPX_ =0, and lim;_a X; = 0.

Condition (10) is a linear system of equations that determines {Xt}t. To construct it numerically,
we only need to find matrix Gy. This is easy to do. The functional form of mapping G is known
(see equation (2)) and any automatic differentiation package can obtain the explicit functional form for
the gradient of G for arbitrary Y. This equation is then evaluated at ¥ = Y™ to compute Gy. Since
no numerical differentiation is involved, one obtains the exact value of Gy using this procedure. The
same observation will carry to higher orders, when numerical differentiation becomes less precise and
numerically less stable.

Equation (10) is an infinite system of linear equations. Our stability assumption 1b implies a
boundary condition lim;_, . X, = 0, so the solution can be approximated by truncating this system at
some period 7', imposing a terminal condition X, =0fort>T and inverting resulting (7' + 1) x dim X
matrix to solve for {X;}7_,."% We want to make a couple of observations about this approach. Nowhere
in the proofs we relied on the fact that K is uni-dimensional and the same result applies to economies
in which endogenous state variable has arbitrary number of dimensions. We also side-stepped the
need to solve a matrix quadratic equation or choose its stable root, which would be required under
standard implementation of perturbational techniques. These advantages are particularly salient when
dimensionality of Z is large, as will get clear in the next section.

Our directional derivative approach extends to arbitrary orders of approximation. We focus on the
second order in this paper. Let X zz be the second-order Fréchet derivative of X and Xz - (Z’ , 2" )

be its value in directions Z’, 2" M It would be helpful to remember that the second-order directional

9In particular, in our example of the neoclassical growth model, P = [1,0, 0].

10Given the simple way in which {¥;}7_, depends on {X;}T_,, this inversion is particular easy to do.

HTo build intuition for these objects, consider our neoclassical growth model example. We have K : R? — R, and so
K 77 is a 2 X 2 matrix of cross-partial derivatives of K with respect to © and K. Directional derivative K zz - (Z’, Z”) is
a scalar computed as (Z")TK zzZ’. Tt captures the second order interaction effect of changes Z’ and Z’’ on capital K.
Vector X consists of three policy functions, so X : R? — R3, X 5 is a collection of three 2 x 2 matrices of cross-partial
derivatives and X zz - (Z/,2") is a 3 x 1 vector that captures the interaction effect of Z’ and Z” on each of the three
policy functions.



derivative of compounded functions satisfies the following relationship

. . 11 < /5 * 5 5 ~ (7 *
Jmy dimy g (X (7 (7 w02 40 2)) =X (72(2)] w

=Xy - Zzz- (Z/, ZA”) +Xzz7- (ZZ : Z/,ZZ : ZA”)-
Using this observation, we take the second-order Taylor expansion of (8) and obtain the second-order

analogue of Lemma 1:

Lemma 2. To the second-order approximation, X; satisfies

t t
Xt (((:t) =..+ % (Z Z Xt—s,t—mgsng + XUJ,rﬁ) + 0 (”SH3> ’ (12)

s=0 m=0

where ... are the first-order terms and {)A(t,k} and {ng,t} are defined by
t

t,k
X=Xz - Zip+Xzz- (Zt, Zk) for Zin="7Z2-Zi 11+ Zzz- (Zt—l, Zk—l) ) (13)
Ya'o',t = YZ : Zaa,t + YUU fOT Zoa,t = 7Z : Zao,t—l + [07 PYUO’]T . (14)

with ZAo,k = ZAm = Zso,0 = 0.

This lemma shows that the second-order equilibrium approximation involves two types of terms:
terms like )A(t, r that capture the interaction effects on current period endogenous variables from shocks
that occurred t and k period ago, and terms like Xw’t that capture precautionary motives. Inspection
of equation (13) reveals that both ZAL » and th have the same mathematical structure as our example
in equation (11). Equation (14) is simpler since precautionary motives are zero to the first-order, so
that the first-order interaction terms drop out.

To find {th}tk and {X’Umt}t , we proceed the same way as we did in the first-order approximations
and differentiate (5) twice with respect to o. Let Gyy be the Hessian of G evaluated at Y = Y*. A
helpful observation to build intuition for the next proposition is that

o —
@EgX (c&,K*;0)

_ B [YZZ : ([5, o€, o}T)} 4+ X0 = Xogvar (&) + X

o=0

Proposition 2. (a). For any k, sequence {Xt7t+k} satisfies
t
Gy Y4k + Geor = 0 for all t, (15)

where Ct,wk = Gyy - (Y},Y}Jrk), Yt,t+k = [0, Pthl,tJrkfhXt,t+k7Xt+1,t+k+1}T; PX,Lk,l =0, and
limy 0 Xy ppk = 0.
(b). Sequence {ngyt} satisfies
t Gy Yyoi =0 for all t, (16)

N A N T - A
where Yaa,t = |:07 PXG’O’,tflv Xaa,ta Xaa,tJrl + X(),O'Uar (g)j| ’ PXUa,fl =0 and limy_, o Xaa,t_Xcra,tfl =
0.



Similar to Proposition 1, Proposition 2 collapses the problem of finding second-order approximation
to solving systems of linear equations. To solve {X; ;14 }; for any given k we use (15). It has mathemat-
ical structure similar to (10) except it requires contracting (ASt,Hk.. To construct it, we first find Gyy by
automatically differentiating (2) twice and evaluating it at steady state Y = Y*, and then using the so-
lution {Yt}t obtained in Proposition 1 to compute {Ct,t+k}t. In the same manner as the first order, the
stability assumption 1b can be used to show the boundary condition lim;_, Xt,tJrk = 0. The systems
of equations (15) are therefore solved using truncation and a terminal condition )A(t7t+k =0fort>T.
These systems of equations can be easily parallelized and solved simultaneously for all k. Once we have
)A(o’(), we can solve solve (16) for {ng,t}t. The only difference is that this system of equations has
the boundary condition lim;_, )A(W,t — )A(mt_l = 0 which we implement with the terminal condition
XM’t = XM’T for t > T, since precautionary motives do not need to die off as t — oco.

As with the first-order approximations, our implementation of perturbational techniques avoid com-
mon complications that arise under standard techniques. We do not need to compute and store matrices
of second-order partial derivatives such as X zz or to implement additional “pruning” techniques to
find stable solutions.!?

Lemma 2 can be used to find the approximation to the ergodic mean of endogenous variables in the

stochastic economy. Taking expectation of equation (12) and then the limit as ¢ — oo finds the long

run average level of X to be
E[X]=X+ Z:O)A(&svar(é') + tlirgo Xoot +0 (EIE (17)

If aggregate welfare is included in X then equation (17) can be used to compute ergodic welfare. The
observation that the difference E [X] — X is of the second order implies that the approximation error
would not improve if one were to approximate the equilibrium dynamics around the ergodic mean of

K rather than deterministic steady-state K*.

3 Approximations of HA economies

The directional derivative approach is particularly convenient to approximate HA models with aggregate
shocks. In those models, state Z depends on the distribution of individual characteristics, such as asset
holdings, and usually is infinite dimensional. On the other hand, one is typically interested in finding
a small number of endogenous variables, such as aggregate prices and quantities or some moments

summarizing heterogeneity. This makes the object of interest X small dimensional. The techniques

121t is well-known that standard perturbational methods produce unstable sample paths at higher orders. Kim et al.
(2008) propose to apply a “pruning” procedure to the obtained solution to address that issue. Lombardo and Uhlig (2018)
use series expansion methods of Holmes (2012) and Lombardo (2010) to provide a systematic theory of pruning. Our
second-order solution coincides with the one described in Lombardo and Uhlig (2018).

10



that we developed in the previous section allow us to compute the responses of X quickly for arbitrary
Z. To make our discussion concrete, we start by describing how we would approach solving a canonical

HA economy, the one considered by Krusell and Smith (1998).

3.1 Prototypical Krusell and Smith economy

The economy is populated by a continuum of households that face idiosyncratic risk and firms. Each
household supplies inelastically one unit of labor that is subject to idiosyncratic efficiency shocks 0; ;.
Households receive wage W; and save capital k; ; that earns gross return R;, that equals rental rate net
of depreciation §. Household 7 chooses stochastic sequences {c;, ki .} , to maximize life-time expected
utility Eq Z:io B'U (c;+) subject to the budget constraints ¢; s + ki < Riki—1 + Wiexp(6;+) and the
borrowing constraints k;; > 0 for all ¢ > 0. Initial k; _; and 6; ¢ are given and the distribution of
{ki,—1,0i0}, over i is denoted by €. Efficiency 6;; follows an exogenous stationary stochastic process
normalized so that [exp(6;)di = 1.

Households rent capital and supply efficiency-adjusted labor to firms each period. Firms are com-
petitive and produce output using Cobb-Douglas technology with aggregate productivity exp(©;) and
a capital share of a. Wages W; and rental rates R; are determined by the market clearing conditions
so that supply of labor and capital by consumers is equal to the demand for those factors by firms.

The equilibrium in this economy can be represented by three set of conditions: the optimality
conditions of households that face idiosyncratic risk, the optimality conditions of firms, and the market
clearing conditions. It is helpful to keep conditions characterizing behavior of economic agents that
face idiosyncratic risk (i.e., households) separate from the other conditions. Let ¢;; be the Lagrange
multiplier on the borrowing constraint of household ¢ in period ¢t. We can write the optimality conditions

of households as
RiUc(cit) = Aie =0, Uclcie) + Gt — BEA; 41 = 0 for all 4, ¢, (18)

and

Cit + ki,t — Rtk‘i,tfl — W, exp(&i,t) =0, ki)tCi7t =0 for all 4,¢. (19)

Here, equations (18) are households’ Euler equations and equations (19) are budget constraints and
the complementary slackness conditions on borrowing constraints. Besides equations (18) and (19), we
have non-negativity constraints k; ; > 0, (;+ > 0 for all ¢, ¢.

Letting A; represent capital supplied by the households in date ¢, the optimality conditions of firms

and market clearing conditions are

Wt — (1 — a) exp (@t) Kta = 0, Kt — At—l =0 for all t, (20)
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Ri+6—(1—a)exp(0,) Kf =0, A — /ki,tdi =0 for all ¢. (21)

Given initial conditions {k; _1,60;,0}, and G, equations (18), (19), (20) and (21), and non-negativity

constraints characterize equilibrium dynamics of this economy.

3.2 General representation of HA economies

Motivated by this example, we now present a general representation of equilibrium conditions of a broad
class of HA economies. Let 6 and © be vectors of idiosyncratic and aggregate shocks. Let x be the vector
of endogenous variables chosen by the agents subject to idiosyncratic shocks and X be the vector of all
other endogenous variables. We refer to z and X as idiosyncratic and aggregate endogenous variables.
Let a;—1 € x;4—1 and A;_1 € X;_1 be vectors of individual and aggregate endogenous variables chosen

at t — 1 that enter into time ¢ equilibrium conditions. We will write them explicitly as
a=px, A=PX,

where p and P are selection matrices that return a and A from vectors x and X. In what follows, we
will use A and PX interchangeably. Let Y; := [0, PX; 1, X;, E; X;,4]T.

The optimality conditions of agents subject to idiosyncratic risk are represented as
F (ai,t_l, 9i7t, xi,hEi,tzi,t—l-la th) = 0 fOI' all i,t (22)

with initial conditions (a; —1,8;,0). Let £ the the (cumulative) distribution of (a; —1,6;,0). The remain-
ing equilibrium conditions, which include optimality conditions of agents not subject to idiosyncratic

shocks, market clearing conditions, budget constraints for the government, etc, are represented as

G (Y}, /xzdz> =0 forall ¢ (23)

with some initial ©g and A_;.

It is easy to see how our example of the Krusell and Smith economy fits into this representation.
In that example, we have z;; = [Kki s, Ciits ity Gitl ™y @it = kg, Ar = [aiedi, Xy = [Ae, Ki, We, R T,
Y: = [0+, Ar—1, Xt, Bt X¢+1]. With these definitions, mapping F' captures optimality conditions (18) and
(19), while mapping G captures conditions (20) and (21).

In order to streamline our exposition, for now we assume that 0, ;, ©; and a; ; are scalars; we discuss
the case when they are finite vectors in the supplementary material Section B. We assume that 6; ;
follows AR(1) processes

Oit = polit—1 + €its (24)

and Oy is given by (1). Here, €;; is a mean zero random variable drawn independently across time and

agents with a probability distribution that has a density p and |ps| < 1.
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An equilibrium consists of stochastic processes {X; (€")}; et and {z;, (5t7€§)}i,t,£t,5t that satisfy
(22)—(24) and auxiliary non-negativity constraints given initial conditions Zy = [@g, A_1,]. Our
main focus is on characterizing the equilibrium stochastic process {X;},, which is relevant for most
macroeconomic applications. As a by-product, we also describe a procedure to recover the stochastic
processes {@;z}, ;.

We proceed as in Section 2 and perturb the aggregate shock process as in (4). In a recursive formu-
lation, the aggregate state of the system (22) and (23) consists of O, A;—; and the joint distribution
QO over {(a;i—1,0i¢)},. We use € (a,0) to denote the measure of agents with 6; ; < 6 and a;; 1 < a.
Let Z; = [0, A;_1,94]T be the aggregate state. The recursive representation of equilibrium conditions

in the perturbed economy is given by
F (a, 0,7 (a,0,Z;0) ,Ee g [T]a,0,Z;0],Y (Z; o)) =0 for all (a,0,7,0), (25)
G(Y(Z;a),/x(',~,Z;0)dQ> =0 for all Z, o, (26)

as well as the LoM for the aggregate distribution 2 (Z; ) defined as

Q(Z;o)(d,0) = //L (@(a,0,Z;0) < a')u(peld + e < ) (e) dedQ{a,8) for all Z,o,  (27)

where Y (Z;0) = [@, A, X (Z;0),Eg W|Z; UHTand E. ¢ and E¢ to denote conditional expectation of

future policies with respect to (g, &) and &, respectively:

Ec ¢ [Z]a,0,Z;0] = /T(E(a,&, Z;0),p08 + €, p0® + 0€,PX (Z;0) ,Q(Z;0)) () ded Pr (€),

Ee [X|Z;0] :/Y(p@@+05, PX (Z;0),Q(Z;0))dPr(£).

This recursive system is initialized by the initial condition Z;.'3

We proceed as in Section 2 and approximate equilibrium responses around the steady state of the
deterministic economy.'* We denote this steady state by Z* = [0, A*, Q*}T. Let A(a’,0',a,0) be the
transition kernel from (a, ) to (a’,0’) in the steady state. As in Section 2, we drop explicit dependence
of policy functions on ¢ and Z when ¢ = 0 and Z = Z*. Thus, for example, T (a, ) will be understood
as 7 (a,0,2%;0). Z(2) = [pe©,A(Z),Q(Z)]|T is the LoM for the aggregate state in the deterministic
economy. As before, Xz, X7z, Zz, Tz(a,0), etc, denotes Fréchet derivatives of policy functions

of various orders. In HA settings, these are infinite dimensional linear operators rather than finite

13We do not explicitly add the non-negativity constraints in our state-space formulation. As we show formally in the
appendix, those constraints are not used in our perturbations. The reason for why they are not needed is the following.
We start with a steady state economy that already satisfies those inequalities and then perturb it. All strict inequalities
in the steady state remain strict in the perturbed economy and thus do not affect our analysis. The inequalities that hold
as equalities are already incorporated explicitly in F' mapping as complementary slackness conditions, and our approach
automatically calculates how perturbations affect them.

M As in Section 2, we refer to the economy with ¢ = 0 as deterministic economy. Note that agents are still subject to
idiosyncratic shocks in this economy. Q* is the invariant distribution in such economy.
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dimensional matrices that we used in Section 2, but their analytical properties used in the proofs are
largely unaffected by this distinction.

Our approach to approximating the HA economy will be parallel to the way we the approximated
RA economy in Section 2. We assume that aggregate policy functions X are sufficiently smooth and
stable, in the sense of Assumption 1, and use various orders of Taylor expansions of (25)—(27) to find
first- and second-order approximations. At the same time, many HA economies have features that are
not present in the standard applications of perturbational techniques, namely kinks in policy functions
T arising, for example, due to the occasional binding constraints. To allow for such kinks, we impose

weaker conditions on T.

Assumption 2.

(a) T(a,0,Z;0) is continuous and piecewise sufficiently differentiable at (Z*,0) for all (a,0). The
points of non-differentiability of T (-,0, Z; o) are described by a finite number of sufficiently differentiable
functions {K;(0,Z;0)};;

(b) The marginal distribution [ Q*d6 has a finite number of mass-points {a}}n, i.e., Q* has compact
support and has density w*(a,0) + 3, &5 (0)0(a — a}), where w*(a,0) and &;(8) are continuous and o

is a Dirac delta function.

Condition (a) allows policy functions to have a finite number of kinks, with j** kink of Z(, 0, Z; o)
occurring at a = K;(#, Z;0). Note that the kinks are endogenous in the sense that they depend on
the aggregate state Z. Condition (b) permits the marginal of the invariant distribution Q* to have a
finite number of mass points. A direct implication of conditions (a) and (b) is that the set of points for
which 7 is not differentiable at (Z*,0) is of Q*-measure zero. This also implies that the integral [Zd
is differentiable at (Z*,0).

As an illustration, consider our example of the Krusell and Smith economy. In that economy,
policy function k(k, #) is continuous, strictly increasing for 6 > 9 (k) and equal to zero for 6 < @V(k),
where av(k) is the level of 6 at which the borrowing constraint starts to bind. Since the distribution of
idiosyncratic shocks has a density i, the marginal of Q* can have at most one mass point, at £k = 0. Thus,
its density takes the form w*(k,8) 4+ £*(0)0(k), where £* (0) is the density of agents with productivity
0 at k = 0. Function % () is the inverse of gv(k).

For the rest of the paper, we assume that policy function Z (-,0) has at most one kink, at some
R(0). This done merely to simplify the exposition. The extension of our formulas to accommodate
finite number of kinks is immediate.

We use T, (a,0) and Ty,(a, ) to represent derivatives of policy functions with respect to a. Since
policy functions may have kinks, these derivatives are not defined in the classical sense at those

kinks. To handle this, we treat all derivatives of individual policy functions as generalized or dis-
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tributional derivatives and represent them as generalized functions.!® Since generalized functions are
infinitely differentiable (in the distributional derivative sense), they allow us to present a uniform treat-
ment of approximations at any order. When we want to distinguish between generalized and clas-
sical functions, we use symbol ° to denote the latter. To see the relationship between the two, let
z2(0) = limg () T(a, 0) — limgys(p) T(a,0) and let T5 (0) be defined analogously for T, (-,6). Ob-
viously, 2 (#) = 0 by continuity of Z (-,0) but 75 (6) # 0 due to kinks. The relationship between

generalized and classical derivatives is given by

To(a,0) = Ty(a,0) + 0 (a — R(9)) 7> (),
=0
Taa(a,0) = Taa(a,0) + 8 (a — F(0)) 75 (0).

These relationships imply that integrals of T, and Ta always agree, but integrals of T, differ from Taa

by terms involving jumps at the kinks, e.g.,

/ TaqdV* = / TaqdV* + / 72 (0) w* (R(6),0) db,

where w* (a,0) := w*(a,0) + >, &:(0)d(a — a;,). Note that w* is a generalized function as well and
notations such as [ZdQ* and [ZTw*dfda are equivalent under this convention.

Derivatives of individual policy functions such as Tz (a,6) - Z or Tzz (a,6) - (Z2',Z") and cross-
partials T,z (a,6) - Z also will be understood to be represented by generalized functions. We show in

the appendix that they satisfy Zz (a,0) - Z = Tz (a,0) - Z and
Tz (0,0) - Z =Tuz (a,0) - Z + 6(a —R(0)TZ(0) - Z, (28)
T22(0,0)- (2,2") =522 (a,0)- (2, 2") + 8la —RO)20) (R2(0) - 2') (R2(0) - 2").

Term %z(0) - Z in the second equation represents how the kink moves when the aggregate state is

changed in direction Z.

3.3 First-order approximations

We start with the first-order approximations. For the HA economy, the statement (and the proof) of
Lemma 1 remains unchanged as long as we augment the LoM for Z; (£%;0) in equation (9) to include
Q(Z;—1 (£'71;0) ;0) and understand Zo = [1,0]" to mean the infinite-dimensional vector that consists
of 1 in the first element (corresponding to the exogenous part of the state space) and 0 for all other

. . . . 1T
elements. To characterize {X;}+ we differentiate (26) and evaluate it in direction Z; = |pl, PX;_1, Qt}

15A generalized function is a linear functional over some space of functions. For instance, § is a generalized function
defined by the operation 6[¢] = [ ¢(z)d(z)dz = ¢(0) for some function ¢. There is a large mathematical literature on
generalized functions (also referred to as distributions) and distributional derivatives, see Kanwal (1998) for an introduction
to this subject.
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to obtain
GyY; + G, ( / mdQ) 7y =0, (29)
z

where Y; is as defined in Proposition 1. Here, G, is the derivative of G with respect to its second
argument, [ zd, evaluated at the steady state, and ([ ZdS2) , - Zy is the directional derivative of [ ZdS

in direction Z;. Using the definition of directional derivatives and continuity of policy functions at the

( / de>Z Ty = / Ty dQY* 4 / TdQy, (30)

where #, (a,0) = T (a,0) - Z; are directional derivatives of individual policy functions.

kinks, it is easy to show that

Equation (30) shows that the first-order change in the aggregation [ Zd) consists of two components:
the effect of the shock on individual policy functions, [ #.dQ*, and the effect of the shock on the
aggregate distribution, [ ZdSY. In order to characterize these components, we use two intermediate
results. First, we show that there is a tight relationship between responses of individual and aggregate
endogenous variables to aggregate shocks. We obtain it by applying the implicit function theorem to

mapping F defined in equation (25) and evaluating those expressions at the deterministic steady-state.

Lemma 3. For any t,

i't (a, 9) = Z Xs (av 0) }Aft+sv (31)
s=0
where matrices X (a,0) are given by
X0 (CL, 9) = - (F:v (a7 6) + er (a7 9) EE [Ea|a7 9] P)71 FY (a7 9) 9 (32)
X511 (a,0) = — (Fy (a,0) 4 Fye (a,0) E. [Tala, 0] p) " Fae (a,0) E. [x,]a, 6] (33)

away from the kinks and x5 (R(0),0) = 0 at the kinks, and Fy (a,0), Fze (a,8), Fy (a,0) are derivatives

of F with respect to x, BEx and Y, all evaluated at the steady state values of T (a, 0).

Equation (31) shows that the change in individual policy functions #; is equal to the future changes
in aggregates {}A/}H}S weighted with matrices {x,},. Matrix x, has a natural economic interpretation. It
captures how much individuals change their policy functions today if they expect aggregates to change
s periods in the future, 0z;/0Y;+s. The most important part of Lemma 3 is that it provides explicit
formulas for {x;},. We show in Section 4.1 that, similarly to finding Gy in Section 2, matrices F,
F.c, Fy are easy to obtain by automatically differentiating mapping F' and evaluating it at the steady
state. Thus, the right hand side of (32) is known from zeroth-order terms, and therefore, xo can be
constructed using linear algebra operations. This allows the construction of {xs} ., sequentially using

(33).
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The second intermediate result describes the Law of Motion for Qt, that helps simplifying the second
term on the right hand side of (30). Tt is helpful to define three operators, M, £(*), and Z(®) that return,

for any generalized function y, the following objects:
(M-y)(d,0) = /K(a’, 0, a,0)w* (a,0)y(a,0)dadd,
(z:<a> y) (d,0) = /K(a’,o’,a,e)aa (a,8) y (a, 0) dads,
@ .y = /fa(H,a)y (0,a) dadf.

Operators M and £(®) take a function y, multiply it by w* and @, respectively, and integrate that
product over A(a’,¢’,-,-) for a given value of (a’,0"). Operator Z(*) is an integral of the product Z,y.
To explain the economic forces captured by these operators, we start with the following lemma, which

we obtain by explicitly taking derivatives of the LoM, Q, defined in equation (27).

Lemma 474, For any t, %Qt satisfies a recursion with %Qo =0 and

d . d . )
@Qtﬂ =L@, @Qt - M- ay, (34)

Equation (34) describes how the aggregate distribution €, is affected by aggregate shocks. On
impact of the shock in period 0, the distribution is pre-determined and thus %Qo = 0. Individuals
change their choices in period 0. In particular, individual (a, #) changes her savings behavior by aq (a, 6).
Operator M aggregates these individual-level changes by weighting them with the invariant density w*
and returns the change in the distribution in period 1, %Ql = —M - ap. Thus, M captures the first-
order effect of changes in individual policy functions on the aggregate distribution next period. For all
t > 0, the distribution €2; is affected by two forces. One is mechanical: if the distribution €;_; changed
in the previous period, ; would also change even if individual policy functions did not change. This
mechanical effect is captured by the operator £(*). The aggregate distribution in period ¢ + 1 is also
affected by the response of individuals in period ¢, and this behavioral effect is captured by M - a;.

To make recursion (34) operational, note that [ zdQy = —I(@ . d—dth using integration by parts.

This leads to the following corollary that characterizes the derivative of the aggregation equation (30).

Corollary 1. For anyt,

(/mdﬂ) Zi =) JisYa
4 s=0

where {J; s}, , satisfies a recursion with Jo s = [ xsdQ* and
t—1
Jt,s = Jt—l,s—l +I(a) ’ (E(a)) "M PXs; (35)
with the convention x; = 0 for k < 0.
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This corollary shows that relevant directional derivatives of [ Zd) can be expressed purely in terms
of {Y;}; weighted with matrices {J; .} . s that is described by a linear recursive system of equations (35).

Combine Corollary 1 and equation (29) to obtain the HA analogue of our Proposition 1.

Proposition 174, {X,}, satisfies
GyYi+ Gy Y JroYe =0 for all t, (36)
s=0

where Yt is as defined in Proposition 1, P)A(,l =0, and lim;_, Xt =0.

Relative to the economy considered in Section 2, heterogeneity adds an additional term, captured
by the infinite sum in (36). In order to compute it, we need to compute {x;}; using (32) and (33),
construct operators M, £ and Z(®), and then compute {Jt,s}+,s using (35). As we show in Section
4, all these steps can be done very easily using the output of the standard off-the-shelf algorithms that
compute steady states of the HA economies without aggregate shocks. Once this step is completed, one
can find {X,}; in the same way we did it in Section 2.

After {Xt}t is constructed, other objects can be easily recovered. In particularly, {#:}, can be
computed using (31). Similarly, one can show (see Appendix B.2) that continuity of policy functions

implies the effect of aggregate shocks on the policy function that describes kinks, %, is given equation

N N ()
nt(e)—mz~Zt_—aA(9>.

a

(37)

Using @, and a;, one can construct EaA and &tA and use this expression to compute &;. While {#},
do not affect aggregate variables to the first order, they will play a role in characterizing second-order

approximations.

3.4 Second-order approximations

We now extend our analysis of the HA to the second order. As with the first order, the statement of
Lemma 2 is unaffected by heterogeneity as long as we include Q,, in the last term on the right hand
side of (14). Thus, similar to the first order, the directional derivatives that characterize second-order
approximations remain unchanged. We proceed as in that section by differentiating G and constructing

directional derivatives defined in that lemma. One obtains the following expressions

Gy Yk + Gropr + Go ((/$d9> Zrk + (/ l‘dQ) . (Zu Zt+k)> =0, (38)
z 77

= (] wds)

t,t+k

Gy Yyoi + G (( / de> + ( / de) -Z},M) =0, (39)
oo zZ

=z,

and
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where }A’t,Hk and Yw,t are as defined in Lemma 2.16
As with the first order, heterogeneity only adds one more term on the right hand sides of (38) and

(39). Explicit calculations of these derivatives yields

( / de) = / Tk dV + / TdQy o + / By pdQh + / Zpd y ., (40)
t,t+k
( / de) = / oo tdQ* 4 / TdQo0 s (41)
oo,t

While equality (40) might seem obvious at first sight, showing it requires some care because of the kinks
in policy functions. It can be written in this simple form because Z; ;1 is a generalized derivative that
we characterized in equation (28).

We want to simplify integrals that appear in on the right hand side of equations (40) and (41). As in
our first-order analysis, we first differentiate F' twice to characterize the relationship between individual

and aggregate variables to the second order.

Lemma 5. (a). For anyt, k

it,t-H!c (CL, ‘9) = sz (a, 9) Yt—&-s,t+k+s + Xt t+k (a, 0) » (42)
s=0

where X; ¢k (a,0) = X¢ 11k (a,0) + T2 (0)~r(0) i1 (0)5(a — R(0)) with %4441 solving a recursion
eaak (a,0) = (Fy (a,0) + Fue (a,0) Ec [Tala, 0] p) " (Froqk (a,0) + Fae (a,0) B [Xeq1.e0011]a,0]), (43)

and Fy i1k (a,0) combines known first-order interaction terms given explicitly in Appendiz B.9.

(b). For anyt

‘%ao,t (aa 0) = ZXS (CL, 0) Yoo‘,t—i—s + Xoo (aa 0) ) (44)
s=0

where Xy (a,0) = 0 at the kinks a = ®(0) and for all other (a,0) solves,
0=F; (a,0) %50 (a,0) + Fze (a,0) (Ec [Zo,0]a, 0 var (£) + E¢ [Xo0|a, 0] + Ee [Tola, 0] pxoo (a,8)) . (45)

Equation (44) shows that the relationship between #,,: and Yc,mt is almost the same as between
T; and Yt with an exception of an additional term x,, which captures how agents react to risk holding
aggregates fixed. Equation (42), which shows the relationship between &;,+s and }A/t,t%, is more
involved. The second-order change in individual policy functions Z;;y; consists of two terms: the

first-order response to the second-order changes in the aggregates, captured by the infinite sum, and

16 Ct,t+k in (38) is defined analogously to Gt,t+k in equation (15), adjusting for the fact that G is now a function of
. N 1T

J" and ¥i = [V, (J7dQ) ;- Z:] . Then G is a (multi-

dimensional) function of ), G(¥), Gyy is its Hessian evaluated at the steady state ), and Gt,t+k =Gyy - (j)t, 3}t+k).

two arguments, Y and [ @dQ. In particular, let Y = [Y, [ zdQ
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second-order responses to the first-order interactions of shocks, captured by X; ;4,. Importantly, this
lemma also provides an explicit formula for {x; ;4 } bk exclusively in terms of objects from the first-order
solution. The generalized function x; ;41 consists of two parts: the classical derivative X that has form
very similar to equation (33) in Lemma 3 and kink adjustments captured by the delta function.

The next step is to simplify the integrals that appear in (40) and (41) by differentiating LoM (27)
twice. In Section 3.3 we showed that operators M, £(® and Z(*) were central to describing the LoM of
;. Modifications of the same three operators characterize the second-order approximation of the LoM.
Let L(Za)t be the derivatives of £(*) with respect to Z evaluated in direction 7. Mathematically, it takes
the same form as £(®) except the function @, in its definition is replaced with é, Zt = 0qz " Zt Similarly,
we use notations £, £(@:0) etc to denote modifications of these operators where @, is replaced with
Taq and T,a, respectively. Analogous convention applies to Z(%). Finally, we use notation 3’ ® y” for

two generalized functions %',y to denote their point-wise product.

Lemma 6. (a). For allt, k

d - 2 d oA . d
@Qt+1,t+k+1 =L@ @Qt,t-i—k — M-+ T Stk T bt t+ks (46)
where by 11 and ;141 Satisfy
o d o~ o d -
btk = —ﬁ(z,)t C gk — ﬁ(z,)mc e
i O @ . (Lq o, (@ (¢ ;
Ctt+k = M- (at ® at+k) — L\ @Qt O a4k | — LY. @Qt.}rk ®a ).

(b). %an,t satisfies recursion (34) with a; = pZy being replaced with Gyot = PEoot-

This lemma shows that the LoM for Qt+1,t+k+1 consists of two types of terms. The first type
of term, captured by M - a1 and L) %Qt,prk, represent the first-order response of the LoM Q
to the second-order changes in policy functions and the previous distribution. These have the same
mathematical structure observed in Lemma 474, The second types of term represent the second-order
response of Q to the first-order changes, and are captured by Ctt+ks btk The LoM for an,t is the
same as for Qt due to absence of first-order precautionary motives.

Lemmas 5 and 6 allow us to characterize the second-order derivative of the aggregation equations.

Corollary 2. (a). For all't, k

(/ de) = ZJt,sffws,tﬂws + He tvk,
b4k

s=0

where {H¢ 111}, . is characterized by the following linear recursive system

a d - (@ d A

Hetyn = /Xt,t+kd9* + I By + T - Cpppr — I(Z’er : @Qt —1y,- @Qtﬂca

20



and recursions for C; s and By s with initial conditions Co = By =0 and

~ ~ a d - ~ a d « ~ a,a
Cigtpphrr = M- (a4 © Qpqr) — L@ <d09t © at+k) — L. (dth—He © Clt) + L@ Ctitk,

a d A a d A a aaq
Byt trksr = M- pXeiin — ﬁ(Zi : @thLk - 5(2725_~_;6 : @Qt + L. Bit+r + clae) . Ce btk

(b). For allt,

(/ SCdQ) = Z Jt,sffan,s + Hmf,t
oo,t

s s=0

where {Hgo:}, satisfies recursion Hog0 = [ XeodQ¥* and Hoop = Hoot—1 + 7). (E(a))t_l - M - px

Using this result, we obtain the analogue for Proposition 2 for HA economies

Proposition 274, For any k, {Xt7t+k}t satisfies

GY?ZZ,t,tJrk + Gt,t+k + G, Z Jt,sYS,erk: + GzHi e+ = 0 for all ¢, (47)
s=0

with {)A/},Hk}t defined in Proposition 2, {H; 1}t given in Corollary 2, PX,Lk,l =0, and lim;_, o Xt,Hk =
0.
{ng’t}t satisfies

GYYO'O',t + Gx Z Jt7sY0'0',s + GzHUU,t =0 fOT all ta (48)
s=0
with {f/gg’t}t defined in Proposition 2, {Hys1}i given in Corollary 2, PXM’,l =0 and limy_ o0 ng,t -

Xoa,t—l =0.

It is instructive to compare Proposition 24 with both Proposition 2 and Proposition 174, The
only new terms that heterogeneity adds are {H; s} s in equation (47) and {H,s.}+ in equation (48).
Those terms have linear recursive mathematical structure similar to that of {J;s}:s, which can be

exploited to construct them quickly and efficiently. We discuss this in more details in the next section.

4 Numerical implementation

In this section, we show how to implement the formulas that we derived in the previous sections using
the output of off-the-shelf methods to compute the steady state of HA economies without aggregate
shocks. We use the endogenous gridpoint method of Carroll (2006) to find individual policy functions
and store them using quadratic splines. Let Nx, Ny and N, be dimensions of vectors X, Y and Z (a, 6).
We use arrows to indicate numerical analogues of theoretical objects. Thus, 7 denotes the numerical
analogue of T.

We start with the description of the splines used to approximate the steady state policy functions.

A standard implementation discretizes the space of (a,6) as a “coarse” set of knot points on which
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individual optimization problem are solved and then uses a “fine” grid with many more grid points to
approximate the distributions and aggregates. We use j = 1, ..., Ny, to denote elements of the coarse
grid and ¢ = 1, ..., N to denote elements of the fine grid, with (a, G)U] and (a,@)m denoting the value
of the individual state corresponding to the j** and i*" coarse and fine grid points.

Individual policy functions are stored as a vector of coefficients on a set of common basis functions.
Let {d)j ( )}j\;i be a collection of basis functions or splines, where each ¢/ is differentiable and maps
from (a,f) into R. The function x (a, 0) is represented using a N, x Ny, matrix 77 of spline coefficients,
and two matrices ® and ® of dimensions N;p x Ng and Ny, x Ngp,, where ®[5/,i] = qu/((a,G)[i]) and
B[, ] = ¢ ((a, 0)1;7). The values of the policy functions on the fine grid are recovered as 27 =T,
so that the i" column of matrix Z#®, that we denote by (z#®)]i], corresponds to Z((a,8);).

The algorithm also returns the sparse N X Nq transition probability matrix X on the fine grid and
the invariant distribution dﬁ* as the N dimensional vector that satisfies dﬁ* = K)dﬁ* Idiosyncratic
shocks are discretized as {ex}2 | that occur with probabilities {ux < ;. Kinks in policy functions are
stored as a subset of coarse grid points X, where j € X denotes the point (6, a)[ j]is just below the kink
while (6, a);; 4, is just above the kink.

We now describe how one can construct linear systems of equations described in Propositions 174
and 274 using these objects. We first start with an observation that splines make it very easy to compute
various derivatives and expectations of individual policy functions that show up in several of our expres-
sions. Let ®, be an N, x N matrix with elements ®,[5',i] = ¢7 ((a, 0)1i7), where ¢’ is the derivative
of j'-th spline with respect to a. Then 7, = T#®, recovers derivatives T, on the fine grid. Similarly,
by defining Ny, x Ny, matrices ®¢ and ®¢ with coefficients ¢ [5, j] = Zszl et (@ (a, 0)i PO +Ek)
and ®¢ [j',j] = Zszl el (6 ((a,@)m) ;P01 —l—ek), we can recover E [T|a, 0] and E[Z,|a, 0] on the
coarse grid as T#®¢ and f#cfg. The same observation applies to constructing expectations of second
derivatives, such as E[Tsqla,6]. An important observation here is that since kinked policy functions
are approximated with smooth splines, no separate adjustments for the § function that appears in the

definition of Z,, is needed. For example, we can recover E [Z,,|a, 6] on a coarse grid as T#®C  where

aa?’
53,1 is defined as the second-order analogue of 52.17

For our approximations, we pre-compute all basis matrices and store them as sparse matrices. Pre-
computing basis matrices allows us to reduce all necessary calculations to matrix algebra without any

further nonlinear function calls.

17 Alternatively, these can be recovered by differentiating the F mapping with respect to a, finding spline coefficients
Ef and computing E [Za|a, 0] as Ea# ®,. In the online supplementary material we discuss trade-off between different ways
of computing these derivatives.
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4.1 Numerical implementation of the first-order approximation

To solve the linear system (36), we need to construct G,, Gy and {J,;s}m. The first two terms, G,
Gy are constructed by automatically differentiating the algebraic expression for G and evaluating that
expression at the steady state. In order to construct {J; s} te0 WE need two sets of objects: operators
7@, £ and M, and functions {x;},.

Numerical analogues of the three operators are constructed directly from their definitions as ?(“) [:, 7]
Tali], L@, = K[7',i] @ o[i] and M[i,i] = X[, i]d0*[i]. Matrices £ @ and M are large (of dimen-
sion Ng x Ng) but sparse. To construct {x;}, we use equations (32) and (33). We start by automatically
differentiating F' and calculating values of those derivatives in steady state on the same space of grid
points used to compute individual policy functions. This produces arrays ?Z, ?ze, ?y. For example,
?w is an Ny x Ny x N, array and ?z[]] is a N, x N, matrix corresponding to F, ((a,@)[j]). Using

these arrays and equation (32), we construct the N, x Ny x N, array Ko with coefficients
- -1
Rolj] = = (Fulil + Faeli) (p7#85) 1)) Fyli)

which is the numerical analogue of xy on the coarse grid. To convert it to the fine grid, one recovers the
spline coefficients x# = ?05*1 and then obtains the the fine grid analogue x# ®. The rest of {?s}s>0

are constructed recursively from (33) using
Faali] = — (Falil + Fucli] (p7#3) 1) el (F8) 17

with spline coefficients recovered as x¥ = K @1 Once these {75}S are constructed, we compute
{Jt,s}, , using recursion

Jis=Ji1s21 + ?(a) (?(a))ti1 ./T/l> (Pxfé)

with initial conditions Jo s = xff@cﬁ* and J; o = 0. This procedure recovers all objects necessary to
invert (36) and obtain the first order solution {X;}7_,.

Once {Xt}tT:o is computed, it is also straightforward to compute the responses of individual policies
and the distribution of aggregate shocks. Using equation (31), :f:f& can be computed using ZST;Ot xffftﬂ
so that (2§ ®)[j] and (2§ ®)[i] correspond to &, ((a,0)(;)) and #; ((a,0)y;) on the coarse and fine grids,
respectively. Similarly, the numerical analogue of {d%flt}t is a sequence of N dimensional vectors

s —— — s = o
{d%Q}t that is constructed recursively by d%Qo =0 and %Qt = ?(a)d%Qt_l - M (pi‘t ) Finally,

once it# is known, it is possible to construct & for all j € X as

R _ 1
Re(0) = — (T3 (07)) s (0),

with 72 (0y)) = (@F®)[j + 1] — (@F®)[j] and 22 (0) = (@7 @)[j + 1] — (27 D)[5].
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4.2 Numerical implementation of the second-order approximation

Numerical implementation of the second order proceeds by direct analogy with the first order. For
example, to obtain Gt’k that appears in equation (47) we differentiate G twice and evaluate it at
the steady state to get hessian Gyy and then construct Gt,k using its definition given in footnote 16.
Operators EZt, £(49)  etc are constructed just like their first-order analogues. For example, L(Zai is
represented by the Ng x Nq array B(Zai with 4 element given by X[i’, i (paf ®,)]i].

To construct {7t7t+k}t we start with equation (43). Using backward induction and terminal condi-
tion ?TH’TJrkH = 0, one can construct the spline coefficients for the classical component {xi +k}tT:1
in the same way we constructed {xfé ML, for the first-order approximations. To adjust for the § function

part, rewrite the expression in Lemma 5 as

e (2,0) = X1 pr1 + 4 t(a > F(0))T(0)k(0)kn(0)

da
Exfgk(a,e)

The function xg »(2,0) is a step function that we can approximate with a spline with coefficients xfﬁ:.

We then recover 7t7k as >°<ka1> + xf:;f@a.

These objects allow us to construct {H¢;4+x}¢ using recursions in Corollary 2(a) and solve for
{Xt7t+k}t using equation (47). From this solution, we obtain )A(070 and £, that are needed to find
{X'Myt}tT:l. The terms X, still needs to be found in order to solve the system of equations in Propo-
sition 274, We use the linear system (45) to find x¥, by evaluating (45) at each element of the coarse

grid.
?I[j]xfgzi[j} + ?Ie[j] (xo O@e[ i+ XO 52[ ) var (€) + ?Ie T <I>e |+ ?we #<I>€ (prg) 5[]] =0.

This equation is linear in x¥ and can be solved with a single linear operation. We then compute
7 ye = x# @, construct {Hyo,}7_, using recursion in Corollary 2(b), and solve for {X,,,}7 , using
equation (47).

This procedure solves first- and second-order approximations of the stochastic economy. It only
requires the user to supply an approximation of the steady state of deterministic economy and functional
forms for G and F, the rest is computed automatically from those objects. With the exception of pre-
computing basis matrices , all steps involve only linear algebra, which allows one to construct solutions

to such economies quickly. We discuss the computational speed of our method in Section 7.

5 Extensions

We now discuss how our approach can be extended to three classes of problems that do not fit our

description in Section 3: models with transition dynamics from some initial distribution to its long
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run steady state, models with stochastic volatility, and portfolio problems. The first class of problems
emerges when one considers permanent shocks or policy changes that induce a transition to a new steady
state, the second class of problems occurs frequently in studies of asset prices. Both of these extensions
require minimal modifications of the procedure that we described in Section 3. The last extension is
more substantial. Portfolio problems — models in which agents can invest in more than one asset with
different risk characteristics — are commonplace. For example, the Krusell and Smith economy in which
agents can borrow and lend from each other in addition to investing in risky capital falls into this
category. Yet, solving such problems with standard perturbational techniques represents a substantial
challenge. In such economies, the first-order approximation of equilibrium responses depend on the
investment portfolios chosen by agents, yet the choice of the optimal portfolio depends on the second-
order properties of the model such as risk premium. This breaks the convenient structure of recursive
techniques under which one can find the n* order of approximation from only knowing previous n — 1
orders. Faced with this problem, much of quantitative HA macro literature simply ignores risk in
characterizing agents’ portfolio problems. We build on the ideas of Devereux and Sutherland (2011)
and develop an approximation approach that allows one to handle portfolio problems in general HA

settings.

5.1 Transition dynamics

The same techniques that we developed to characterize transition dynamics of the HA economy following
an aggregate shock can be applied to study transition dynamics from any initial conditions to steady
state. To illustrate that, consider economy as in Section 3 but suppose that the initial condition is given
by (0,A_1,€0), where (A_1,€Qp) does not necessarily coincide with (A*, Q*). Let AgD =A_; — A*,
QgD =Qy— Q" and Zg b = o, flgD , QgD ] T. The following result extends Lemma 1 and Proposition

174 to handle transition dynamics:
Proposition 17P. To the first-order approzimation, X, satisfies
— . . 2
EoX;, =X + X7P + 0 (Hs ZOTDH > .

Sequence {XTPY, satisfies

GyYP 4+ G, Y Y+ 6P =0, (49)
s=0

¥ % % % T % A a a t—1 A
where VTP = [0, PXtT_’:{,XtTD,Xﬁﬂ} , PXTD = Ay, and JTP = T(@ . (£@)""*. (—%Q{D).

17P shows that to compute transition dynamics to the first order, one only needs to

Proposition
construct {J7P}, using the same operators Z(*) and £(®) that are used to construct {Jt,s}t,s. These
matrices capture the direct effect of the initial distribution Qo on the transition dynamics of aggregate

variables.
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5.2 Stochastic volatility

Many applications that study financial markets or effects of government policies require the volatility
of exogenous aggregate variables to be time-varying. A standard way to approximate such models is to
consider third-order expansions (see, e.g., discussion in Ferndndez-Villaverde et al. (2011)). While it is
possible to use a third-order extension of our techniques to model stochastic volatility, in this section
we show a much simpler second-order approximation.

Suppose that stochastic process for ©; is given by (1) but &; is not homoskedastic but rather follows

the process
E=V1+T 180, (50)

T =pr Y1 +Evy, (51)

where |pr| < 1 and £g ¢ and &y, are mean-zero i.i.d. variables with support of £y, bounded so that
T; always remains greater than —1. The conditional volatility of aggregate innovations is stochastic
and satisfies var,_1(&;) = (1 + YT;_1)var(£e ). This model collapses to that of Section 3 when Y is a
degenerate stochastic process, T; = 0.

The state in the recursive representation now consists of a tuple (Y,0, A,Q2). One way to approxi-
mate this economy is to scale both shocks £g ; and £y ¢ with o and approximate the equilibrium around
the deterministic point (0,0, A*,Q2*). In order to capture time-varying volatility, this approach would
indeed require using third-order approximations. Instead, a much faster and simpler method is to pro-
ceed as in Section 3 and scale only the combined shock & with o, just as we did in equation (4). Since
shocks &y and g+ are not scaled with o, T, still satisfies (51) in the zeroth-order economy. Thus,
our approximations are around (Y,0, A*, Q*) where Y is stochastic.'®

The convenience of this alternative perturbation can be seen from the next lemma that generalizes

Lemma 2 to settings with stochastic volatility. Let £ = (€%, &L).

Lemma 2°V. To the second-order approxzimation, X, satisfies

t t ot
__ ~ 1 ~ ~
X (E) =X+ Kbt <Z > XicatomEelm + Xw,t> (52)
s=0 s=0 m=0
t
1 5 3
g2 Kokt 0 (1),
where sequences {Xt}t, {Xt,k}mk, {Xgmt}t are the same ones as in Propositions 174 and 294, and

{X5Y .}t is another sequence of directional derivatives.

180ur approach of scaling only the level of the innovation to TFP turns out to be similar to the approximation in
Benigno et al. (2013) who study effects of time-varying variances in the context of a representative agent neoclassical
growth model.
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The expressions in the first line of equation (52) is identical to the characterization in models
without volatility shocks. Thus, to approximate models with stochastic volatility one only needs to

compute an additional sequence of directions {X + that capture how volatility shocks affect aggregate

oot
variables. Note that loadings on innovation to the volatility of aggregate shocks to the second order,
Zﬁ, —0 X f;/ +—sE1,s, appear identically to the loading on innovations to the level of aggregate shocks to
the first order, Zs:() Xt,sé's, and has the same interpretation that we gave to the latter term following
Lemma 1. The proof of the lemma shows that the simplicity of equation (52) is driven by two forces: our
perturbation keeps &y ; non-degenerate in the steady state implies that second-order approximations
already capture effects of volatility shocks; and functional form of (50) implies that those approximations
are linear in {Ev 4 }4.

The next proposition combines and extends results from Lemma 5 and Proposition 274 to charac-

terize { X5V

oo,tSt:

Proposition 2°V. Let x5V be defined by

Fo (a,0)x5Y (a,0) + Fue (a, 9) (Ec [20,0|a, 8] var (€) —|—pTE[ Yla, 0] + E< [Zala, 0] px SV (a, 9)) =0,
(53)
with x5V (a,0) = 0 at the kinks a = ®(0). Sequence {XW 1t satisfies

YYJ?;‘; + G, Z Ji sYUSUVS + G, Hsvt =0 for all t, (54)

where Y5V, = |0, Pth 1,X‘fgt,Xf(Yt+1 + ple Xo ovar (5)] X{m_1 0, and lim;_,o, X5V

oo,t oo,t = 0

{HSY }¢ is defined recursively as H5Y o = [x5Ydv*, HSY, = pyHSY, | + 7). (£(“))t71 M -pxSY.

25V shows that one can find loadings {XM ¢ ++ on the volatility shocks in the same way

Proposition
as we found precautionary motives {ngyt}t in Section 3. First, one needs to find effects of volatility
shocks on precautionary motives of individuals, captured by x3Y. This function is characterized by
equation (53), which has almost identical structure to equation (45) that described x,,. Second, one
constructs {H3Y,}; by direct analogy with {Hso¢}: in Corollary 2. Finally, one solves (54) to find
{XW +}¢ in the same way we solve (48) to find {X,,};. Close parallels between solving for { X5V

oo, tSt

and {X(m,t}t imply that it takes trivial amount of time to add stochastic volatility shocks.

5.3 Portfolio problems

To explain challenges that emerges from studying portfolio problems and our approach to overcome
them, we start with the simplest version of such problem: the Krusell-Smith economy from Section 3.1
except suppose that households can also trade a one-period risk-free bond that is available in the zero

net supply. Let Rt , be the interest rate on this bond between periods t —1 and ¢, and R} = R; — Rt 1
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be the excess return to capital. We use a; to denote the total wealth of agent ¢ in period ¢ and k; ;
as the holdings in capital. Bond holdings are given by a;; — k; ;. Assuming for concreteness that the
borrowing constraint is on total asset holdings, the agents’ optimization problem can be written as
the choice of stochastic sequences {c;, @i, ki} , to maximize their utility subject to the borrowing

constraint a;; > 0 and the budget constraint
Ci,t + am — Wt exp(Gm) — Rf_lai,t_l — Rtxki7t_1 =0. (55)

Agents’ optimality conditions are represented by stochastic sequences {a; ¢, ¢i i, ki i, Ci,t, Ait Ji,e that

sat isfy (55) and
R‘l U (C' )—)\ =0 U (C' )—|—< —ﬂ]E i =0 a; C =0 (56)
t—1Yc\Cit it ) c\Ci,t it t A\ t+1 ) RAN N )

E,_1 [\ RY] = 0. (57)

Market clearing conditions for aggregate variables {At, R K, W, Rt} remain (20) and (21) with the
¢

additional constraint that capital markets clear
K, - / Fio_1di = 0. (58)

This is equivalent to imposing that the bond market clears: [(a;; — ki ¢)di = 0, and equation (57) is
the classical asset pricing equation that determines optimal portfolio allocations with \; ; representing
household i’s stochastic discount factor.

One can immediately see from these equations that portfolio problems present a challenge to per-
turbational techniques. In the deterministic economy, R} = 0 for all . Therefore, while aggregate
investments in capital and bonds as well as total assets a;+ are pinned down for all %, the allocation of
those assets into capital and bonds, k;; and a; ¢+ — k; ¢, is not determined for individual agents. At the
same time, in the stochastic economy even the first-order approximation requires knowing the allocation
of agents wealth into individual securities. As such, the individual state is now a triple (a,8, k), and
the distribution Q is over (a, 6, k) with the aggregate state remaining Z = [0, A, Q]T.

We will keep k separate from T since k is undermined in the deterministic economy and thus the
focus of our analysis. Otherwise the variables in Z remain the same as in Section 3. Similarly, X
contains one additional variable, R{ , which is also predetermined. Thus, the recursive representation
consists of policy functions Z (a,0,k, Z;0), k(a,0,k, Z;0), X (Z;0). Vector Y (Z;0) is as defined in
Section 2. The deterministic steady remains the same as in Section 3, with the caveat that k(a, 8, k)
is undetermined in the deterministic economy, and thus, the joint distribution Q*(a,,k) is also not
pinned down. However, the marginal distribution Q*(a,6) = [ Q*(a, 6, k)dk is pinned down. Finding
k(a,0,k) in the limit as ¢ — 0 will be the key step.
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Several elements of 7 and X will play an important role in our analysis. Let s be the selection matrix
that picks out individual’s stochastic discount factor out of vector Z, A = sZ. Let R be the matrix that
computes excess returns, R = RY,' and K be the selection matrix that selects the aggregate supply of
risky assets, K = KX. A general class of HA economies with portfolio problems can be represented by
equation (26) for mapping G, equation (27) for Q (adjusted for the fact the distribution is defined over

(a,0, k) rather than (a,0)) as well as the following three equations summarizing individual optimality

conditions,
F (a, 0, R" (Z,0)k, T (a,0,k,Z;0) B 7, Y (Z; 0)) =0 for all (a,0,k,Z,0), (59)
E. ¢ [mf} =0 for all (a,0,k, Z,0), (60)
/de =K (Z;0) for all Z, 0. (61)

Equation (59) extends equation (22) to include the additional idiosyncratic state, with the restriction
that the individual decisions depend on their portfolio choice solely through market value of their
portfolio, R” (Z; o) k. Equations (60) and (61) represent the first order conditions and market clearing
of the portfolio choice k(a, 0, k; o).

Despite the addition of the portfolio choice, the statement of Lemma 1 remains unchanged. Thus, in
order to find first-order approximation we need to solve for the vector of directional derivatives {X;},.
Let R = RY, be realized excess returns on assets. As in Section 2, R, is the second derivative of
policy function of excess returns with respect to o. We refer to Eﬁg as risk premium.

We proceed by first determining how individual choices Z; depend on the portfolio choice, whose

analysis is very similar to that of Section 3. In particular, the portfolio problem analogue of Lemma 3

becomes
Lemma 377, &y satisfies
%o (a,0,k) = ixs (a,0) Yy +r (a,0) R2E. (62)
s=0
where

r(a,0) = — (Fy(a,0) + Fae (a, 0)Ee [To|a, 0] p) " Fr(a, 0),

and Fy, is the derivative of F with respect to R*k evaluated at the steady state. & (a,0,k) is independent
of k and satisfies (31) for all t > 0. Rf :=RY, =0 for allt > 0.

3PP

The intuition for Lemma is straightforward. RZk is the realized return on the risky portfolio

and r captures how this return affects individual policy functions at the time of the shock, £g. There

19For example, in the Krusell-Smith economy R would encode that RY = R — R{_l.
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are no analogues of this term in the expressions for &; for ¢t # 0 since expected excess returns in the
future are zero to the first order, R¥ = 0 for all ¢ > 0.
The next step in finding aggregate responses is to characterize agents’ portfolio choices, which were

undetermined in the deterministic economy.

Lemma 7. Agents’ portfolios k satisfy

_ B i Y,
k(a,0,k) = Voo (a,0) —2"——+ > vi(a,0) =", (63)
(Rg) var () s=0 R
where
_ E.[sZl|a,0] _ E.[sxla, 0]
Yo = "E e o)) T TR ]

Equation (63) derives expressions for the optimal portfolios for all agents in the limit as o — 0.

T

These portfolios depend on asset’s risk premium R relative to a measure of volatility of its return

oo
(Rg) ’ var (£), and on the relative exposures of aggregates and excess returns to shocks, Y, /R%.2° These
aggregate statistics, that characterize equilibrium properties of asset returns, are then weighted with
individual weights v,, and {vs}s. These weights reflect individual attitudes towards risk and insurance
that these assets offer, constraints that individuals face, etc. Importantly, individual weights can be
computed directly from the steady state of deterministic economy much in the same way we computed
{xs}s in Lemma 3. Thus, one can think of equation (63) as providing an explicit expression for k(a, 8, k)
in terms of yet unknown {Y;}, and risk premium R, .

Lemmas 377 and 7 contain a couple of features that make analysis of the portfolio problem particu-
larly tractable. Firstly, Lemma 37" implies that the portfolio choice only affects the agent’s choices in
the initial period, Z(, and depends linearly on k. This implies that it is not necessary to know the full
stationary distribution Q*(a, 6, k), a single sufficient statistic will suffice: k*(a,0) := [ kw*(a, 0, k)dk,
which is the density weighted conditional mean of the capital holdings.?! Secondly, k(a, 6, k) is inde-
pendent of k, which makes that sufficient statistic particularly easy to compute

=T

k*(a,0) = /X(a’, 0 a,0)k(a,0)d = k(’;o(a',e’)# + Z ki(a',0")

(I%g) var (€)

20Equation (63) is a special, two-asset case of a general formula for portfolio choice over multiple assets that can be
written as

Y,
RE

k(a,0)T = [vgg(a, 0)R., + f: vs(a, 0-)cov <YS, RS)l} cov (Rf)”, Rg) -
5=0

and that is familiar from the portfolio theory (see, e.g., Viceira (2001)). See Appendix D.3 for details.
21T understand why this is relevant, consider the term f #0dQ*. Lemma 3°F implies that & is linear in k and, hence,

/ion* = Z/xsdﬂ*fg +/rk*dad91%g.
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where £k}, := M vy, and k¥ := M -v,. Combining the definition k*(a, 8) with equation (61), that gives
asset supply, we obtain the equilibrium relationship between an asset’s risk premium and the first-order

behavior of aggregate variables:

=T

L) DR (3 (64)
(Rg) var (€) oo 5 Voo

where Vo, = [ k%, (a,0)dadd, Vs = [ k%, (a,0)dadd.

OR

We can use these insights to adjust Proposition 2f4 to account for the r(a, 0) Rg’k in Lemma 377,

To state our main result succinctly, define operators {N;}; that return
No-y= /r(a, y(a,0)dadd,
Ny =T . (5(:1))“1 MPP Ly,
where Z(®) and £(®) are the same operators we constructed for Lemma 474 and MF? is defined by
(MFP . y) (d,0) /A a0, a,0)pr(a,0)y (a,6) dadd,
This allows us to provide the following characterization of the first-order approximation

Proposition 177, {X,}; are the solution to (64) and

Gth—s—GZJts +IPP) Y, =0 for allt (65)
s=0

where {Yt}t as defined in Proposition 1, RY, = 0 for t > 1, and Jf:f = J\/}k:—k% (—VS + ISZOFR) )

Relative to the economy posed in Section 3, the portfolio problem modifies the matrix J; s by J{F
with J P being constructed via simple linear operators. The terms in J P capture how changing the
response of aggregates, X, alters the portfolio decision and feeds back into individual choices. Once
Jﬁ P is known, we can solve for X, in the same manner as Section 3, and construct the risk premium

from (64).22

6 Comparison to literature

Our approach builds on the perturbational techniques in the spirit of Judd (1998) and Schmitt-Grohé
and Uribe (2004) originally developed to study dynamic representative agent models. The key difficulty

22With multiple shocks (65) becomes a non-linear equation, but remains linear in X conditional on RS This presents
a simple procedure for finding the first order equilibrium: guess the value of R”” and hold it fixed, solve this linear system
of equations for {Xt}t , check whether this solution has RYp that is consistent with our guess for R , and update this
guess if necessary.

It is also possible to impose an additional short-selling constraint k; ; > 0 by guessing a function PP (a,6) which is 0 if
the agents are on that constraint and 1 otherwise. Conditional on LPP k* can be constructed from k¥ = M - (zZFF ®vs)
and k%, = M- (1FF O voos) and then {X:}+ can be solved from Proposition 17°F. The implied portfolio choices k(a, 6)

can be used verify if the guess of 7¥F is correct and update this guess as necessary.
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in extending them to HA environments lies in the fact that derivatives of policy functions with respect
to the aggregate state (captured by Xz, X7z, etc in our notation) are intractably large objects. The
seminal paper by Reiter (2009) takes a step to overcome this hurdle by discretizing the state space and
the transition probability kernel (using the so-called “histogram method”, see also Young (2010)). To
obtain first-order approximations, this method requires solving large quadratic matrix equations and it
has proved to be too slow and imprecise in many standard HA environments.?3

One strand of literature, originally proposed by Boppart et al. (2018) and then significantly developed
by an important paper by Auclert et al. (2021), abandons the state-space representation used in Reiter
(2009) and subsequent literature building on his ideas, and works with the sequence-space formulation
of the problem. The key observation for that approach is that the first-order impulse responses of the
stochastic economy can be fully constructed from deterministic responses to MIT shocks, and that these
responses can be recovered numerically fairly easily from the sequence problem. Auclert et al. (2021)
show that this can be done very fast as those impulse responses solve a linear system of equations which
coeflicients can be constructed using linear recursive equations.

Our approach combines insights from both strands of the literature and also introduces new ideas,
such as using directional derivatives and generalized functions to characterize equilibrium approxima-
tions analytically. This allows us to improve on the computational speed of Auclert et al. (2021) method,
and to have our approach scalable to second- and higher-orders of approximation, which is one of the
key features of classical perturbational techniques a-la Judd (1998) and Schmitt-Grohé and Uribe (2004)
but not of Reiter (2009) and papers building on it.

One distinction of our approach is that we start with the theoretical distribution and its LoM
and derive exact analytical expressions for approximations of various orders; numerical values of those
expressions are then computed using appropriate discretization. This contrast with papers following
the Reiter (2009) tradition that start with an approximate (i.e., already discretized) distribution and
a transition probability matrix before further approximating with respect to aggregate shocks. There
is no guarantee that this latter approach would correctly recover aggregate responses beyond the first
order. In particular, we show in Appendix C that the second-order approximation of the transition
probability obtained under histogram method generically misses some of the second-order order terms

and does not converge to the correct second-order expressions even as the grid size shrinks to zero.

23The key issues are both the time taken to compute and space needed to store those derivatives. This is most clear
from Reiter’s implementation of the Krusell and Smith model that is solved by discretizing the 6 process and using a
histogram to store the distribution 2. If we were to follow the standard convention of using between 1000-5000 points
per 6 for the histogram, and use 10 points for the shocks, the size of the histogram Nq ~ 10%. This means that Q; ~ 108
and Qzz ~ 1016 entries. Assuming that 4 bytes (float) are required to store an entry, this would mean that one needs
450 megabytes of RAM to store the first derivative and 4 terabyte of RAM to store the second-order derivative, which is
clearly outside the scope of the current computing architectures. The general argument also applies to variants of Reiter
(2009) such as Bayer et al. (2022); Ahn et al. (2018); Childers (2018); Winberry (2018); Gornemann et al. (2021); Reiter
(2023) who use a variety of model reduction techniques to reduce the dimension of histogram and the resulting tradeoff
between speed and precision depends on the details of the method and the application studied.
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The intuition for this results is that the histogram method locally linearizes the LoM for the aggregate
distribution, which misses terms capturing second-order responses of the LoM to the first-order changes
in policy functions.?*

Our description of approximations as a sequence of values of derivatives such as {Xt}t, {Xt,s}t,57 etc
is related to the literature the uses sequence-space formulation of the problem. One can show that to the
first order, our approach is equivalent to that of Auclert et al. (2021) in the sense that as the grid size of
their approximations goes to zero, the linear system of equations they use to describe approximations
converges to our system (36). Despite this equivalence, using state-space representation has advantages
even to the first order, as it allows us to derive analytically and then construct recursively coefficients
xs = 0x0/0X; in Lemma 3. In contrast, the sequence-space approach finds {9x¢/0X,}, using numerical
differentiation of the (truncated) infinite system of equations (22). This process is both slower and less
stable numerically. State space representation also significantly simplifies and speeds up computation
of first-order transition dynamics, as in Section 5.1.2°

The bigger advantage of using state-space representation over the sequence space approaches in the
spirit of Boppart et al. (2018) and Auclert et al. (2021) is that it does not restrict us to only the first-order
approximations and applies higher orders as well as to the models with portfolio choices. For instance,
by explicitly specifying directions that characterize the effects of persistent risk {Zwyt}t, our approach
can incorporate risk and go beyond MIT shocks. This is imperative for questions such as finding first-
order impulse responses in models with portfolio choice, understanding effect of risk or welfare costs of
aggregate shocks, and studying trade-offs involved in designing macroeconomic stabilization policies.

Our paper is also related to the approximation methods in Mertens and Judd (2018) and Bhandari
et al. (2021). Like us, those authors use perturbational methods to derive analytically various orders
of approximations of equilibrium in HA economy, and then find those expressions numerically. Their
approximation scales both aggregate and idiosyncratic shocks and it is not applicable to models in
which policy functions have kinks, for example due to the occasionally binding borrowing constraints.
Mertens and Judd (2018) additionally approximate around an allocation in which all agents are iden-
tical. Our approach instead approximates only with respect to aggregate shocks. This improves the
approximation precision, since our approach remains global with respect to idiosyncratic shocks, and
allows study of economies in which policy functions have kinks. It also makes analytical characterization

of approximation terms significantly more challenging. Deriving those analytical expressions to build

24Most papers following Reiter (2009) (with a few exceptions such as Gornemann et al. (2021) and Reiter (2023)) utilize
only first-order approximations in their analysis, and therefore their conclusions remain unaffected by this observation.

251t should be noted that very careful attention has to be paid to those numeric derivatives in order to ensure that they
are accurate, (See appendix C.1 of Auclert et al. for details) and the speed is often limited by efficiency of the global
transition code. These numerical issues would be amplified with a second-order approximation as calculating second
derivatives are more prone to numerical error. By giving explicit expressions for these second derivatives in terms of
derivatives of F' and G we sidestep these issues.
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the approximations when policy functions are not differentiable is one of the key contributions of this
paper.

Our approach, like all perturbational methods, is local as it seeks to find equilibrium dynamics
when aggregate shocks are small and the economy is near its steady state. Our goal is to preserve key
advantages of these methods — computational speed, simplicity, and flexibility — in HA settings. There
exists a complementary strand of literature that aims to develop global methods. Such methods can be
used to find equilibria without requiring them to be nearby any specific economy but they tend to be
slower, harder to use, and often need to be tailored to the specific economic environment.?%

The class of economies that we consider in this paper is discrete-time infinite horizon HA models
with distributional states. There is a parallel literature that studies continuous-time versions of these
economies. See, for instance, Kaplan et al. (2018), Achdou et al. (2020), Ahn et al. (2018) in the context
of consumption-savings models; Alvarez and Lippi (2022) in the context of price-setting models; and
Bigio et al. (2023) for an application to public debt maturity. In related work, Bilal (2023) and Alvarez
et al. (2023) use mean field game techniques to construct approximations with aggregate shocks in these
class of models. Their work shares with us the use of linear operators over infinite-dimensional spaces
to analytically characterize the exact derivatives. We view their approaches as complementary since the
mathematics underlying the approximations is quite different and the relative advantages of discrete vs
continuous time vary by application. Those papers do not consider economies in which policy functions
have kinks that are functions of endogenous states, or settings with heteroskedastic shocks or portfolio

problems.

7 Numerical results

In this section, we apply our algorithm to calibrated versions of the Krusell and Smith (1998) model.
First, we use the calibrated model to report diagnostics such as speed and accuracy and compare them
to alternative methods. Second, we use extensions of the Krusell and Smith model to study several
applications that illustrate the usefulness of our methods over and above what can be achieved with

existing approaches.

7.1 Baseline model

Our baseline model extends the Krusell and Smith framework of Section 3 to include capital adjustment
costs. This allows the model to generate adequately volatile returns to holding risky capital that is useful

for some of our applications. To enable convenient aggregation, we introduce a competitive mutual funds

26Krusell and Smith (1998) solve their economy using a global method that proved difficult to extend to general HA
settings. Some recent work extends global solution methods to more complex environments using machine learning
techniques. See Maliar et al. (2021), Kahou et al. (2021), Childers et al. (2022), and Han et al. (2021) for details.
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sector whose shares are owned and traded by households in the baseline.2” The household’s budget
constraint is modified to

Cip +kip = Wiexp{0i¢} + Rikig—1,

where k; ; > 0 now is the date ¢ wealth of the household. The mutual fund gathers rental income from

the corporate sector, owns and invests in physical capital subject to a convex adjustment of the form

I 2
o(Ii, Ky) = % (Kt — 6) K, Kip1=(01-9)K:+ L.
t

In the online supplementary materials Section B.3, we show that the competitive equilibrium is given

by the equations (19) and (20) as before and a modified version of (21),

2
(1—a)exp (0, Ko — I, — & ({{f - ) K+ QKo
Q1K

I )
Ry = ; Qt:1+¢(t_6>7 /ki,tdlethﬂ-

K
(66)

Calibration To calibrate our model, we set the period length to one quarter. The parameter « is

=

T and

set to 0.36 to target the capital share of income. We use an isoelastic period utility U (¢) =
set the risk aversion parameter v to equal 5. The adjustment cost parameter ¢ is calibrated to match
a 3% standard deviation of un-leveraged quarterly returns to equity. For the parameters governing
the aggregate and idiosyncratic labor productivity in (1) and (24), we choose values used by Auclert
et al. (2021). The calibrated parameters are summarized in Table 2 in Appendix E.1. We solve the
non-stochastic steady state policy functions using an endogenous grid method after discretizing the
productivity with N, = 7 and asset grid N, = 120. We use No = 1000 x 7 points to store the

distribution.

Accuracy We test the accuracy of ours and alternative methods by studying the response to a one-
time, one standard deviation positive shock to TFP which can be solved non-linearly and compared
to the approximations X, under alternative perturbational methods. In the right panel of Figure 1,
we plot the % error in the capital stock. For comparison purposes we show errors using our approach
described in Section 3.3 and the Sequence Space Jacobian approach of Auclert et al. (2021).  As
would be anticipated by Figure 1, both approaches have roughly the same error to first order, with the
maximal error being on the order of 0.04% of the capital stock. At higher orders, our approach has

errors which remain very small over time.

Speed We now use the baseline calibration to simulate policy functions and compare the time taken

under our method to alternatives. To compute the first- and second-order terms, we implement the

27We later study an extension in which households directly hold capital and bonds.
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Figure 1: APPROXIMATION ERRORS
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Notes: The figure plots th{;f(t for £' = (1,0,0,...,0) where the path for K, is obtained using perturbational

approaches and the path for K, is obtained using nonlinear methods. The solid blue line “FO” is the first-
order approximation from Section 3.3. The dotted red line “ABRS” is the first-order approximation using the
sequence-space method of Auclert et al. (2021). The solid black line “SO” is the second-order approximation
from Section 3.4.

steps detailed in Section 4.1 and 4.2. In Table 1, we report total time taken to compute those terms and
break up the time by each step stage of the algorithm. The timings for the first-order approximation
are reported in the first two columns of the table and the timings for steps to compute the second-order

are reported rest of the columns.

Table 1: COMPUTATIONAL SPEED: FIRST AND SECOND ORDER

First Order Second Order

Step Time Step Time (ZZ) Time(oo)
Additional First-Order Terms 0.63s

Lemma 3 Terms 0.11s Lemma 5 Terms 1.28s 0.25s

Lemma 474 Terms 0.02s Lemma 6 Terms 0.27s

Corollary 1 Terms 0.21s Corollary 2 Terms 0.18s 0.00s

Proposition 174 Terms 0.10s Proposition 274 Terms 0.20s 0.03s

Total 0.44s 2.57s 0.28s

ABRS 0.51s

Notes: The table summarizes the time taken to compute the first and second-order terms using Section 3.3
and 3.4. The last row in the bottom “ABRS” refers to the time taken to approximate our calibrated model
using using the sequence-space method of Auclert et al. (2021) keeping the same size for the grids and length
of trucation horizon. All numbers are reported using a 20 core M1 ultra mac studio.

All told, once the steady state has been computed, our algorithm takes 0.44 seconds to solve for the

{Xt} terms with roughly half the time spent computing the {J; s}, , terms. As Lemma 1 highlights,
. .
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{Xt}t are all that is needed to simulate the path of aggregates and to compute ergodic moments
from the first-order approximation. The other first-order terms {Z;}, and {Qt}t , are required for the
second-order approximation and take an additional 0.6 seconds to compute. We compare this to our
own implementation of the Sequence Space Jacobian of Auclert et al. (2021) which takes approximately
0.51 seconds to compute the equivalent on the {Xt}t.% As mentioned in Section 6, the small difference
arises because we use expressions (32)—(33) to compute the exact derivatives while Auclert et al. (2021)
relies on numerical differentiation.

The addition time to compute the second-order approximation is broken out in the last two columns
of Table 1. As highlighted in Section 3.4 there are two additional types of terms in the second-order
approximation: the curvature terms {Xt’k}t,ﬂ and precautionary terms {wat}t. As they follow
the same mathematical structure, we break out the computational time separately for both types.
The curvature terms take 2.57 seconds to compute?® while the risk adjustment terms take about 0.3
seconds. The vast majority of the computational time for the curvature terms is spent on Lemma 5

2HA which is a result of a large number of quadratic forms required to compute the

and Proposition
{xt,k(2,0)}, , and {Ge ¢ 1}, , terms. All combined, computing the second-order approximation requires

an additional 3 seconds relative to the first-order approximation.

7.2 Applications

In this section we study four applications that highlight the usefulness our method for heterogeneous
agent models. As a reference, we also compare results to a version of the model without heterogeneity

(RA) that is calibrated to hit the same aggregate moments as the baseline with heterogeneity.
7.2.1 Simulations

Our first application uses simulations to asses the magnitude and sources of nonlinearities in the Krusell
and Smith model under the baseline calibration. To do that, we use Lemma 2 to construct the second-
order approximation for a given path of £ and inspect various terms. In Figure 2, we plot simulations
for one-time impulse at date ¢t = 0, that is, £¢ = (1,0,0,...,0). The plots show that second-order path

with heterogeneity is quite different from the first-order path as well as the RA counterpart emphasizing

28 Auclert et al. report that it takes about 0.1s to construct IRFs in the Krusell and Smith economy. Our implementation
of their algorithm reported in Table 1 takes longer because we use a different baseline calibration that has capital
adjustment costs, more points on the size of the asset grid, and a longer truncation horizon that is better suited for
our applications. When we reset the parameters and tolerance to Auclert et al. choices, our method takes 0.1s and our
implementation of their algorithm takes 0.121s to compute the first-order code.

29Here we report only the time required to compute that X z,¢,¢ terms. We do this for two reasons. Firstly, for
most ergodic moments only the XZZ,t,t are required. Secondly, computing the addition XZZ,t,t+i terms are trivially
parallelizable for each ¢ so, with enough processors, computing all the XZZ,t,k terms would not require any additional
time.
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Figure 2: SIMULATED PATHS: K; (£¢).
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Notes: The figure plots the simulated path for aggregate capital K (St) for a sequence of shocks £ = (1,0,0,...).
The solid blue line “FO” is the first-order approximation from Section 3.3. The dotted red line “ABRS” is the
first-order approximation using the sequence-space method of Auclert et al. (2021). The solid black line “SO”
is the second-order approximation from Section 3.4. The solid green “RA” line plots the simulation using
representative agent counterpart targeted to the same set of aggregate moments.

the importance of heterogeneity and nonlinear effects.?°

From Lemma 2, these differences between the first- and second-order can come either due to Ko,o
terms or {Kga,t}t terms. The IA(070 term captures nonlinearities in capital demand due to curvature
embedded in choice of technologies—production and investment. In our calibration this term turns out
to be small which is consistent with the intuition that aggregate policy functions are approximately
linear in the neoclassical growth models. The {IA{M,t}t terms aggregates precautionary behavior in
capital supply by households. The strength of the precautionary motives is determined by household’s
risk aversion, volatility of aggregate shocks, and mass of households near the borrowing constraint. This
precautionary motive accounts for virtually all of the difference between the FO and SO lines in Figure
2.

So far we studied responses to a one-time transitory shock after which aggregate variables converge
back to their values in the non-stochatic steady state. Often of-interest are experiments involving
permanent changes in technology or regulatory parameters. With a permanent change, the endogenous
state Z; converges to a new steady-state. The extension of our method in Section 5.1 can handle
such thought experiments. To illustrate this, consider a one-time-forever increase in aggregate TFP. In
Appendix E.2, we show how to apply the formulas from Lemma 177 to simulate the path for aggregate

capital. We see a gradual transition of aggregate capital towards a higher level and a rightwards

30The plots shows that the first-order approximation under our method and the approximation of Auclert et al. (2021)
overlap. This overlap is reassuring that issues related to numerical derivatives and choice of asset grid are not quantitatively
large.
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movement of the the distribution of wealth.

7.2.2 Welfare from stabilization policies

Second-order approximations can be used to evaluate welfare effects of alternative stabilization policies,
for instance, fiscal or monetary rules that describe how taxes or interest rates vary over business cycles.
Here, we extend the baseline Krusell and Smith model to include a fiscal rule in form of a time varying
labor tax

Tt = Te Oy,

where 7g is a scalar stabilization parameter. After-tax labor income is (1 —7;)W; exp(6; ;) and tevenues
from this tax are returned lump-sum 7} to the households.

The magnitude of 7¢ controls the transfer of resources across productive and unproductive house-
holds in response to aggregate shocks. For a given 7g, define ergodic utilitarian welfare as EW (0, A, Q;7¢) =
E ( Jv(a,0,0,A,Q70) dQ) where v is the value of an individual who starts with idiosyncratic states
(a,0) when the aggregate state is (0, A, Q) under policy indexed by 7¢. To measure the welfare changes
from a tax reform 7¢ > 0 in interpretable units, we compute a scalar A (1g) which is the the com-
mon per-period percentage change in households’ consumption relative to the allocation under the
laissez-faire policy 7¢ = 0 so that the ergodic welfare equals post-reform value EW (©, A, Q; 7¢). For

preferences used in the baseline, this welfare-equivalent consumption change is given by A (1¢) =

1
EW(©.4,%m0) 177 _ 4
EW(O,A 76 =0) .

We follow steps from Section 3.4 and equation (17) to approximate EW (0, A, Q); 7¢) across different
choices of 7g. By extending x and X to include v and W, respectively, and adding the Bellman equation
that solves the value function v to the mapping F' and the definition of welfare W to the mapping G,
our framework computes welfare automatically. As mentioned before, it takes only a few seconds to
calculate A (1g) for a given 7¢.

In Figure 3, we plot A (7g) as a function of the tax parameter 7¢. We see that the welfare gain is zero
in the representative agent economy (Ricardian equivlance) and also to the first-order of approximation
in the HA economy (certainty equivlance). At the second-order HA (black line), we see a meaningful
welfare tradeoff across different values of 7g. Making the tax policy more countercyclical initially raises
welfare with a distinct maximum (denoted by 7) achieved at 7¢ = —.84 which amounts to raising
taxes by 0.84 percentage points for every percentage point decrease in TFP.

This application also serves as a valuable tool for illustrating the shortcomings associated with
employing the histogram technique. In Section 6, we emphasized the consequences of naively extending
the histogram approach, which overlook specific second-order terms. These second-order terms become

particularly crucial when calculating welfare derived from stabilization policy, which is inherently a
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Figure 3: WELFARE FROM STABILIZATION POLICY
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Notes: The figure plots the A (7e), which is the welfare-equivalent consumption change relative to laissez-faire
policy, 7e = 0. The solid black line “SO” uses the second-order approximation from Section 3.4. The solid blue
line “FO” uses the first-order approximation from Section 3.3 and the dashed green “RA” line plots the welfare
gain using the representative agent counterpart targeted to the same set of aggregate moments.

second-order object. We find that the optimal cyclicality parameter using the histogram method to
compute the welfare equals —1.04 which is substantially different from what we found with our method.
It turns out that both, the magnitude of welfare corresponding to a particular 7¢ and the gradient of

welfare in relation to 7g are inaccurate when utilizing the histogram approach.

7.2.3 Stochastic Volatility

We next use techniques from Section 5.2 to study aggregate and distributional consequences of changes
in macroeconomic risk. To do that, we first extend the baseline model to include equations (50)—(51) as
the new process for aggregate shocks. This introduces two new parameters py and 0% = var(&, ). We
use the fluctuations in CBOE Volatility Index (VIX) as a proxy for T; and estimate the two parameters
using quarterly data on VIX for the sample period 1990-2023. See Appendix E.3 for more details of
the estimation.

Consider a path for the innovations to aggregate uncertainty SNfr Analogous to the previous section,

1
Beowi(80.67) |

E(StYStT)Wt(s;,gt)

is the date ¢ onwards welfare-equivalent change in household consumption. Since we have TFP shocks

we measure the effect of £L on aggregate welfare using A, (gﬁf) = — 1, which

in the background, we integrate over the paths of £°.

In our sample, the VIX (see Figure 7 in the appendix) is fairly stable but features large spikes
(about 5X increases) in 2008 after the Lehman collapse and in 2020 after the Covid pandemic. We are
interested in studying the welfare effects—aggregate and distributional—of such spikes in uncertainty.

To do that, we simulate a path for A, <5§> for the sequence 5} = (ém,o,o,o, . ) where 5130 is
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Figure 4: WELFARE EFFECTS OF UNCERTAINTY
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Notes: The figure plots the aggregate and distributional welfare effects of an aggregate uncertainty corresponding
to a one-time 5X increase in standard deviation of TFP. The left panel plots A (57%), which is the aggregate
welfare-equivalent consumption change after the spike in uncertainty. The right panel plots individual-level
welfare-equivalent consumption change for households with asset-level a, [ Ag (a,0;EY) dQ2(f]a) to avoid the
spike in uncertainty at ¢ = 0. Individual assets (on the x-axis) are normalized by per-capita GDP.

chosen to match a 5X increase in the standard deviation of TFP and then the process Y; mean reverts
with the estimated persistence py. In left panel of Figure 4, we observe that the shock leads to a
decrease in aggregate welfare on impact by 0.53%. The effects are substantially amplified relative to
the representative agent counterpart.

In addition to the impact on aggregate variables, our method allows us to investigate the effect of the
1
1—v

]Egtvo(a,G;g‘,éfr) 1

E Vo (a,@;é‘t,c‘)t )
(ete1) i
which is per-period consumption change for a household with states (a,d) at date t = 0 to avoid the

shock on individual welfare. For each (a, §), we compute Ag (a, 0; 53}) = ,
spike in uncertainty. In right panel of Figure 4, we plot the welfare losses averaged across productivities
for each level of assets/per capita GDP. The average welfare loss amounts to approximately half a
percentage point of per-period consumption, and these losses range from 0.94% to 0.20% across the
asset distribution. The most significant welfare losses are experienced by asset-poor agents who are

closer to the borrowing constraints.

7.2.4 Portfolio choice

Finally, we illustrate the extension of our algorithm in Section 5.3 to capture portfolio choice. Extend
the baseline Krusell and Smith model allowing agents to trade risk-free debt, b, which has a zero net

supply, in addition to claims on risky capital whose market value we denote by k. Total wealth is
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a =k +b. We impose a constraint that prevents households from short-selling capital.

The key computational step here is to construct {Jf SP and then apply Proposition 177 to

t,s
compute the first-order responses to aggregates. This takes 0.78s more than than the time reported to
compute the first-order responses without the portfolio choice. The first-order responses are then used
to construct the zeroth-order portfolios using Lemma 7.

We now explore the predictions of the baseline Krusell and Smith model for the cross-sectional
distribution of portfolios as well as the role of portfolios in shaping aggregate responses. In the left
panel of Figure 5, we depict the distribution of household portfolios by assets normalized by per capita
GDP. The model qualitatively aligns with the observed pattern (see Yogo and Wachter (2011) who use
data from the Survey of Consumer Finances) wherein poorer households hold more bonds and wealthier
households hold more stocks. Households closest to the borrowing constraint are most exposed to
aggregate shocks, and they optimally reduce their exposure by adjusting their portfolios towards risk-
free bonds.

Optimal portfolios matter even for a first-order approximation of aggregates. To see this, we simulate
K; (EY) for the sequence £ = (1,0,0,...) and report the first-order approximation with optimal portfolio
and compare it to the response if we force households to hold the same portfolios. In the right panel of

Figure 5, we see that the responses with optimal portfolio are larger.

Figure 5: PORTFOLIOS

41.34
1 |
41.32
0-811 i 413
0.6 - = e
v, 41.28
S D
0.4 1% 4126
0.2 H = 41.24 1 = equal portfolios |
—— share in bonds = optimal portfolio
0 —— share in capital H 41.22 RA |
! I | 1 I T
0 2 4 10 20 30 40 50
assets/GDP Time (quarters)

Notes: The left panel plots the cross distribution of portfolios by value of assets (normalized by per capita
GDP). The right panel plots the first-order path of aggregate capital K (Et) when households optimally chose
the portfolio (black line) as in Section 5.3, the response of capital when households are forced to hold the same
portfolio (blue line), and the response of capital under the representative agent economy (green line).
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8 Conclusion

In this paper, we propose a novel perturbation technique to approximate a wide variety of stochastic
heterogeneous-agent (HA) models. Our methods goes beyond the MIT shock approach prevalent in
existing literature by employing higher-order approximations. Utilizing a directional derivative for-
mulation, we demonstrate that all-order approximations can be represented using analytically derived
coefficients that are straightforward to implement numerically. Our approach broadens the range of
research questions that can be addressed within these model classes. We showcase the practicality of
our method by applying it to examine welfare implications of stabilization policies, portfolio choice, and

time-varying uncertainty in a calibrated economy.
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Online Appendix

A Section 2 Proofs

A.1 Proof of Lemma 1
Taking a first-order derivative of (8) and (9) around the o = 0 steady state yields Zo,(£%) = Zo&
and, for ¢ > 0,
Ziio (EY) =22 - Z1 o (E7Y) + ZoEs + Z, (67)
X0 (ENY=X7-Z1s (E') + Xo, (68)

with ZO and Z 5 being defined in the main text and Z, := [O,?a}. Our first step is to show that X,
and Z, are both 0 which we codify in the following claim

Claim 1. The first derivatives with respect to o, X, is 0.

Proof. Differentiating the G mapping w.r.t. o yields GyY, = 0, where Y = [0,0, X, X0 + X 2Z,]
and Z, = [0,PX,]. This system of equations is homogeneous of degree 1 in (YU) and, therefore, is
solved by setting all terms to zero. O

Next we show the following claim relating 7t)0 (E?) to the directions Zt

Claim 2. For all t, Z; , (€') = ZZ:O Zi_sEs.

Proof. We proceed via induction as Z ,(£°%) = ZoEo implies it holds for ¢ = 0. Assuming it holds for
t — 1 we have

t—1 t—1 t
Zo () =7 (z ze) + 24 = (z ze) P S
s=0 s=0 s=0
where in the second equality we used Zk+1 =7 Zk. O]

Finally, substituting for Z; , (£!) in (8) completes the proof as X z - Zios = Xy_s.

A.2 Proof of Proposition 1
Begin by differentiating (5) in direction Z; to findGyY 5 - Z; = 0. To obtain Yz - Z we differentiate
Y (Z;0), equation (6), in direction Z = [@,f(] to get Yy - 7 = [@,IA(,YZ 2,Xy-Zy-Z|. Using
7 = {pt@,K},l} = [pt@, PXt,l} 3l wehave V; =Y 5 - Z; = {pt@, PXt,l,Xt,XtH} )

Finally, differentiating Z, defined in Assumption 1 implies that 7t, z - Zo = Zt. Therefore, the

first derivative of Assumption 1(b) implies lim;_, o Zt = 0, which in turn implies that lim; X, =
limy oo Xz - Z; = 0.

31For ¢ > 0 we have Ky = PX - Zi—1 = PXy_1 while for t = 0 we have ko = 0 by definition and impose the restriction
PX_1:=0



A.3 Proof of Lemma 2
We proceed by taking a second-order derivatives of (9) and (8) w.r.t. o to find Zg »0 (50) =0 and 32

Zt-i-l,ao (8t+1) = ZZ Zt oo (gt) +ZZZ ' (715,0' (gt) 7715,(7 (gt)) +700' (69)
yt,o’(r (gt) = XZ . Zt,aa (gt) +YZZ : (715,0' (gt) ;Zt,a (gt)) +Y0'U (70)

where Z 4, is defined in the main text and Z,, = [0, PYUU]T. We begin by showing the following
claim relating Z; ,, (') to the directions ZAM and ZAwﬂg.
Claim 3. For all t

t t
Zt ,o0 (gt Ao‘U t Z Z At—s,t—mgsgm (71)
s=0m=0

Proof. We proceed by induction. As Zga,o = ZAO70 = 0 we conclude that equation (8) holds for ¢ = 0
since Zo s (%) = 0. Assuming (71) holds for ¢ — 1 we have

t—1
Zt,ao‘ (gt) :ZZ . (Zao,t—l +Z Zt—l—s,t—l—mgsgm> +ZZZ : <Z Zt 1— sgs; Z Zt 1-m m) +Za'a'
s=0

t—1

=0 m=0 m=0

t—1 t—1
=22 Zoou1+Zoo +)_ Y (72 Zyr—sp—1-m +Zzz7 - (Zt—l—sa Zt—l—m)) Eslm
s=0 m=0
t t
= Loo,t + Z Z ths,tfmgsgm

s=0 m=0

where in the second equality we used the fact that Zyy s a bi-linear mapping and in the third equality
we use the recursive definitions of Zw + and Zt &, and Zo 0=0. O

Finally we plug in for Z; ,, (') and Z;, (£) in equation (70) to find

t t t t
Yt,o’a (gt) = yZ . (Zcm',t + Z Z Zts,tmgsgm> +YZZ : (Z ZAtfsgsu Z Ztmgm> + YU’O’
s=0m=0 s=0 m=0
t t

YZ . Zaa,t + YO‘U + Z Z (YZ . Zt—s,t—m + YZZ : (Zt—sv Zt—m)) gsgm
s=0 m=0

t t
+ Z Z XZZ,t—s,t—mgsgm

s=0 m=0

which completes the proof.

A.4 Proof of Proposition 2

Begin by differentiating equation (5) twice in directions Z, and Z,4j, and add to it the derivative of (5)
in direction Zt7t+k to find GY}A/tﬂH_k—'—GYY . <?Z . ZAt7?Z . Zt+k> = O, where f/;f,t-i-k = ?ZZ . (Zty Zt-i—k) +

32There are also X,z and Z,z terms but they are 0 following the same logic as X, and Z, being 0 in the proof of
Lemma 1.



Y, Z,;Hk. Differentiating Y twice in direction Zt and Zt+k implies
o " . . N " o N R . o N " T
Voz (%0 Zu) = (0,0, X2z (%0 Zes) Kz - (Zeors Zovion) + Xz 2z (% Zun) |
. ~ N . N . . N T
If we add to it Y - Zy4ip = [0, PXy 111k X2 Zoysrs Xz 27 ka} we find

Ytk = [07 PXt—l,t—1+k7Xt,t+k7Xt+1,t+1+k}

as desired. The same limiting arguments as Proposition 1 imply lim;_,q Xt +k = 0.

Next differentiating equation (5) twice with respect to o and add to it the derivative of (5) in
direction Zm, ¢ to ﬁndeY(m + = 0 where YM =Yoo+ Y - ZM ;. Differentiating Y twice with respect
to o yields

. . . . - R R T
Ycra' = |:07O7X(70'7XU(7 +XZ . ZUU +E5 |:XZZ . (Zog, ZO‘S):H .
Add to it

o “ _ RN _ . ~ T
YZ . Zo’a,t = |:07 PXUU,t—la XZ ' ZUO'7t7XZ ' ZZ ' Zao’,tj|

to find YO’O’ t = |:0 PXUUt 1 Xo’a iy XO’O’ t+1 + XO 0V&I‘(5):| . Fiﬂaﬂ}’, as Zao,t_Zao,t—l = ZZ' (Zaa,t - Zo’o,t—l)

with ZM 0— Z,m 1= Z(,.(,7 we can conclude that Assumption 1(b) implies that lim;_, ZAM,t —Zoot—1
and thus lim;_, Xm,t met_l =0.

B Section 3 Proofs

B.1 Non-Negativity Constraints

We are interested in modeling the behavior of agents facing occasionally binding constraints. These con-
straints necessarily result in optimality conditions that must represented by both equality and inequality
constraints. We will show here that for our approximation the inequality constraints are redundant.

We'll focus on the problem of one occasionally binding constraint, which extends automatically to
multiple occasionally binding constraints. Without loss of generality, any occasionally binding constraint
can be written as k;; > 0 by suitably defining the variable k; ;. Letting & ; be the multiplier on that
constraint, the full set of optimality conditions can be written as the complimentary slackness condition
Citki+ = 0 along with the non-negativity constraints k; ; > 0 and ¢; ; > 0. In our recursive formulation,
these can be expressed as

((a,0,Z;0)k(a,0,Z;0) =0 and k(a,0, Z;0) >0 and ((a,0, Z;0) > 0. (72)

These constraints in (72) are all satisfied in the deterministic steady state so that both k(a,#) > 0 and
((a,f) > 0 for all a, . Moreover, the points of non-differentiability %(f) are defined as the only points
for which both k(a,8) = ((a,8) =0
For any (a,f) not on a kink, we can differentiate (72) in direction Z. Differentiating the equality
constraint always implies
Cla,0)kz(a,0) - Z 4+ 4(a,0) - Zk(a,0) = 0. (73)

As (a,0) is not on a kink there are two possibilities: either k(a,0) > 0 or ((a,0) > 0. Well assume
k(a,0) > 0 as the other case is symmetric. This implies that ((a,#) = 0, and thus (73) simplifies to
CZ (CL, 9) = 0. _
Turning now to the inequality constraints, the constraint k(a, 6, Z;0) > 0 implies that, locally, any
value of kz(a, 0)- Z is valid since k(a,§) > 0 implies that &(a, 0, Z; o) > 0 for some neighborhood around
(Z*,0). However, as ((a,f) = 0, the third inequality constraint requires that ¢ ,(a, 0) -Z = 0 as otherwise



((a,0,Z;0) > 0 would be violated by moving in an appropriate direction Z . As ((a,0) - Z=0is
already guaranteed by the complimentary slackness condition, this implies that the additional inequality
constraints are redundant.

B.2 Derivatives of Kinks and Generalized Functions

Assumption 2(a) states that the policy rules (a, 6, Z; ) are smooth everywhere except for the locations
R;(0,Z;0). For the remainder of the appendix, we will assume a single kink but the results generalize
directly for multiple kinks. All the additional terms induced by kinks are replaced by sums.

As the classical derivatives, e.g. %M(m 0), are not defined at those kinks, and for the purposes of
integration, we represent them as generalized functions. We will find it convenient to use the notation
72(0) = lim, %, (p) T(a,0) — limaqx,(9) T(a,0) to represent the size of the discontinuity at the kink.
Fore conciseness, we'll define the upper and lower limits w.r.t. a as T"(a,0) = limp 0 Z(a + h,0)
and T~ (a,0) = limpy0Z(a + h,0) respectively. Continuity of the policy rules implies that fA(H) =
71 (%(0),0) — T~ (%(0),0) = 0, but the derivatives themselves are allowed to to be discontinuous at the
kink: 75(0) # 0.

Before formally studying the distributional derivatives, it is necessary to understand how the kinks
themselves respond to the shocks. Continuity of the policy rules allows us to get the following relation-
ship the derivative of the kink, ®z(0) - Z, and the size of the discontinuity of the derivative of the policy
rules at that kink, 72 (0) - Z.

Claim 4. For all ¢, the derivatives of the kinks satisfy 72 (0)Fz(0) - Z = —z% () - Z, and, in particular,
Fz(0)-Z = —a>(0)"taz(0) - Z.

Proof. Continuity implies that T+ (%(6, Z),0, Z) = 7~ (R(0, Z), 0, Z). Differentiating with respect to Z
in direction Z; at 0 = 0 yields

7 (%(0),0)rz(0) - Z +f}(ﬁ(9), 0)-Z=z,(r(0),0)rz(0) Z+7,(R0),0)- Z,

a

which implies that 72(0)%z(0) - Z = —7%(0) - Z. Applying p to both sides and dividing by a@>(0)
completes the proof. O

The distributional derivates themselves are defined by how the operate as linear functionals over
a space of smooth test functions, ¢, with compact support. We use these definitions to establish the
following relationships

Claim 5. For all ¢, k distributional derivatives of Z satisfy

Tq(a,0) = T.(a,0)
Taala,0) = Taa(a,0) +T5(0)0(a — R(H))
Taz(a,0) - Z = Taz(a,0) - Z +T5(0) - Z6(a — R(0))

Proof. The distribution derivative T, (a, ) is defined by33

//xa(a 0)p(a,d)dadl = // a,0)pq(a,0)dadd = // Z(a,0)pq(a, 0)dadd + / Z(a,0)pq(a, 0)dadd
()
(0.9]

33To concisely represent these integrals we use the convention that a¥+°(8) = —co and @ NY 41 0) =



for any test function . On each of these intervals the functions are smooth so we can apply integration
by parts to get

//fa(a,H)go(a,Q)dadH = //%a(aﬁ)go(a,@)dadGJr /TA(G)QO(E(G),H)(%) = //%a(a,e)qs(a,a)dade

where the last equality used continuity. This implies T, (a, ) = T4(a, ).
Next we turn to Taq(a, ), which is defined by

// Taala,0)p(a,0)dadd = — // Ta(a,0)pa(a,0)dadd = — // Zo(a, )@, (a,0)dadd

Splitting up the integral over a we have

®(0) 00
//faa(aﬁ)go(a,ﬂ)dadﬁ = —// Zo(a,0)pq(a,0)dadf — // Zo(a,0)p,(a,8)dadd
—o0 ®(0)

— [[ Funta.00¢ta,0)dads + [ 2 (0)o((6).0)a5,

which implies Taq(a,0) = Taq(a, ) + T2 (0)5(a — R(0)). R
Next we define the distributional derivative Zz(a,8) - Z by

/ F2(a,0) - Zp(a, 0)dadd — ( / / a,0, Z)¢(a, 9)dad9> -z

®(0,2) 0o
//E(a,@,Z)ap(a,H)dad& = // Z(a, 0, Z)go(a,&)dad@—&—// T(a, 0, Z)p(a,0)dadd
— 0 ®(0,2)

when we take the derivative we get

(//x(a,9,2)<p(a,e)dad9)z Z = //%Z(a,e) - Zy(a,0)dadd — /EA(G)Rz(Q) - Z(R(0),0)do

which implies that Tz (a,6) - Z = Tz(a, 6) asAfA(Q) =0.
The distributional derivative Z,z(a,8) - Z is defined by

As

//faZ(CL, 0) - Zo(a,0)dadd = —//fz(a’ 0) - Zpala,0)dads

for any test function ¢. As Tz(a,0)- Z = Tz(a,0) - Z we have

//:cz a,0) - Zpa(a,0)dadd = — // (a,0) - Zoa(a, 0)dad9+//(0 (a,0) - Zpa(a,0)dadd
= / / Taz(a,0) - Zp(a,0)dadd + / 72(0) - Zp(R(0),0)d0,

which implies T,z (a,0) - Z = Tuz(a,0) - Z +T5(0) - Z6(a — &(H)).
Finally the distributional derivative, Tzz (a,0) - (Z’, Z”) , is defined by

/ T2z.00(a,0) (Z’,Z”) o(a,0)dadd = ( / / #(a, 6, Z)gp(a,ﬁ)dadﬁ) : (Z’,Z”)

z7Z



(//f(a,G,Z)W(a,H)dadG)ZZ Z’ Z” <//m(9 2 o) T G)dad0> »
<//(9 5,720 2): Z'¢(a, 9)dad9> g

://mZZ 0.6)- (2.2 ola, 6)dadt - /xz 2(0) - 2" (R(6),6) db

which implies Tzz(a,0) - (Z’,Z") = Tzz(a,0) - (2’,2”) +Z2(0)R2(0) - ZFz(0) - Z"8(a — R(0)) as
72(0) - Z' = —72(0)Rz(0) - Z' from Claim 4. O

The distributional derivatives in Claim 5 provide a succinct way to summarize how changes in the
location of the kink affect derivatives of integrals over individual policies. To keep the the analysis in
this appendix as accessible as possible we’ll derive all our main results without explicitly the generalized
derivatives of Z. Instead, we will explicitly track the limits of integration and only summarize our results
at the end using these §-functions. As the distributional and classical derivatives align to first order we
will use Tz - Z and Tz - Z interchangeably. We will only explicitly emphasize the classical derivative at
second order.

Finally, we want to highlight an important feature of these additional terms that arise from kinked
policy functions. Namely, they can always be determined from lower order derivatives. We see this in
all of the generalized second derivatives, who’s d-function components depend only on first derivatives.
This implies that all of the ¢ function components in the second order derivatives can be determined
before the classical second order derivatives, are found.

B.3 Derivations of Equation (30)

For the direction Z;, = v, PXt_l,Qt]T, determining (f TdQ)Z - Zy is equivalent to differentiating
|z (a, 0,7* + aZt) d (Q* + aQt) which gives

(/de> 7y = (/m@*) ~Zt+/fdf2t :/irtdQ*—i—/Eth.
Z Z

B.4 Proof of Lemma 3

We begin by differentiating the F' mapping, equation (25), in direction Z; at a point not on the kinks.
Doing so yields

Fo(a,0)T2(a,0) - Zi + Fy(a,0)Y 7 - Z; + Fye(a,0) (E. [Fla,0,2]), - Z; = 0
where E. [Z]a,0,Z] = [T (a(a,0,2), ps0 + €, Z(Z)) p(e)de. Applying the derivative yields

(E. [%]a,0, Z)) , - Z¢ = Ee [Fala, 0] pT2(a,0) - Z + E. [EZ Ty Zt\a,H]

Replacing Tz - Zt =3, Yy Zt = lA/t and Zt+1 =27, Zt we get the difference equation

F.(a,0)z(a,0) + Fy(a, H)YQ + Fye(a,0) (E. [T4|a, 6] pii(a,0) + Ec [Z441]a,6]) = 0. (74)



Our claim is that & = >, xsY; 4 solves this equation where x, are defined via (32) and (33). To see
this, note that

Fae(a,0)Ez [E141]a,0] = > Fae(a,0)Ee [xs|a, 0] Viy1qs
s=0

= — (Fa(a,0) + Foe (a, 0)Ec [Tala, 0] P) Y x(a, )V,

where the second line comes from applying equation (33). Combined with equation (32) we have
Fy (a,0) + Fye(a,0)E: [#141]a, 0] = — (Fi(a, 0) + Fre(a, 0)E, [To|a, 0] P) i¢(a, 0)

which guarantees (74) and completes the proof.

B.5 Proof of Lemma 474

Differentiating the LoM, equation 27, in direction Zy is equivalent to differentiating
QZ* +aZ)d,0') // aa,0, Z* + aZy) < a) t(pef + € < 0') p(e)ded (Q* + aflt) (a,0)
with respect to a. This yields
Qy - Z(d,0) // —a')u(pel + € < 0') u(e)deas(a, 0)d (a, 6)

+ / / t(ala,0) < a')u(pgl + e < 0') p(e)dedSd (a, ),

4 to both sides yields

where a; = pZ;. Applying Tk

(a6 ,a,0)

el 0 = = [5(@la.0) ~ ) u(®' ~ pu6) (a0, 0)d (0.6) + [ e(ala.6) < ) (6’ ~ po8)ds(a.0)

K(a/ 79/ ,a,0)

—(M-az,){d,0") + /5 (@(a,0) — a') w(6 — peb) dala, 0)%@5(@, 0)dadf

— (M- i) <a’,e’>+</:(“> jo )(a 0')

Where the second equality is achieved via integration by parts. To conclude, we will show that like w*,
%Qt is also a generalized function of the form

d .
Z5u(a,0) = (0, 0) + &u.16(a — a). (75)

We show this via induction

Claim 6. If y is a piecewise smooth with kinks at %(6) then M -y is a generalized function with a finite
number of mass points a;.

Proof. From our definition of M

(M-y){d,0) = //K(a’,@',a,9)y(a,9)w*(a79)dad9.



As y(a,0) is only discontinuous at ®(6) and {(%(),0)} is measure 0 under w* guarantees that this
integral is well-defined. Compare to w* which satisfies w*(a’,0") = [[ A(d’, ', a,0)y(a,0)w*(a,0)dadd.
As y(a,0) is bounded over the support of w* we conclude that M -y is absolutely continuous with
respect to w* and thus will only have a finite number of mass points at a}; . O

_ This claim implies that M- a; is a generalized function with a finite number of mass-points at ay,. As
Qo = 0 we conclude that d%Ql = —M - ag is a generalized function with a finite number of mass-points

at a;. Our next claim allows us to extend this to all %Qt via induction. For the remainder of the proof
we will use that %Qt has the form in (75)

* then £(@) . %Q is

n?

Claim 7. If %Q is a generalized function with a finite number of mass-points at a
a generalized function with a finite number of mass-points at a;.

Proof. Repeat the steps of the Claim 6 replacing y with @, and W*(a,0) + >, &:(0)6(a — a;;) with
40 O
do=*

B.6 Proof of Corollary 1

We start with our first claim

Claim 8. d%Qt is given by d%ﬂt =—> .0 Atysffs where A; s is defined recursively by Ap, = 0 and
At+1,s = £(a) ' At,s -M- PXs—t-

Proof. We proceed by induction. It’s trivially true from ¢ = 0 as Aps = 0 and %QO. We then proceed
by induction by substituting for a;

d - . d - [e%e) R . [e%s) ) [e%s) )
@Qt+1 =L@ '@Qt - Z(M pxj) Yy = L. <_;At,s}/s> - Z(M “pxs—t) Ys

=0 s=0

= Z — (ﬁ(a) . At,s + M : st—t) Y/S = ZAt+1,3Y3
s=0

where the second equality is achieved by letting s = ¢ + 7 and WLOG setting x; = 0 for k£ < 0. O

Applying integration by parts we have fidflt =—f Ea%fltdadﬁ = —7(). %Qt. From the proof

4HA we know that %Qt is a density with mass points at a finite number of points a;, which

of Lemma
implies that the set of points where T, is not defined is measure zero under %Qtdadg so Z(@) . d%f)t
is well defined. and therefore f zdQ)y = Z:io (I(“) -At’s) Y,. We conclude by substituting for Z; and

[ZdS); in equation (30) to yield

o0

([wt0) -2~ N SIS SICERNEESDS ([ xecra0r 200 a,.) ¥,
zZ =0

s=0 s=0

Jt,s

as desired. o

Finally, the recursive representation of A; ; implies A; s = 22:1 ([l(“)) - M - pxs_g+1 and thus
Ars — A1 501 = (g(a))tfl - M - pxs. This implies that J; s satisfies the desired recursion as J; s —
Jitam1 =T Ay = A amt) = T (£@) 71 M- px.

B.7 Proof Of Proposition 174

This is a direct result of combining Corollary 1 with equation (29).



B.8 Derivation of Equation (40)

Finding ([ 7d?),,, - (Zt, Zt+k) requires differentiating

®(0,2) . oo R
// Tz(a,0,2) - Z:dQa,0) + // Tz(a,0,2) - Z;dQa, 6)
. 7(0,2)
%(0,2) R 00 R
+ / / #(a,0, 2)d% (a, 0) + / / #a,0, Z)d0 (a, 0)
—00 ®(0,2)

in direction ZHk. As 75 is differentiable in each of these terms we obtain

( / mdQ) (2 2s) = / 722 (20 i) a2 + / Ty Zd o + / Ty Zuand®,
zZ7Z
- / (F20) - 2) 72(0) - Zussss® (R(0). 0)d0
= /fzz : (Zt; Zt+k) A + /fz - Zpd oy, + /fz - Zpy 1 dSY;

where the second line is achieved by noting Z2(0) - Z; = —Z2(0)Fz(6) - Zi4 1 using the formula for the
generalized derivative Tz - (Zt, Zt+k is defined as the generalized derivative in Claim 5. Adding to
it (f EdQ)Z . ZAt7t+k = ffz . Zt,t—i—de* + ffth,t—i-k ylelds (40)

For brevity, in the remainder of the proofs we will omit the limiting arguments with (6, Z) and
instead directly use the generalized derivatives.

B.9 Proof of Lemma 5

(a) To determine &y ,4x(a,0) at points away from the kinks we start with the derivative of the F
mapping in the direction Z;;yr and then add to it the second derivative of the I mapping in
directions Z; and Zy4 . Doing so yields

0= Fala,0)14(a,0) + Fy (a,0) V45 + Fae (0.0) ((Be (10,0, Z]) 1 (20, Zosn ) + (B2 (71,0, 2) - Zua)
+ ...

where ... represent interactions of first order terms and are given in F;,,, below. The terms
(E¢ [Z]a, 0, Z]) , - (Zt, Zt+k) and (E. [Z|a, 0, Z]) ;- Z1 111 are obtained by differentiating E. [Z|a, 0, Z] =

[7(a(a,0,2),0,Z(Z)) u(0' — pef)df’ twice in directions Z; and Z;, and once in the direction
Zt7t+k, respectively. This implies their sum is

]EE [faa|a, 9] &t (CL, 0)&t+k(a, 9)+E [r’%aZ,t+k+1 |a, 9] &t (CL7 9)+E [QATaZ’t+1 \a, 9] dt+k (a7 9)+]E5 [§3m+k|a, 9] .

Therefore, for points (a,8) not on the kinks the classical derivative, :%tﬂ_k =T,y (Zt, Zt+k) +
Ty - Zi 1) satisfies

Fm(a, 9)@,”;{(@, 9) + FY(CL7 Q)Y/;g’t+k —|— Fme (a, 9)E5 Ll%'t+1’t+k+1‘a7 9:| + Ft’k(a, 9) = O (76)



with
Fiivk(a,0) = Fye(a,0) (Es [Taala, O] ai(a, 0)ar1r(a,0) + Ee [Tazi4rr1]a, 0] ae(a, )

=+ EE [i‘azﬂg_f_l |CL, 9] dt+k(0,, 9) + ]Eg [£f7t+k|a, 9] )

+ Fuz(a,0) - (3¢(a,0), Z11x(a,0)) + Fuy(a,8) - (ﬁ:t(a,ﬁ),fﬁngk) + Foge(a,0) - (&¢(a,0), 7, (a,0))
+Fya(a,6) - (Vi @e(0.0)) + Fyy (@.6) - (Vi Via ) + Fre(,60) - (V0,85 4(0.0))
+ Fyes(a,0) - (25(a,0),Tzk(a,0)) + Frey(a,d) - (if(a,@),f’t+k) + Fyee(a,0) - (27(a,0), 27, 4(a,0))

where & 2 in(@,0) =Ty — Zrork = T2(0)R(0)rey 1 (0)0(a—F(0)) and &¢(a, 0) := K. [Ta|a, 0] p2:(a, 0)+
E. [#:41]a, 0] . All of these objects casily constructed from first order terms.

Finally, if we subtract off (43) from (76) we find

Fo (Ch 9)%t,t+k (CL 9) - >D<t,t+k(a7 9) +Fy (a, Q)YZZ,t,k +Fge (a, 6)E5 [§t+1,t+1+k - )Q(t+1,t+1+k:‘a7 9] =0

which, following the same steps as the proof of Lemma 3, implies

o0

i"t,t—&-k — Xt,t+k = E XsYt+s,t+k+s
s=0

and completes the proof.
(b) Assume knowledge of Tzz0.0(a,0). To find %0 .(a,0), for any (a,6) not on a kink, differentiate

the F' mapping twice with respect to o and add to it the derivative of F' in direction Z,,;

0= F ((I e)xoot(a 0) +Fy (a 0) oot T er (a 9) (( [f‘a79])g'g + (EE,E [T|a’ 0])2 ' Zaa,t)

where E, ¢ [T|a, 0] = ff (a(a,0,Z;0),0', Z(c€,Z;0)) (0" — peb) d9'd Pr (€) and Z(c&, Z;0) =
[05, PX(Z;0),0(Z; a)} . Taking the second derivative of this object with respect to o and adding
to it the derivative in direction ZAUU)t yields34

(Ece%),,, = Ee [Z0,0]a, 0] var(€) + E: [50,¢41a, 0] + Ec [Tala, 0] Pios i (a, 0)

with &g representing the distributional derivative in Section B.2. Let x,,(a, ) be the function
that solves the following linear functional equation

0 =Fy(a,0)xs0(a,0) + Fre(a,0) (E. [T O var(€) + Ee [xoola, 0] + B [T4|a, 0] X0 (a, §)) .

Subtracting these two equations we see that dZ,4t 1= £50,t — X0 satisfies
0 =Fy(a,0)diys1(a,0) + Fy(a, H)Yc,mt + Fur(a,0) (Edisot11]a,0] + E[T4la, 0] pdisei(a, b)) .
This is identical to system of equations solved by &; which allows us to conclude that d,,: =

o2 o %s(a,0) X 55445 which implies (44).

34While, 27z7,0,0 is a generalized function, £,5,+ can just be replaced with a classical derivative. Since, Z, is uniformly
zero, the same steps that show distributional derivatives are equal to the classical derivatives to first order can be used
to show Too = ZToo-

10



B.10 Proof of Lemma 6

(a) Start by differentiating the LoM in direction ZAt’tJrk. The same arguments as the first order gives

d—~ 4 d A N
Q0,7 —rl) . 2§ - ~(’~Z )
a0 4 tt+k a0 tt+k M- |az tt+k
To get %Qt-‘rl,t-ﬁ-lﬁ-k we add to it the derivative in the direction Zt+k of the expression below

%QZ(Z) - Zyd 0y = //K(a’,ﬁ',aﬂ,Z)Ea(a,H,Z)dilthm, 0)dad6

- //K(a’, 0'.a,0,Z)az(a,0,2) - Z,dQa,0)
where A(a,0',a,0,7) = §(a(a,8,Z) —a')u(0' — pgh). As
Az(d',0',a,0) - Zyyr = 6 (@(a,0) — a’\u(0' — peb)az(a,0) - Zysw
d , . d — .
= —wé(a(a, 0) — a")u(®' — pot)ar+r(a,0) = *@A(alv 0',a,0)air(a,0)

we have

d A — d ~ _
@Qt+1,t+k+1<a/79/> = //A(a’,e/,a, G)Ea(a: 0)@9t7t+k(a,9>dad0 - //A(al79/7a,9)&t,t+k(a, Q)dﬂ*

+//K(a/,9',a,9) Gaz,t+k(a, O)dieflt(aﬁ)daow - % //X(a',@',a, 6) aa(a, 0)asyx(a, G)dieflt(a,@)dadﬁ
a

_ //K(a”el,m 0)at(a, G)dQHk + % //K(a’79/’a, 9) &H,k(a, 0)at(a, 0)dQ”
a

Finally, integration by parts implies
_ N _ d -~
// A(d', 0 a,0)az(a,0)dUir = 7// A(a’,0',@,9)&az7t+k(a,9)@Qt<a,9>dad0

d — _ . d A
+ @//A(a’,e',a,ﬁ) aq(a,0)aq(a, 9)@Qt+k<a,9>dad9

All combined, using distributional derivatives to absorb the derivatives of the kinks, we have

%QHLHHMa’,a’) - //K(a',e’,a, 0)da(a, Q)diaflt,Hk(a,H)dadG 7/ A, 0, a,0)ar 1 (a,0)d0"
+//X(a’,0’,a,¢9) a0z, i1k (a Q)d%ﬂt(a,@)dadﬁ - %//K(a',ﬁ/,a, 0) @a(a,0)az,i1x(a, e)d%ﬂtm, 0)dado
—//K(a',e’,a, 0)éaz,i(a, e)d%QHMa, 0)dad6 + %//K(a’,@’,a, 9) Ea(a,e)&t(a,e)dieflt_,_k(m 0)dado
+ %//K(a’,@',a, 0) ary 1 (a,0)ar(a, 0)dQ*

which can be written more concisely as (46).

(b) Start by differentiating the LoM in direction ZAM,t. The same arguments as the first order gives
d—”éﬁz . Zm,t = £(a) ~QM¢ -M- (62 . ZAM’t) . Next we take second derivative of (27) with respect
to 0. As all the first derivatives w.r.t o are zero we can follow the same steps as the first order

to obtaind%ﬁw =—-M 8. As %Qgg7t+1 = %QZ . ZA(,M + %ﬁw, adding these two equations
together completes the proof.

B.11 Proof of Corollary 2
(a) We begin with the following claim regarding d% and £(®)

11



Claim 9. Suppose that y is a generalized function with a finite number of mass points at {a}}
then: E(a) iy — _E(aa) -y + %E(aﬂl) -y

Proof. We have
d d
(E(a) Y > a,0) // a0, a,0)a.(a, H)d y(a, 0)dadl
= / (a0, a,0)a.q(a,0)y(a,0)dadd — / (a0 ,a,0)a.(a,0)y(a,0)dadd

— [ 80 0.0)00(0.0)y(a. 0)dod0 + - [ R .0' 07 07 (0. O)y(a )dodd
a

::([l(aa) -y) (a’,0")

:=(L(a'a)~y)(a/,0/)

where the second equality uses integration by parts and the third equality uses A, (a/, 9/, a,0) =
—%A(a ,0 ,a,0)a,(a,0). That y is a generalized function with a finite number of mass points
at {a’} guarantees that these integrals are well defined using the same arguments as the first
order. 0

Claim 9 allows us to prove the following claim on %Qt’);kk
Claim 10. %Qt,k is given by %Qt,t+k = — Z:i() At,s)}s,lﬁks - Bt,t+k + %Ct,t+k where At,s is as
defined in Claim 8, and By ;, and C; j are defined in Corollary 2.

Proof. The case when t = 0 is trivial as Qo,k = 0 and A5 = Bo,x = Cor. We then proceed by
induction using the LoM

d - = . d = . d
@QtJrl,kJrl =L@ <— ZAt,sY:s,k+s — Bt + (iact,tJrk:) - Zas—tYs,tJrs — byt + T Stttk
s=0 s=0

> N d d
_ Z (E(a) 'At,s 4 as—t) Vi kts — (E((l) . Bt7t+k + bt7t+k) _ plaa) Ct,t+k + %E(a,a) . Ct,t+lc + %Ct,k
s=0

N d
- E Avi1,6Ys ks — Bt trk+1 + %Ct+1,t+k+1
s=0

as desired. O

Next, by applying integration by parts we have

. . d
/fdﬂt,tﬂc = - // Tq <— ZAt,sY;,k+s — B4k + dact,tJrk> dad0
s=0

Z (I(a) . At7s> };Vs,k-i-s +I(a) : Bt,t-l—k - // fa(aae)%ct7t+k(a79)dad6
s=0

00
= (I(a) A é) s,k+s +7-B; gtk T /IaaCt,deadO

s=0 N— —
:=7(20).Cy 44

We can use the same arguments as the first order to guarantee that both B s and C; ;. are
generalized functions with a finite number of mass points at {a} , which guarantees the integrals
are well defined.

12



Finally, tuning to equation (40), we note that

/ EpdQy = / / i (a,0)d (a,0) = — / / @az,kd%(ztdade

(a)  d
_IZ k'do Qt

and similarly for [ EZ7tko;. Substituting all of these results into equation (40) yields the result
of Corollary 2.

(b) We begin with the following Claim

Claim 11. ddGQUUt is given by -2 25200t = —Z 0At,sYo0,s — Booyt, where A s is as defined in
Corollary 1 and Byy0 =0 and Byy 141 = L) . Boot + M - pXpo.

Proof. It’s trivially true for t = 0 as Ag,s = 0,Bss,0 = 0, and d%ﬁaa,o = 0. We then proceed by
induction using the LoM

d . . . <
%an’,t-‘rl = [’( ). <_ ZAt,sYaU,s - Baa,t> - M- (; pXt_sYaU,s + pxg'o'>

i ( “Ap s+ M px,_ S) — (E(“) “Bgor + M- pxm>

which completes the proof. O

Integration by parts then implies that

oo

/ Tdps = — / 0750 idadd = 3" (T Ay ) Yoos + T - By

s=0

where the same arguments as in the first-order guarantee that d%Qaa,t is a generalized function
with mass-points only at {a}} and thus the operation Z(%) . %ngt is well defined. This implies

that
( / de) = / T dQ* + / TdQsos
oo,t

= ( / XemtdQ2" + ) - Ats) Voo + / Xo0dQ* + () - B,y

s=0

Ji,s =Hso,t

the LoM for B,,: in Claim 11 implies that H,,: satisfies the recursion Hss o zfxwdQ* and
Hoot+1 = Hoot + 7). (U‘”)til - M - pXs», which completes the proof.

B.12 Proof of Proposition 274

The Proposition is a direct result of Corollary 2.
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C Comparison to Approximating the Distribution with A His-
togram

All the terms in this section will implicitly index everything by h: the space between points along each
dimension a and 6. We let aj;) be the gridpoints along the a dimension and 6;) be the grid points along
the asset dimension. To construct the histogram approach we define projection function P*’(a, ) as
the probability of assigning point a, 6 to gridpoint (a, ); ;). Following Young (2010) we project to the

afa[i]

N o | R € o, apg)
closest neighbors: P"7 (a,0) = P'(a)Q7(0), where P'(a) = ¢ “4== a € [a;;_1, ;) and similarly for
0 otherwise

Q/(0).

We assume full knowledge of Z(a, 8, Z) and focus purely on the approximation with respect to the his-
togram. The approximation to the steady state tran81t10n denslty is A( .3 a,0) = [P (@(a,0), peb + ) dpule).
This constructs a steady state transition matrix A(i’, 5,4, 5) = A(7, j', ag),015)). We let (,u[z i be the ap-
proximation to the steady state density. We assume that all of these objects are well approxnnated as
h — 0 so for any smooth test function ¢(a, ), [ ¢dQ* = limy,_o Zw 10) (a[z], [J]) [w] and

/¢(a',€’) a0 a,0)da’ do" = hm Z(b agr), 00) A&, 5’5 a,0).

1//

Given a(a, 0, Z), the approximated LoM for the distribution is
Z/P 9 (@(ag, 057, Z), pof + €) dpu(€)wpi

Differentiating with respect to Z in direction Z yields
Wi, ZA i7"y, 5) @y, zg]+Z/P 9 (@(agy, 0), pod + €) dpu(e)ae (a agi), 015) Wi j)

Which we can write succinctly as &y 11 = AQ; + Mhﬁt, where E)t is a; evaluated at the grid-points.
With this we prove the following two claims

Claim 12. Tn the limit as h — 0, limp, 0 >,/ ,a:( a0 )(Mhﬁ) . =7 . M- @,

Proof. Note that
>z (ap), by) (M 0) Z/Z Tagpn, 0P 7 (alag, 0)), pob + ) du(e)ay (g, 057) wi
i/,j/ 1/ ]/

This simplifies as

> T a0y P (@lag), 0)), pob + €) = Ta(@(agy, ), pod + ) + O (h)

A

i,
= Zfa(a[i/],e[j/])'])i J (E(am,gm), pob + E) +0 (h)
i/,j/
and thus 37, ., T (agi, 011) (./\/lh7 )[Z, i =i 2aij Talagi, O DA, 5',4,5) ae (ag), 0p) wp; ;- Tak-
ing limit as h — 0 completes the result. O
Claim 13. Tn the limit as h — 0, limp,—0 >, 5 z (agn, 05,) (AM” a )[., P — 7@ . L@ M. G,

14



Proof. For this we’re going to use that for any smooth function ¢(a)

Z(;sa[w] alag, 0))P. hZ¢> - (i alag, + h,0)) - P”(a(am,a)))

= pa(a(a,0))aa(a,0) + O(h)

We therefore have that

S (o 0yn) (AM' @) = ST wlagen, 05 A 51T 2/7’ ag, 015)); pod + ) du(€)ae (ari), 1) P

U
[¢/,5"]
s AT AP Y]
i’,j i, 45

We can then exploit the fact that A(i”, j",i = Q7' (pgé) 1 + 5) du(e)PiH (E(a[i,]ﬁ[j,])) to get
Zf (a[z 6[]’]) (AMh a f)[",j’] = Z f(t( afg ”]? )K( ) 7.] )aa (a[l 0[]’])K( 7i/ajl)&t (a’[i]v 9[]]) w[l,]]+o(h)
il7j/ z// ]I/ ,L ]
which in the limit as h — 0 gives Z(®) . £(®) . M - 4. O
This same argument extends to show that limy ¢ Zi/ j,f(a[i/]ﬁ[j/]) (Xch7t>[ | = 7).
bl i/7jl

(E(“))t - M - a; for arbitrary t.

C.1 Second Order
Taking a second derivative of the LoM when ¢ = k = 0 we have, after exploiting that P»J = 0,
Dzz100051 = D / P (@lag, 015), pod + €) dpu(€)azz,0,0 (g 1) @ -
.9

which implies limp 0 3,0 o T(agir), 051)0z2.1.1, 15 = T M -ago. As fa:dQl 1 =T@W M -ago +
(aa) Cy,1, we conclude the histogram method misses the C; ; term.

D Proofs of Section 5

In this section we present the proofs for the extensions presented in Section 5. As needed we will use
distributional derivatives in place of the classical derivatives,

D.1 Proofs for Section 5.1
D.1.1 Proof of Proposition 177

Let ZIP = [O,AgD,QgD} and define the directions Z7P = [O,AfD,QfD} recursively via ZF'P =

Zyz - ZFR . Define XIP as Xz - ZT'P. We start with the following claim
)

Proof. The path of aggregates, X;(£%;0_1, A_1,Q0,0), depends on the history of aggregate shocks, £,
and the initial state ©_1, A_1,Qo. It can be constructed from the recursive representation X (Z;0)
and Q(Z;0) by defining Z,(£4,0_1,A_1,Q0,0) = [0, (E%;0), (Et;O,l,A,l,QO,U)]T recursively as
follows: let Zo(E0;0_1,A4_1,Q0,0) = [pe©O_1 + &, A_1,Q0)T and for t > 1

Claim 14. To the first-order approximation, X; satisfies EgX; = X + X7P + 0O (‘

Zu (€50-1,41,90,0) = [p601-1 (£7%50) + 06,0 (Zi1 (701,41, Q0,0)30) |, (77)
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The path of aggregates can then be defined as X4 (€40 _1,A_1,Q9,0) = X (Z4 (E4H,0_1,A1,90,0);0).

Defining Z; , (£%) and X, , (£%) as the derivatives of Z; (£%; A_1,Q0,0) and X;(E% A_1,Q0,0) w.r.t
o evaluated at 0 = 0,06_; = 0, A_; = A*, Qo = QF. The same steps as in the proof of Lemma
(1) show that X, (&) = Ei:o X,_.&,. Next, taking the derivative of Z; (£;0_1, A_1,Qq,0) and
Xi(E5 01, A 1,Q0,0) wrt. ©_1, A1, in the direction Z'P, we have Zg » (&9 ZIP = ZTP and
fort >0

Zirz (E7) - 2{P =75 - Zyo (€) - 2P (78)
Xz () -Z{P =Xz Z4 (£Y) - 20P (79)

which implies that Z; 7 (£%) - ZI'P = ZI'P and thusX, z (£%) - ZIP = XTP. All put together we have
X:(EY50,A4,0) = Zizo X, &+ XtTD + 0 (Hcﬁ', AOTD, QgD|| ) . Taking expectations completes the
proof. O

Following the same steps as the poofs of Lemma 3, and Lemma 4HA it is possible to show that
4 Qfﬂ = L. LQIP_M-aTP, where al' P = pz] P and 27 P (a,0) :=Tz(a,0)-ZFP = 32 xs(a, G)Y,ﬂ?
Rolhng forward the LoM allows us to prove the following claim

Claim 15. d%QfD is given by 7 a4 QTD — Zs oA, SYTD /—\tTD, where A; ¢ is as defined in Corollary
1 where A7 P satisfies ATH = E( @) . ATP and AP = ddaQTD.
Proof. The statement is true for t = 0 as Ag s = 0 and AP = —%QED. We then proceed by induction

o0 o)
d%aff; £ <_ SOALVID - AtTD> S Mo e TP

s=0 s=0

:_Z( Aus+ Moag ) VIP = L0 ATP = =37 A VTP - ATE,

where we follow the convention x; = 0 for k < 0. O

Finally,

_ ; d = o
(/ de)Z . ZFD /ma@QTDdade.i_ ;}/xs(a,e)dfl AP

= Z (/x _i(a,0)dQ* + T . Atys) YIP 4zl ATP =30, VP 40T

D.2 Proofs for Section 5.2

We will prove Lemma 2°Y and Proposition 2°V in tandem with each other as they need to be shown
jointly. Our use of stochastic volatility contains one major departure from section 3: the approximations
are around (1,0, A*,Q*) where T is stochastic. As T only affects the level of risk, only the second
derivatives w.r.t. o will depend on Y and thus we will represent them as Q,4 (T), Zoo (1), X0 (T) and
Tyo(a,0,Y).
Define the stochastic set of directions ZM (EL) recursively as follows: Z ;fg 0 (%) = 0 and®
ao’t(gT) ZZZaa't I(ET )+ZUU(T1§*1)' Slmllarly, define Xg‘gt(g’tr) XZ Zao't(g’?) Y (Tt)
Our first result generalizes Lemma 2 to allow for stochastic volatility

35There are also X,z and Z,z terms but they are 0 following the same logic as X, and Z, being 0 in the proof of
Lemma 1
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Lemma . To the second-order approximation, X; satisfies

i (i i th,tmgsgm> (80)

% (€ >+0(||e||)

where sequences {X:}i, {Xi¢k}e,k are the same ones as in Propositions 1HA

and 2HA,

Proof. We proceed in the same manner as the proof of Lemma 2. Second-order derivatives of (9) and
(8) w.r.t. o to find Zy 50 (SO) =0 and

Zis1o0 (E) =22 Z1 oo (E)+Z22 (Z16 ('), Z16 (EY)) + (81)
Y15,(7(7 (£t> = YZ : Zt,aa (Et) +YZZ : (715,0' (5 ) Zt o (gt)> (Tt) (82)

where Z 2 is defined in the main text and Z,, = [O, PXoo (Ty) ,ﬁm(Tt)]T
Next we show the following claim relating Z, ,» (€') and our directions ZA(};J(&})
Claim 16. For all ¢

t t
Ztoo () =20, 0(ED+ 3 Zoe s tomEilm (83)

s=0 m=0

Proof;We proceed by induction. As ZAM’O = 2070 = 0 we conclude that equation (8) holds for t = 0
since Z¢,50 (50) = 0. Assuming (83) holds for ¢ — 1 we have

-1 t-1
Zioo (E') =Zz < vt (&) +ZZZt 1-s,t—-1-mEs€m >+ZZZ'<ZZt 1- sgs,ZZt 1-m

s=0 m=0 m=0
t t
- ZaTat g}}) + Z Z ths,tfmgsgmy

s=0 m=0

where in the second equality we used the fact that Zyy s a bi-linear mapping and in the third equality
we use the recursive definitions of Z ot and Zt &, and Zo 0o=0. O

Finally we plug in for Z; ,, (€') and Z,, (€") in equation (82) to find

o o t ot o t t

Xt70'0' (gt) = XZ . < o’o’t Z Z s,t—mgsgm> + XZZ : (Z Zt—sgsa Z Zt—mgm>
0 m=0 s=0 m=0

t t
oo, t(g’tr) + Z Z YZZ,tfs,tf777,555771-

= XT
s=0m=0

O

This Lemma uses slightly different directional derivatives than Lemma 25V The remainder of this

proof will show that XMt(ET) can be constructed via the sequence of directional derivatives X f;/ &
defined in Proposition 2%V th(ST) = Xoot + ZS OXf;/t <&r,s, which will complete the proof
of Lemma 2°Y. We show this linear relatlonshlp by first understanding the derivatives ﬂcw (a0, &%)

defined by 27, ,(a,0,E%) = Tz (a,0) - 2}, ,(EL) + Too (a,0,T¢). We can then show the following
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relationship between 21, ,(a,6, &%) and Ee, [ o t+§|ET} where

R X X R T
aat (&y) = {0, PXC (5, XF (L), Eey [X;Tra,t+1|5'tfj| + Xzz00(1 +Tt)Var(5®)} :

Claim 17. Let x3Y be as defined in Proposition 2°V and x,, be as defined in 5 then for any ¢

T30(0,0,E5) = 3 xola,0Bey [V 11| E% | + %00 (,0) + ToxY (a,0).
s=0
Proof. To find 7, ,(a,0, L) differentiate the F mapping twice with respect to o (evaluated at (Y, 0, A*, Q%))
and add to it the derivative of F' in direction ZM ¢ (EX) to get

0= F ((l 9) aat(a 0 g’r) + Fy(CL 9) aat(g'r)
+ Fye(a,0) ( [Tzz00la, 0] (1+ T, var(E) + E¢ g, [Egg7t+1|a,9,5§] +E. [Z.]a, 0] PTso(a, H,Efr)) )

Define di), ,(a,0,E%) = 2, ,(a,0,E%) — xo0(a,8) — Tix5V (a,0), then diy, ,(a,0,E%) solves

0= (a‘ 0) crcr t(a‘ 0 gT)+FY(a‘ 9) oo, t(gT)+Fl’e(a 0)( [ Lso t+1|a 0 ST] +E[xa|a 9] Pd‘rao t(a”07g'tr)) .

This linear system of equations is identical to the one solved by Z; which allows us to conclude that
diY, ,(a,0,EL) = ¥ xs(a, 0)Eg, [ X +3|5§}, which completes the proof. O

Next we’ll characterize the LoM of motion for Qyq: (£4) = Qg - ZY o (G 4 Qoo (Ti1).
]?ifferentiating the LoM twice with respect to o and adding to it the derivative of the LoM in direction
Zggt (&%), after applying integration by parts, yields £OY ., (EF) = £@ . 4 QUTUt (&) - M-

iy, (a0, EL). Substituting for a), (a0, L) using Claim 17 immediately obtains the LoM

d
do

antJrl (g’i‘Jrl) ‘C(a) iQo'TUt ZM pxs [ oat+s|g'r} +M pX00+T M pX

We then are able to prove the following Claim about € Loi (EL)

Claim 18. QT

oo,t

(EL) satisfies Eg [ Or

oo,t

} = % AL, [YM } — Byou, and for k > 0

d -~
AEST |:d093077'+k|g'71—':| = ZAk SAEST |: oo 'r+s|€T} - BEngT,T
k=0
where AEg, [Y|€F] := Ee, [Y[EF] — Eey [Y[ET '], Boos is as defined in Claim 11 and Bg;/)k is defined
by BSY k1 = £l . BSV + P M - pxSY with BSY ) =

co,0 —

Proof. We proceed by induction. The first equation is trivially true for t =0 as Ag s = 0,Bss,0 = 0 and
%Qg = 0. We then proceed by induction (exploiting Eg, [T;] = 0)

d A " d ~
Eey |:daQUTU,t+1] =L-E [d@ oo t] ZM pX;lEe [Yaa t+3} — M pxoo

= > (£ At Mot ) B [5.] (£ B+ M i)

s=0

Atyts Boo,tt1
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For the second equation, note that it holds for k = 0 as AE [d% Qoo T|E§} =0 (as %QWJ is measurable

w.r..t 5«}71) and Ap s =0, BSV0 = 0. Taking expectations of then implies

AEgT CldngG,T+k+l|€§‘:| = ‘C(a) : ( ZAk,sAEET |:Yo‘577+s|5'71—‘:| - Bgc‘r/:kg'rn') - ZM : st—kAE [yg’{;,7—+s|£§‘:|

5=0 5=0
M pxsv&r -
v (U“) Aks + M- px,_ k) AE,, [ MTH@} - (U“).BSV + M xS )gTT,
SZO A =
which completes the proof O

Dlﬁerentlatlng the G mapping twice with respect to ¢ and adding to it the derivative in direction
W . (L) yields, after applying integration by parts,

G, / iYL, (84) do — G, / 7 LOT,  (£F) dads + Gy V.5, (€)= 0. (84)

Taking expectations of both sides and substituting for Eg, |2 [ oo t] and Eg., [%QMJ using Claims 17

and 18 we have G > oo Ji sEey [YT

oag,s

| + GoHom s + Gy e, [¥1,] =0, which implies that B [XT, ]

solves the same system of equations as the XW , terms in Proposition 274,
If we instead take expectations of 19 conditional on £% and subtract off the expectation conditional
on Sfr*l we find, for t =7+ k,

Go S JijAEe, [ o T+J|£T} +HSY Ex . + Gy AEg, [ o T+k|5Y] -0
=0

where HSV = 7@ . BSV + pk [ xrdQ*. As this is is a linear equation that only depends on 7
through &y -, this implies AEg, [ o T+k|ET} = f;/ké'y .+ where X5V, solves (54). Our knowledge

oo,k
of B¢, { Mt] and AEg., [ oo T+k|€T] 1mmedlately implies X(mwt (&) = Xm,t + Zi OXf;/t &1 s
Finally, note that Bgv = Zf éplfr JH( (“)) M- pxSY which implies that Bg};kH = prBYV +

( ) M- pSY and that HS Vk therefore satisfies the recursion in Proposition 274,

D.3 Proofs for Section 5.3

For this section we will allow £ to be multivariate. This implies that all the directional derivatives X,
and Z¢(a, ) should be interpreted as matrices. We let 3¢ represent the covariance matrix of £.

D.3.1 Proof of Lemma 377

We begin by differentiation equation (60) in direction Z;. This implies that sE. [, 1|a, 8] RY +E. [sZ|a, 0] RY; 41 =
0. In the steady state RY = 0, which implies that this equation can only hold if RY; = 0 when ¢t > 1,
however this places no restrictions on R% := RY,,.

Next we differentiate equation (59) in direction Z. Doing so yields

Fo(a,0)d:(a,0,k) + Fy(a,0)Y; + Fue (a,0) (Ec [Tala, 6] pie(a, 0, k) + E [F141]a, 0]) + Fi(a, 0)kTRY = 0.
(85)
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Fort > 1, R¥ = 0 implies that this is equivalent to (74) and is solved by Z,(a, 6, k) = St o xs(a,0)Y 744
For ¢t = 0, substitute for #1(a, ) in (85) and solve for Zy(a, , k) to obtain (62).

D.3.2 Proof of Lemma 7
_ = A NT
To determine k(a, 0, k) we differentiate (60) twice with respect to o to get E. [sZ|a, 0] R, ,+E. [(si:o) EET (Rg) |a, 9} =

0. As & is independent of § we conclude that this is equivalent to (after substituting for Z)

E. [sZ|a, 0] Ry + ZEE [sxs|a, 0] Vi Xe (Rg)T + E. [st|a, 0] k(a, 0, k)T RESe (R§>T = 0.
s=0

. . LONT
Define & (R(“j) = (R(’ng (R(’j) ) and exploit the knowledge that E [Sr|a, ] is a real number to solve
for

—1

Fa,0, )7 = Voo (0,0)F50 (B5) + Y vela 00V (B5)" & (85)

D.3.3 Proof of Proposition 7

Differentiating the (¢ mapping in direction Z; to get Gy Y; +G, (f EdQ)Z -7, = 0, where (f EdQ)Z 7, =
[ 2:d* + [T As T(a,6, k) = T(a,0) is independent of k, it suffices to know the deviation of the
marginal distribution Qt(a, 0) = limg 00 Q(a, 0, k). For the rest of this proof by using ), to represent
this marginal distribution.

Following same steps as in the proof of Lemma 474 implies that for t > 1 Qt+1 C(a)-d%flt—./\/l-dt,
where £(*) and M are as defined in the main text, and

d -

@Ql a0 // A(d,0',a,0)a0(a, 0, k)w*(a,0,k)dkdadd.

3PP we find £y = — 3, M- px, Yy — MPP - (k)T RE, where MPP
and k* are as defined in the main text. As k(a, ) is independent of k it is straightforward to show that

Substituting for ag using Lemma

K (d,0) = / X(d', ', 0, 0)F(a, 0)w" (a,0)dadd = (M -F) (d', ).

Ny
3
G
—
m)
S&
N—
i

— (M Vo) (. 0) RS (Rg) + Z M -vy) (d,0) V,Se (Rw
—_— — \—,_/
k:,(a’,0") kx(a’,0")
We use this to show the following claim
Claim 19. %Qt is given by %Qt =—>z OAt Y (ﬁ(“)) -MPP (k)T Rg

Proof. Time t = 1 holds trivially as d%ﬂt and A; o = M - px,. For t > 1, we proceed by induction as

e = £ (= A ()M RS ) 3 M,
3 (£ Aps + M pxoy) Vs - (z:(“))t - MPP (k)T Re

s=0

which completes the proof. O
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Finally, as [ ,dQ* = . [ xs—tdQ*Ys + [r(a,0) (k*)" daddRE, we can conclude that

</$dﬂ> 7y = ZJt,sYs + N - (B*)T R(QJC
z s=0
where N; is as defined in the main text. To complete the proof we note that in the o = 0 limit (61)
simplifies to
T DT -1 KT T DT
R.6 (RO) -y Zv V.5 (R ) G (RO)
where Vy, = [k%,dadf and Vs = [ kZdadf. Thus,

([ai0) 2= S0t S0 (i) (1) - 7%

s=0 s=0

-1

Wherle;D:/\/}-k’* N -k s andJPP2 N; -k

o’aV

GyY; + G, <ZJMY +ZJPP1Y25( ) 6(R§)1R§+pr’2f/o> —0.

R7 which implies

G'O'V

ANT PO it TN A
In the special case where © is 1 dimensional we have ¢ (RS) (G (R%) & = 1 and thus GyY; +
Go Yooty (Jt,s + JESP) Y, = 0, where Jff = J,ff’l + lszoJfP’2, which completes the proof.

E Details for Section 7

E.1 Calibration

The baseline parameter values are given in the following table.

Table 2: CALIBRATION OF THE KRUSELL-SMITH ECONOMY

Parameter  Description Value
«@ Capital share 0.36
B8 Discount factor 0.983
¥ Risk aversion 5

§ Depreciation rate of capital 1.77%
1) Adjustment cost of capital 35
Pe Idiosyncratic mean reversion 0.966
o./y/T—pZ Cross-sectional std of log earnings 0.503
po Aggregate mean reversion 0.80
oo Std of Aggregate TFP shocks 0.014
N, Points in Markov chain for ¢ 7
N, Grid points for the policy rule z*(z) 60
I, Grid points for the distribution @; 1000
T Time horizon (in quarters) for IRF 400
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E.2 Transitions across steady-states

In this section, we show how to apply our method to compute deterministic transitions across two
steady states. We modify the aggregate TFP process to have a parameter © that controls the mean
and consider a one-time permanent change of 5% to ©. In the economy with high TFP, the distribution
of savings shifts to the right to accommodate the higher demand of the capital which is now more
productive.

To apply the insights from Section 5.1, we need to compute 2g=* — . We set the asset distribution
in the non-stochastic economy with high TFP to be ©* and asset distribution in the non-stochastic
economy with low TFP to be €. This allows us to construct the new term in Lemma 177 Z(a) .
(E(“))Fl . d%flo which takes negligible amount of time given that we have precomputed operators Z(®)
and £(4). We truncate T when the difference between X (%0 =1) + Xz and X (2*;0 = .95) is
below a threshold.

In Figure 6, we plot the first-order expansions of the mean path of aggregate capital and the
distribution of capital between the two steady states. We see capital slowly approaching a higher level
and the distribution of wealth shifts rightwards.

Agg. capital Distribution
T T T T I I I
41 F =
0.003
3 100 1 £ 0002
39 | : 0.001
38 . 0
| | 1 | | | | | | | |
0 100 200 300 400 0 2 4 6 8 10 12 14
Time (quarters) a/GDP

Figure 6: Transition path for capital and the distribution of savings after a 5% permanent increase in agg. TFP

E.3 More Details for Stochastic Volatility

In our baseline with a scalar aggregate shocks, the changes in volatility of all aggregate variables are
proportional to 1 4+ Y;. To calibrate the stochastic process for T;,we use the observed fluctuations in
the CBOE Volatility Index (or the VIX). The VIX measures market expectation of near term standard
deviation of stock returns conveyed by stock index option prices. The data is quarterly and the sample
extends from 1990Q1 to 2023Q2. In Figure 7, we plot the VIX series.
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Figure 7: AGGREGATE UNCERTAINTY

VIX

20

| | | | | | | | | |
1990 1993 1996 1999 2002 2005 2008 2011 2014 2017 2020 2023

Notes: The figure plots the quarterly series of CBOE VIX for the sample period 1990Q1 to 2023Q2.

VIX,
(VIX)

2
We use the approximation that 1+7Y; ~ exp {Y;} and use exp { Y} = { } to estimate (pr, o)

by estimating the following specificiation using ordinary least squares.
oY
InVIX, =c+prnVIX, 1 + (7) € (36)

and the residual €; is assumed to be mean zero and serially uncorrelated. The following table summarizes
the results.

Table 3: ESTIMATING Yy

Parameter Value Standard Error

c 0.60 0.16
pr 0.80 0.05
o2 0.16 0.019

Notes: The table reports the OLS estimates of pyand 0% using specification (86).
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Online Supplementary Material

A Additional Numerical Details for Section 4

There are multiple approaches to approximating derivatives with respect to the individual state, e.g.
Tq(a,0) and Tye(a,d). The first way is direct: use the derivatives of basis functions to evaluate deriva-
tives of 7, e.g.?a = z#d, and ?aa = 7#®,,. The alternative is to compute the derivatives directly.
To see how this is done we can differentiate the F' mapping with respect to a to obtain

Fo(a,0) + Fi(a,0)Zy(a,0) + FreE, [Tq,a, 0] pTa(a,d) = 0.

We can apply this formula to compute the values of T, at the coarse grid-points
~ -1
Tali) = — (Folil + Fucli] (p7#8) [1])  Fali

and then recover the spline coefficients T# = 2,71, The derivatives can alternatively be computed
as 7@ = fa#@ and 7(1@ = ff@a. In our experiments we found that all of these choices resulted in very
similar aggregate responses. Using 7% ®, or Z# ® resulted in nearly identical aggregate responses, so
we opted to use T# ®, for simplicity. Relative to the global solution, Z# ®, produced slightly smaller
errors than Z#®,, so we use 7# ®, and Z#®¢ when computing Taq(a, 0) and E. [Teq|a, 8] respectively.

B Multivariate Extension

Here we extend our analysis to allow for a,f, and © to be multidimensional. For the remainder of this
section, we will let a’ represent the j** element of a and 67 represent the j** element of 6. Almost all
of the results extend directly with the caveat that the derivatives with respect to a, such as T,(a, ),
should now be viewed as matrices as opposed to vectors. In addition, the directions Z, should be viewed
as vectors with ZAtJ being the directions associated with the shocks ©7,and Qi represents the associated
change in the distribution.

B.1 First-order Approximation
Lemma 3 remains unchanged. The first difference comes with Lemma 47 A The operators C(“), M,
and Z(*) remain essentially the same
(M-y)(d,0) := /K(a’, 0, a,0)y (a,0)dQ* (a,0),
(c<a> y) (a8 / A(d', 0, a,0)d.(a,0)y (a,0) dadd
7@ .y = /fa(a, O)y(a,0)dadb,

with the understandmg that now y is vector Valued while @, and T, are matrices. For notational

’V'L
simplicity we let -2 0 represent aelaélw and - represent 16527a For any vector valued function

damna *

y define Voy =37, o5y’ . With this deﬁmtlon we can generalize (474) as follows

Lemma 4(FO MYV). For any ¢ Qt Vi - Wy where Wy satisfies a recursion

4 da do
QOrpr = LD O — M - dy (87)

with (2)0 =0.



Proof. We proceed by induction. It trivially holds for ¢t = 0 as Qy = 0. Assuming true for ¢ we can
differentiate the LoM in direction Z; to get

Qt+1 a’ 9 //HL (a,0) <a ) ﬁ ((pe@—l—g)k < Q/k) M(s)deth
— Z//é (@ (a,0) — a” HL (a,0) < a") ﬁ ((p99 +e)f < G’k) wu(e)dear(a, 0)dQ*.
i#j =1

Applying d%% to both sides yields

d dGQt+1 a 9 //H5 a 9 —a )kl_ll(; ((p30+5)k _H/k) N(g)dedﬂt

—Zaaq //H5 (a,0) —a )]I[lé((pae+s)k—e’k) p(e)dead (a, ) dQ2*

_ . 9 [ . .
:/A(a/79/’a79)d9t— E 8a/j /A(a,79/7a’0)ai (a,@) dQ
j=1

where in the second line we used the equality definition

Na

Ad', 0, a,0) = / ﬁ 5 (@ (a,0) —a'™) ﬁ(s ((p99 +e) — 9”) p(e)de =[] 6 (@ (a,0) — a™™) (0’ — pob)
k=1 =1 k=1
If we apply % to both sides we find
%Aa@’aG 25’*a9—a gé a*) (0 — ped)a.; (a,0)
:_Za/z “(a,0) —d'") H5 )ﬂ(@—pgﬁ) i(a,0)

k#i

- —Z 5 ,.K(a',o',a,a)a;j (a,0).
— da"

Next, we have

/K(a’,a',a, 0)dSy, ://K(a',e’,aﬁ)didilg +(a,0)dadd
B

_Z// d',0/,0,0)5 = (a,0)dady
:_Z// o (R0, 0,6)) &3 (0, 0)dadd
=y / / SR 00,00, (0,0)7 (a,0)dads.

All combined this implies that

d d -

- d99t+1 VoL@ 0y — VoM -y = Vi



which completes the proof. O

It should be noted that when the dlmensmnahty of a is 1 Lemma 4(FO MV) is equivalent to Lemma
4HA a9 it states that da % Qt = d wi and thus z5 Qt = @; which satisfies the same recursive system as
in Lemma 474, As the recursive system is identical, Corollary 1 remains unchanged since

/ TdQYy = Z / x—wtdadﬁ =-> / Tl dadd = —T(V) . &,.
J

Finally, we have that Proposition 174 holds identically for the multivariate case with the understanding
that all the derivatives with respect to Z are vector valued.

B.2 Second-Order Approximation

As with the first-order approximation, many of the Lemmas extend directly with the caveat that all
derivatives with respect to a and 7, are vector valued. For example, Lemma 5 is identical in the
multivariate case.

We can extend the definitions of £(@®) £l@a) r Z’t,I(““), and I(Zaz to the multivariate case

£y (a0 A, 0 a,0)a44(a,0) - y(a,0)dadd

Il
\\\\\

LDy (a0 A(d',0',a,0)aq(a, 0)y(a, 0)aa(a, 0)" dadf

Lz:-y(d, 0" A(d, 0 a,0)a,z.4(a,0)y (a,0) dadd

709 oy = [ ZTaa(a,0) - y(a,0)dadd
I3) -y = [ &za4(a.0)y(a,0)dadd

with Zaa(a, 0) - y(a,0) == 32, ; Taiai(a, 0)y' (a, #) for matrix valued y. For a matrix valued function we
define V, -y as the vector

o ..
. — ij
(Va-y)' (a,0) 5517 (@.0)
which implies
0o 0 ..
2 . = . . — Y
Va y - va va y - aai aajy

%,J

then we have the following extension of Lemma 6

Lemma 4(SO MYV). (a). For all t, k let &y 4k satisfy the recursion @y =0,
Grppr = LD Oppp — M- apprk + Va - Coasr — bragr, (88)

where by ¢4k and c; .y satisfy

a a d -
b sk = —LY) - desm L350k 255

T

I a d a d 4 R
Ctt+k = M- (at @atT+k) —£( <d09t ®at+k> — £( ). (daQt_Hg @CLI)

d d@ .
then .25 146 = Va - Ot t4k-



(b). Qoo satisfies recursion (87) with a; = piy being replaced with Gyot = poos then d%d%ﬂoa,r

Proof. (a) Next we take the second derivative of the LoM in direction Z; and Z;, and adding to it the
derivative of the LoM in direction Zt & vields, after applying -2 i dé‘ to both sides

d d » d d - — i .
a, d@’ t+1,t+k+1<a/79/> :/ (a 9 a, 9)d d@Qt t+k<a 9 dadf — Za /A(a/79/7a,@)atﬁHk(a,a)dQ

7] _ ¥ . X
+ Z D't &w A(d',0',a,0)a;(a, 0)a] . (a,0)d

A / ! ~J d d A
- Z dali /A(a ,0 ,a,e)a (a, H)CT@Q +{a,0)dadl
d d.
~J
_Zaa’ﬂ /A @',0,0,0)i (0, 0) 5 = Ola, 0)dadd

Written in vectorized form this is equivalent to

d d
da’ b’

Qt+1 t+k+1<a 9 /A a0 a, 0)Va - Ote+k(a,0)dadd — V, /A a0 a, 0+ (a,0)dQ
V2. / a0, a,0)a(a,0)arn(a,0)TdQ" — Vo / A0, a,0)acrn(a,0)Va - G (a, 0)dadd
—Va- /K(a/, 6',a,0)at(a,0)Va - Qiir(a, 0)dado.

Next, we note that for vector valued generalized functions w and vy,

/Aa 0, a,0)w(a,0)V, - y(a, Q)dea—Z/Aa 0, a,0)w(a, 9)88 7 (a,0)dadd

_—Z/Aa 0’ 10,0) 5 a w(a, 0)y’ (a,0)dadd

—Z/ B A(d',0',a,0)) w(a,0)y’ (a,0)dadd
= —/X(a',&',aﬂ)wa(a, 0)y(a, 0)dadd
o [+ ~ ‘
+ ; a7 /A(a',@',a,ﬁ)aaj (a,0)w(a,0)y’ (a,0)dadd
= —/K(a',9'7a,0)wa(a, 0)y(a, 6)dadd
v, / A(d, 0, a,0)aa(a, 0)y(a, 0)w(a, 0) dade.

Applying this relationship implies

d d -
— — Oy pan1{a,0) =V, - /

T 40 (d,0',a,0)aq(a,0)ds ¢+ rdadd — Vg - /A a0 a,0)i: i1k (a,0)dQ”

A
/K(a 0, a,0)a:(a,0)asrr(a,0)TdQ" + V, /A a',0',a,0)azq.1(a,0)d:(a, 0)dadd
—- V. /X(a 0, a,0)aq.(a,0)i(a,0)artr(a,0)Tdadd + V, / a',0',a,0)izq.4(a,0)wk(a, 0)dadd
B T

( Ad, 0, a,0)a.(a, 0)dr(a,0)a:(a, G)Tdadﬁ)

which implies that %%Qt+1’k+1 =V - @t4+1,6+1 Where @ i, satisfies (87).
(b) We proceed by induction which holds trivially for ¢ = 0. Differentiating the LoM twice with



respect to o, adding the derivative in direction ZAMyt, and then applying d%d% to both sides yields

iiA I opl\ Al
dadGQUU‘t+1<a’9>_/A(a’e’a’e)

d d . I *
- =5 a(a,0)dadd = V- / K0, a,0)d00.1(a,0)dQ".

Using the same steps as the proof of Lemma 4(FO MV) we have
/X(a', 0',a,0)V, - ©pot(a,b)dadd =V, - /K(a’, 0, a,0)a.(a,0).0(a,0)dadd.

which implies
d d - @ - . )
da oot = Vo (£9 00 = Moiigri) = Vo oo

Next we extend Corollary 2 to the multidimensional case as follows. .

Corollary 2MV. (a). For allt, k

(/ de) Zi ik + </ de) . (Zt, Zt+k) = ZJt,sYtﬂ,HHs + He iks
72z zZz s=0

where {H¢ ¢y 1}, . i characterized by the following linear recursive system

Heerr = / Xe kA + T By + T Coppgy — I - G0 — I - Doy

~ ~ a d - A a d A ~ T a,a
Coptprhtr = M- (ar ©al,,) — £ (dGQt ©) atTJrk) — L) (dHQt—Hc ©) atT) + LY Cyiiy,
Biti,t4k+1 = M - pXe gk — ﬁ(zal CWipk — L(Za;35+]€ Sy + L@ By tyr + £l . Ciqk-
(b). For allt,

/faadQ* + (/ Idﬂ) ' Zaa,t = Z Jt,sYa'a,s + Hoa,t
Z

s=0

where {Hyo,1}, satisfies recursion Hypo = fxm,dQ* and Hoot = Hoot—1 + 7). (E(a))t_l - M - px

(oo

Proof. (a) Start by noting

(/$d9> L prn (/de) ~(Zt72t+k> = /ft,de*+/33td§2t+k+/it+kd§2t+/§dﬁt,t+k
7z 7z



We start with f EdQnHk. For any matrix valued generalized function c
_ o ..
L-V,-cld,0)= ;/A(a', 0, a,0)a,(a, 9)%6] (a,0)dadd

=— Z / Ad', 0, a,0)a4i4 (a,0)c (a,0)dadd
,J

- Z / ail (K(al7 0/7 a, 9)) aaj (CL7 Q)C'LJ (0/7 9)dad9
¥

=L c(a,0)+ ) % / A(d',0',a,0)a" a,; (a,0)c (a,0)dadd
7,k

= LD . c(d,0) +V, - LD c(d,0).

We can then proceed by induction. For t = 0 we have

oo
Wok = — E AosY 225 k—t+s — Bok—t + Vo - Cor—t
s=0

since all terms are 0. If it holds for ¢ then

oo
@t+1,t+k+1 = ﬁ(a) 'dit,tJrk - g M- PX5Yt+s,t+k+s - bt,t+k + V, *Ctt+k
s=0

— rla), <— ZAt,SYs,k+s —Bit+x + V- Ct,t+k> - ZM : szft?s,lws
s=0 s=0
— b4k + Vo - Criri

= - Z (ﬁ(a) A s+ asft) Yo kts — (ﬁ(a) Btk + bt,t+k) + L@ Vo Ciitrk + V- Critk
s=0

= - Z At+1,s§/s,k+s - (ﬁ(a) Bt pyr + L) . Coirr + bt,t+k:) + V.- (ﬁ(a’a) “Copyr + Ct,t+k>
s=0

o0

=— E Ati1,5Ys ks — Berit4k+1 + Vo - Cott4k41-
s=0

Finally, we have that

/Eth,FHC = /TVG . of)t,deadH

= —/Ead)t’t+kdad9
= - /Ea <— ZAt,sYs,kJrs — B yr + V- Ct,t+k:> dadf
s=0

=3 (20 Aa) Voo + T Bt [ Ta Corsadads

[
|
o

(I(a) 'At,s> Vs + T Bropn + T - Cropn

NE

[
I
o



as desired. Next
/ 3dQyyp = / 34(a,0)Vyq - Gyar(a,0)dadd = — / & za,0(a, )04k (a, 0)dadd = Ty') - Gy,

and similarly for [ #445dSY. Finally

/@,deﬂ* = Z/thsdg*ffs,kﬁhe +/Xt,t+kd9*-
s=0

Adding the terms of ([ Zdf2) 27" ZAt,Hk + ([ mdQ) 27" (Zt, Zt+k) together completes the proof.

(b)Begin with
/ ToodQ* + ( / :ch) Lo = / ToordQ* + / TdQye.s
Z

Starting with ffdflw’t, as Wee,0 = 0 we can roll forward

oo
a}ao’,t+1 = E(a) : (I)O'O',t - ZM : pxsftYfﬂT,S -M- PXso
s=0

to obtain

oo
aa’o’,t = - ZAt,sY(fa',s - BUU,t
s=0
where B,y 0 =0 and Byo 41 = £ . Boo,t + M - px,,. Using integration by parts implies
/ ZdV0s = / TV, - Woordadd = — / Talooidadd = —T' - Qyp .

Adding to it

/iao‘,tdQ* = Z/Xt—sdQ*YUU,s+/XGUdQ*
s=0

we have Hypr = fxwdQ* + 7). Bso,t. This is the same formula as Corollary 2 so H,,,; satisfies the

recursion Hyet = Hoot—1 R AC (ﬁ(a))Fl M pX g

Combining all of these insights implies that Proposition 274 remains unchanged in the multivariate

extension.

B.3 Krusell and Smith with adjustment costs

Household problem Households hold shares in a mutual fund and date ¢ holdings of i are denoted
by a;:. Let D; and P; be the time ¢ dividend and the price per share of the mutual fund. The household

problem is given by

max  EY U (ciy)
t

Citybi ekt

subject to
Cit + Prajy = Weexp {6} + (Dy + Py) ajp—1

a;t >0



The Euler equation of the household is given by

_ BU: (¢i,t+1) Dii1+ P
L=t <Uc (i) + Ci,t) < Py > (89)

where A;j¢, ¢+ > 0 are the Lagrange multiplier on the sequential budget and borrowing constraint
respectively.
M 41 BU(ci,t+1)

Stochastic Discount Factors Define a process {m;;} with m;o = 1 and e = Ui g For

any positive process {0; .} define M; with My =1 and %:1 = [ois %dz. Then aggregating (89) we
get that the value of the mutual fund satisfies

M,
=E, Z aar] DHJ.

Firms Problem Firms rent captal and hire workers on a spot market to produce using a Cobb
Douglas production function. Let K; be the capital used in the production at date ¢, their optimality
gives us

RF = exp (0,) K7}

Wy =(1-a)exp(0) K
Mutual Fund Problem The mutual fund owns physical capital, makes investments subject to

quadratic adjustment costs, rents out the capital to the corporate sector, and maximizes present value
of dividends. For a given {M;}, the problem of the mutual fund is

max Eg E M, D,
K¢,Dy 7

I
:RfKt—It—(g(Kt—5> K,
t

K= (1-08) K, + I,

Let @; be the multiplier on the capital accumulation equation. The optimality of the mutual fund with

respect to I;
Qi=1+9¢ ( - 5)

({{:1 - (5>2 +(1-0)Qt41

and with respect to K; is

o[-

k Teyr Tiyr
Mt+1 RtJrl + Qb (Kt+1 6) Kiq1

M, Q1

E, =1. (90)

Its easy to check that

oS-

2
I, I, I,
Rf+1 + ¢ (K:l - 5) K:—:—ll _ (K:l _ 5) +(1=6)Qus1 ~ Dyy1+ Qi1 Kipo
Q¢ QiK1




and thus iterating on (90) we get

M
M,

QiK1 =P =E; Y Diy;.
J

Equilibrium The equilibrium is given by

Cit+ kip=Wiexp{6i+} + Rikit—1
it = EBU. (¢it) Ry
Ue (cit) + Cip = Ephiga
kitCip =0
Wy — (1 —a)exp(0:) K =0,

(1= a)exp (00) K7 + 6 (4 — 5) %—%(%—6)2+(1—6)Qt

R =
' Qi1

Kt+1 == (1 —5)Kt +It

a=1+o(5 ).

/ki,tdi = QiK1
To map the problem to Section 3.2 notation, use the following definitions
Ap1 = [Qr—1, KT
Xy = [Q, Ky Wy, Ry, I])T
ait—1=[0it—1,kit—1]"

Tit = [Kit, City Nijts Git) T



