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Computational Methods

Multiple Imputation Under Power Polynomials

HAKAN DEMIRTAS AND DONALD HEDEKER

Division of Epidemiology and Biostatistics,
University of Illinois at Chicago, Chicago, Illinois, USA

Although the normality assumption has been regarded as a mathematical
convenience for inferential purposes due to its nice distributional properties, there
has been a growing interest regarding generalized classes of distributions that
span a much broader spectrum in terms of symmetry and peakedness behavior.
In this respect, Fleishman’s power polynomial method seems to have been gaining
popularity in statistical theory and practice because of its flexibility and ease of
execution. In this article, we conduct multiple imputation for univariate continuous
data under Fleishman polynomials to explore the extent to which this procedure
works properly. We also make comparisons with normal imputation models via
widely accepted accuracy and precision measures using simulated data that exhibit
different distributional features as characterized by competing specifications of the
third and fourth moments. Finally, we discuss generalizations to the multivariate
case. Multiple imputation under power polynomials that cover most of the feasible
area in the skewness-elongation plane appears to have substantial potential of
capturing real missing-data trends.

Keywords Kurtosis; Multiple imputation; Normality; Symmetry; Skewness.

Mathematics Subject Classification 62F40; 62P10.

1. Introduction

The normality assumption is categorically one of the most extensively used
and studied phenomena in statistics. Although real data rarely conform with
normality, it has been regarded as a convenient assumption in model formation,
estimation, and testing due to its well-understood distributional properties. Despite
its popularity, it only represents a single point in the skewness-elongation plane;
and general classes of continuous distributions that span a broader spectrum
in terms of symmetry and peakedness behavior have received increased interest
among statisticians (Genton, 2004). In this article, we describe multiple imputation
(Rubin, 2004) under Fleishman’s power polynomials (Fleishman, 1978) that can
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accommodate a wider range of distributional features. The salient aspects of the
power method are elaborated in Sec. 2.

Multiple imputation (MI) is a stochastic simulation technique that involves filling-
in missing data with m > 1 plausible values through a predictive distribution (Little
and Rubin, 2002; Rubin, 2004). Once m versions of the completed data sets are
obtained, one can proceed with analyzing themwith standard complete-data methods,
and consolidating the results into a single inferential summary. As a result, with MI,
uncertainty due tomissing data is formally taken into account in themodeling process.
Other key advantages of MI are reviewed by Rubin (1996, 2004) and Schafer (1997,
1999).Methods and illustrative applications include Demirtas and Schafer (2003), and
Demirtas (2004, 2005). For an extensive bibliography, see Rubin (1996) and for a
software review see Horton and Lipsitz (2001). The fundamental step in parametric
MI is filling in the missing data by drawing from the conditional distribution of the
missing data given the observed data. This usually entails positing amodel for the data
and using it to derive this conditional distribution. For continuous data, multivariate
normality among the variables has been perceived as a natural assumption since
the conditional distribution of the missing data given the observed data is then also
multivariate normal. Recently, extending the practice of MI from normality to more
general classes of densities has begun to receive attention (He andRaghunathan, 2006;
Liu, 1995).

Considering the restrictive nature of the normality assumption, employing a
distributional setup that spans a wider range of symmetry-peakedness behavior in
the imputation process may provide a reasonable way to handle non Gaussian
continuous data. In this regard, the power method can be thought as a sensible
alternative because of the ability of accommodating a variety of distributional shapes
depending on the choice of parameter values. Here, we explore the relative advantages
of conducting imputation inferences under this more flexible approach via a limited
simulation experiment that includes some univariate data generation mechanisms
that may be encountered in practice. The rationale is to assess the feasibility of this
technique as a possible impetus for extensions to the multivariate case, and to gauge
its generalizability potential for creating imputations under a multivariate extension
of the power method. Given that imputation under non normal densities is a recently
emerging notion, which has potential in many research areas, it is important to
evaluate its performance in terms of commonly accepted bias and precision measures
(Collins et al., 2001; Demirtas, 2007; Demirtas et al., 2007, 2008).

The organization of the rest of this article is as follows. In Sec. 2, we
describe essential aspects of Fleishman’s power polynomials, and discuss possible
augmentations that have appeared in the literature. In Sec. 3, we present our
simulation design and give a simple algorithm to create multiply imputed data sets
under power polynomials, followed by the examination of relative improvements
over Gaussian imputation on incomplete data sets that exhibit different distributional
characteristics. Subsequently, we explore the behavior of efficiency and accuracy
measures to determine the extent to which the power procedure works properly.
Section 4 includes concluding remarks, discussion and future directions in the sense
of generalizing the proposed approach to the multivariate case. The technical details
concerning the estimation procedure for obtaining the underlying parameters, and
R/Splus code that implements this approach, are given in the Appendix.
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2. Fleishman Polynomials

Fleishman (1978) argued that real-life distributions of variables are typically
characterized by their first four moments. He presented a moment-matching
procedure that simulates non normal distributions often used in Monte Carlo studies.
It is based on the polynomial transformation, Y = a+ bZ + cZ2 + dZ3, where Z
follows a standard normal distribution, and Y is standardized (zero mean and unit
variance). The distribution of Y depends on the constants a� b� c� and d, whose values
were tabulated for selected values of skewness (r1 = E�Y 3�) and kurtosis (r2 = E�Y 4�−
3). This procedure of expressing any given variable by the sum of linear combinations
of powers of a standard normal variate is capable of covering a wide area in the
skewness-elongation plane whose bounds are given by the general expression r2 ≥
r21 − 2.1 High-order moment (the third and fourth moments) boundaries of the power
method were given in the original paper (Fleishman, 1978) through an inequality;
however, they were not entirely correct. Subsequently, Headrick and Sawilowsky
(2000) computed empirical lower bounds of kurtosis for a given value of skewness.

Assuming that E�Y� = 0, and E�Y 2� = 1, by utilizing the first 12 moments of the
standard normal distribution, the following set of equations can be derived after
simple but tedious algebra:

a = −c

b2 + 6bd + 2c2 + 15d2 − 1 = 0

2c�b2 + 24bd + 105d2 + 2�− r1 = 0

24
[
bd + c2�1+ b2 + 28bd�+ d2�12+ 48bd + 141c2 + 225d2

]− r2 = 0�

Solving these equations can be accomplished by the Newton–Raphsonmethod, or any
other plausible root-finding or non linear optimization routine. (The specifics of the
Newton–Raphson algorithm for this particular setting and an implementation in the
R/Splus software are given in the Appendix.)

Fleishman’s method has been extended in several ways in the literature. One
extension utilizes the fifth-order polynomials in the spirit of controlling for higher-
order moments (Headrick, 2002). The other one is in regard to a multivariate
version of the power method. This extension is extremely interesting due to its
potential for creating multiply imputed data sets in more realistic multivariate settings
(Headrick and Sawilowsky, 1999; Vale and Maurelli, 1983). The generalizability to
the multivariate case makes the polynomial method more compelling in the sense
that it presents an advantage over other general distributions such as Burr family
(Burr, 1942), Johnson family (Johnson, 1949), Pearson family (Parrish, 1990), and
Schmeiser–Deutch system (Schmeiser and Deutch, 1977), whose multivariate versions
are either non existent or very formidable to specify due to mathematical and/or
computational difficulties. The scope of this article is limited to the univariate case. For
this reason, we only briefly mention in Sec. 4, the operational logic of the multivariate
power approach and discuss its connection to the Bayesian multiple imputation
technique under the assumption of multivariate normality. A convenience of adapting
Fleishman’s method to MI is that it allows one to take advantage of well-developed
MImethods. In other words, employing suitable transformations makes it possible for

1It is trivial to prove this by Cauchy–Schwarz inequality. Furthermore, one can show that
equality condition is impossible to reach, but this is immaterial for the purposes of this work.
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practitioners to use existingMI software (e.g. Schimert et al., 2001). It should be noted
that the power approach has been criticized by some authors (Tadikamalla, 1980)
on the grounds that the exact distribution was unknown and thus lacked probability
density and cumulative distribution functions (pdf and cdf, respectively). However,
Headrick and Kowalchuk (2007) recently derived the power method’s pdf and cdf in
general form.

After reviewing the fundamentals of the power approach, we describe a simulation
study in the next section. For this, we describe how one creates multiply imputed data
sets under power polynomials with competing moment structures.

3. Simulation Design and Imputation Algorithm

Complete Data Generation: Complete data were generated using the generalized
lambda density (GLD) which is a class of distributions used for parameter
estimation, fitting distributions to data, or in simulation studies that primarily
involve univariate data generation (Ramberg and Schmeiser, 1972, 1974; Ramberg
et al., 1979). The univariate GLD is attractive because its pdf and inverse
distribution function are known and its associated algorithm for data generation
can be implemented with relative ease. Simulated values, x, can be drawn by the
inverse cdf method x = �1 + �p�3 − �1− p��4 �/�2, where �1 and �2 are location and
scale parameters, respectively, �3 and �4 are shape parameters, and p ∼ U�0� 1�.
The right-hand side of the equation is the inverse cdf of the GLD. Although
the cdf does not exist in closed form, this is not a problem in practice since
the same is true for the normal distribution. Ramberg and Schmeiser (1974)
showed that the kth moment (�1 = 0) of the GLD, when it exists, is given by
E�Xk�= �−k

2

∑k
i=0

(
k

i

)
�−1�i���3�k− i�+ 1� �4i+ 1�, where � denotes the beta function.

Ramberg et al. (1979) gave details of estimation and model-fitting procedures for this
four-parameter probability distribution. It involves solving a set of equations that are
formed through the first four moments that are capable of accommodating a wide
variety of curve shapes. The specification of any feasible moment structure (again, not
every combination is possible) that translates to corresponding values of �’s, enables
us to generate random numbers via the inverse cdf method. The reason we use the
GLD is that it covers about the same area in the skewness-elongation plane as the
power method does. Another advantage of the use of the GLD is that it allows us to
make a genuine assessment as to how Fleishman’s method performs in the imputation
context because of the fact that the GLD and the power method represent radically
different distributional forms. The nine skewness-kurtosis pairs that were used in
the simulated examples are given in Table 1. The number of observations, n, in the
complete data set was chosen to be 100, 500, and 1,000. Two variables (Y1 and Y2) were
generated independently from the GLD, then they were centered and scaled.

Missingness Mechanism: Y1 and Y2 are assumed to be completely and incom-
pletely observed, respectively. The logit of missingness probability on Y2 is designed
to be a linear function of Y1. Let R2 be the non response indicator, where R2 = 0
when Y2 is missing: log

[
P�R2=0�

1−P�R2=0�

] = �0 + �1Y1 + �2Y
2
1 . � = ��0� �1� �2� is chosen to

be �1�−1�− log�3�− 1�, �1�−1�−1�, and �1�−1� log�3�− 1�, corresponding to 25%,
50%, and 75% missingness rates, respectively. In the imputation model that we
describe below, only Y2 is included since the method was developed for the univariate
data. As we exclude the variable that is the cause of missingness (Y1) from the
imputation model, it is a non-ignorable missing data mechanism.
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Table 1
The skewness-kurtosis specifications with the prefixes
meso, lepto, and platy stand for zero, positive, and

negative kurtosis, respectively

Skewness Kurtosis Property

0 0 symmetric-mesokurtic
0 3�75 symmetric-leptokurtic
0 −1 symmetric-platykurtic
0�5 0 right skewed-mesokurtic

−0�5 0 left skewed-mesokurtic
0�25 3 right skewed-leptokurtic

−0�25 3 left skewed-leptokurtic
0�75 −0�25 right skewed-platykurtic

−0�75 −0�25 left skewed-platykurtic

Imputation Algorithm: We assume two imputation models for comparison
purposes for each of the incomplete data sets generated. The first one is the normal
model, where we create imputations following the standard approach of using a
Bayesian predictive model of the missing data given the observed data (Schafer,
1997). For the other (power polynomials), instead of adopting a Bayesian approach,
we account for the parameter uncertainty by obtaining nonparametric bootstrap
samples that anchor the subsequent estimation procedure for the parameters of the
power expression, as was done by He and Raghunathan (2006). Denoting the data
Y = �Yobs� Ymis� = �y1� y2� � � � � yn1� yn1+1� � � � � yn�

T , of which the first n1 elements are
observed (Yobs = �y1� y2� � � � � yn1�

T ), and the remaining n− n1 elements are missing
(Ymis = yn1+1� � � � � yn�

T ), the imputation algorithm is as follows:

1. Center and scale the observed data so that mean is zero and variance is one.
This standardization is needed for the subsequent estimation of the four power
polynomial coefficients. Let the transformed data be Y ∗

obs.
2. Draw a nonparametric bootstrap sample of size n1 from Y ∗

obs.
3. Estimate the model parameters (a� b� c� d) using the Newton–Raphson algorithm

given in the Appendix.2

4. Simulate independent variates from these distributions for every missing data point
in Y ∗

mis.
5. Back transform the filled-in data and the transformed observed data to the original

scale.
6. Repeat Steps 2–5 independently m = 10 times.

Parameters of Interest: We compared the relative performances of normal and
Fleishman imputations on five quantiles (5th, 25th, 50th, 75th, and 95th) of Y2 that
are known to be sensitive to model misspecification. As pointed out by a referee,
practitioners typically transform data before carrying out MI under the normality
assumption. For this reason, we employed the Box–Cox transformation before
imputing under a normal model. The Box–Cox transformation does not allow for

2There is nothing magical about the Newton–Raphson method, one can use any other
plausible root-finding algorithm.
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negative numbers, so a proper location shift was done to ensure all numbers are
positive. After performing imputation under the normal model, we applied a reverse
location shift to preserve the original observed numbers.

Evaluation Criteria: The simulation experiment was repeated N = 500 times for
each of the 9× 3× 3 = 81 scenarios (combinations of complete data distributions,
data set sizes, and missingness rates, respectively). Obviously, N could have been
chosen to be larger; however, with too many replications, the bias could turn out to be
significant when it is actually not. Evaluation is conducted based on three quantities:

a) Standardized Bias (SB) is the relative magnitude of the raw bias to the overall
uncertainty in the system. If the parameter of interest is 	, the standardized bias is
100× E�	̂�−	

SE�	̂�
, where SE stands for standard error. If the standardized bias exceeds 50%

in a positive or negative direction, then the bias begins to have a noticeable adverse
impact on efficiency, coverage and error rates (Demirtas, 2004).

b) Coverage Rate (CR) is the percentage of times that the true parameter value is
covered in the confidence interval. If a procedure is working well, the actual coverage
should be close to the nominal rate. We regard the performance of the interval
procedure to be poor if its coverage drops below 90% (Collins et al., 2001).

c) Root-Mean-Square Error (RMSE) is an integratedmeasure of bias and variance.
It is considered to be arguably the best criterion for evaluating 	̂ in terms of combined

accuracy and precision.RMSE�	̂� is defined as
√
E	��	̂− 	�2�. Under this specification,

SB is a pure accuracy measure and CR and RMSE are the hybrid measures of accuracy
and precision.

3.1. Results

Since the results across different sample sizes and nonresponse rates yielded little or no
discernible differences, we present the results for n = 1,000 and 50% non response rate
due to space limitations. In Tables 2, 3, and 4, we tabulate the average estimate (AE),
SB, RMSE, and CR for the five quantiles under consideration across 500 simulation
replicates for both the normal imputation model and the proposed power imputation.
In these tables, the bias and coverage quantities that do not fall into the acceptable
ranges (>50% for SB, and <90�0% for CR) are denoted with bold characters. The
number of significant digits varies depending on the measures. One caveat is that
in Rubin (2004) development of MI, normality is assumed to hold when combining
the results. Out of the reported quantities, AE, SB, and RMSE are not affected by
this assumption, but CR is. Therefore, the coverage rates should be interpreted with
caution.

A close examination of Tables 2–4 reveals that Fleishman’s method outperforms
the normal imputation method in terms of all three evaluation criteria to varying
degrees across all scenarios except when both skewness and kurtosis are equal to
zero. In this case, which corresponds to normal underlying data, the performances
are comparable. Fleishman’s method yields remarkable results with no exceptions as
indicated by negligible biases and high coverage rates. In other words, the performance
of the power method turns out to be superior compared to the MI normal model in
terms of commonly accepted accuracy and precision quantities in an overwhelming
majority of cases, with decent properties in absolute terms. This gives us hope in regard
to the more general multivariate case which we briefly discuss in the next section.
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Table 2
The performance of imputation inferences under Fleishman’s power polynomials
and normal model for the five quantiles. AE, SB, RMSE, and CR stand for the
average estimate, standardized bias, root-mean-square error, and coverage rate,

respectively, for the three skewness-kurtosis specifications. The number of simulation
replicates, N is 500; the length of the complete data vector, n is 1000; and the average

missingness rate is 50%.

MI model Skewness Kurtosis Quantile AE SB RMSE CR

5 0.0500108 0.63 0.0059 96.2
25 0.2499589 0.25 0.0131 95.8

Fleishman 0 0 50 0.5002892 1.99 0.0151 96.0
75 0.7502876 1.46 0.0129 95.8
95 0.9505094 6.70 0.0061 96.2

5 0.0500192 1.06 0.0062 95.8
25 0.2498009 −1.25 0.0126 96.4

Normal 0 0 50 0.5002862 2.08 0.0138 95.6
75 0.7503688 3.11 0.0129 95.4
95 0.9500932 1.99 0.0058 96.8

5 0.0501981 3.88 0.0067 96.4
25 0.2540201 30.12 0.0140 96.0

Fleishman 0 3�75 50 0.4998121 −1.01 0.0163 96.8
75 0.7464031 −26.13 0.0138 95.2
95 0.9498082 −2.14 0.0065 96.6

5 0.0541822 67.08 0.0076 95.0
25 0.2748426 211.89 0.0267 63.2

Normal 0 3�75 50 0.5003845 0.92 0.0134 96.0
75 0.7256891 −182.77 0.0281 62.4
95 0.9460982 −61.39 0.0080 94.8

5 0.0498719 −1.88 0.0066 95.4
25 0.2509741 7.60 0.0135 96.6

Fleishman 0 −1 50 0.5005998 3.69 0.0155 96.0
75 0.7504871 4.19 0.0129 96.8
95 0.9508927 11.33 0.0064 95.2

5 0.0508950 16.28 0.0059 97.4
25 0.2327917 −136.81 0.0219 72.6

Normal 0 −1 50 0.5013847 8.62 0.0149 95.8
75 0.7694810 169.44 0.0231 69.2
95 0.9483321 −3.28 0.0056 96.6

4. Discussion

In this article we have adapted methods developed in the random number generation
literature to the context of MI. A major imputation principle is not to distort the
marginal distributions and associations between observed and imputed variables;
and random number generation is conducted via specified distributional properties.
Observed data trends can be assumed to be applicable to the whole data set, and
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Table 3
The performance of imputation inferences under Fleishman’s power polynomials
and normal model for the five quantiles. AE, SB, RMSE, and CR stand for the
average estimate, standardized bias, root-mean-square error, and coverage rate,

respectively, for the three skewness-kurtosis specifications. The number of simulation
replicates, N is 500; the length of the complete data vector, n is 1000; and the average

missingness rate is 50%.

MI model Skewness Kurtosis Quantile AE SB RMSE CR

5 0.0497781 −3.79 0.0059 96.4
25 0.2498696 −0.89 0.0131 95.8

Fleishman 0�5 0 50 0.4991807 −5.41 0.0155 94.8
75 0.7491936 −5.24 0.0137 95.0
95 0.9498987 −1.61 0.0061 94.6

5 0.0528972 59.26 0.0114 91.4
25 0.2402743 −61.28 0.0161 92.2

Normal 0�5 0 50 0.4848771 −55.86 0.0239 92.6
75 0.7469233 −35.59 0.0146 92.2
95 0.9524940 39.87 0.0089 93.4

5 0.0499240 −1.29 0.0062 96.0
25 0.2499258 −0.61 0.0127 95.8

Fleishman −0�5 0 50 0.4994631 −3.20 0.0145 96.2
75 0.7496255 −2.07 0.0130 96.4
95 0.9504076 6.54 0.0065 95.6

5 0.0464075 −56.66 0.0088 91.4
25 0.2528801 61.18 0.0139 92.0

Normal −0�5 0 50 0.5072852 68.20 0.0227 94.2
75 0.7586911 58.83 0.0165 90.8
95 0.9459372 40.49 0.0112 93.2

5 0.0502714 3.29 0.0069 95.8
25 0.2529199 21.78 0.0161 95.0

Fleishman 0�25 3 50 0.5000503 0.03 0.0160 95.8
75 0.7470089 −22.42 0.0134 96.0
95 0.9504190 4.28 0.0064 95.8

5 0.0567891 100.25 0.0092 89.6
25 0.2679929 148.81 0.0220 77.6

Normal 0�25 3 50 0.4928906 −50.77 0.0147 95.0
75 0.7283526 −148.65 0.0259 66.2
95 0.9498793 −10.28 0.0063 95.8

missing portions can be filled in with numbers that belong to the same distributional
mechanism which, in a sense, is the operational logic for random number generation.
We enthusiastically believe that an intimate connection between random number
generation and MI can be established (see Demirtas and Hedeker, 2007, for an
example).
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Table 4
The performance of imputation inferences under Fleishman’s power polynomials
and normal model for the five quantiles. AE, SB, RMSE, and CR stand for the
average estimate, standardized bias, root-mean-square error, and coverage rate,

respectively, for the three skewness-kurtosis specifications. The number of simulation
replicates, N is 500; the length of the complete data vector, n is 1000; and the average

missingness rate is 50%.

MI model Skewness Kurtosis Quantile AE SB RMSE CR

5 0.0496871 −6.23 0.0063 95.6
25 0.2536729 21.15 0.0130 96.4

Fleishman −0�25 3 50 0.4996419 −2.19 0.0158 96.0
75 0.7472891 −20.29 0.0134 96.4
95 0.9499588 −0.53 0.0066 95.4
5 0.0496819 −6.19 0.0066 94.8

25 0.2739850 181.63 0.0260 68.2
Normal −0�25 3 50 0.5051672 40.41 0.0151 96.4

75 0.7300287 −168.26 0.0218 73.8
95 0.9440198 −91.02 0.0086 90.0
5 0.0562008 36.24 0.0165 90.6
25 0.2530478 24.37 0.0141 95.2

Fleishman 0�75 −0�25 50 0.5006981 4.27 0.0152 96.4
75 0.7494995 −4.02 0.0132 94.8
95 0.9493662 −9.82 0.0070 95.6
5 0.0849982 527.95 0.0348 1.0
25 0.2230129 −203.29 0.0297 38.6

Normal 0�75 −0�25 50 0.4592189 −277.11 0.0438 26.4
75 0.7486722 −3.72 0.0138 92.4
95 0.9631084 231.18 0.0132 36.2
5 0.0510027 12.33 0.0066 95.6
25 0.2510684 8.99 0.0134 96.0

Fleishman −0�75 −0�25 50 0.4993887 −4.02 0.0147 96.6
75 0.7461482 −28.14 0.0136 95.0
95 0.9433991 −47.24 0.0163 91.8
5 0.0390816 −201.47 0.0132 42.4

25 0.2506720 5.88 0.0139 94.0
Normal −0�75 −0�25 50 0.5378911 272.29 0.0441 19.8

75 0.7720932 238.13 0.0295 42.8
95 0.9192333 −594.72 0.0346 0.2

In our view, the promising results in the univariate case substantiate the natural
continuation of this imputation method under the multivariate case. We now describe
its main characteristics. As articulated in Vale and Maurelli (1983), one can compute
estimated power coefficients marginally for each variable and correlations among
them. Then, by a principle components factorization or another factorization method,
an identity that involves powers of the correlation between pairs of standard normal
variables and between pairs of the original variables could be obtained. Solving this
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third-order equation for each pair of standard normal variables, along with marginal
coefficients, yields the set of parameters of a multivariate normal distribution. After
the generation of the multivariate normal data matrix, it is back-transformed to
the original scale. While this approach was suggested in the context of random
number generation, it can easily be implemented for incomplete data problems
in the following way. After computing the marginal coefficients and correlations
for the observed part of the data, a conversion to the multivariate normal case
can be done in a straightforward manner. Subsequently, one may resort to well-
developed Bayesian imputation techniques (Schafer, 1997) under the normal model.
Once multiply imputed data sets are created, a back transformation would result in
completed data sets that preserve the original features of the data.

There are a few limitations that need to be addressed. First, while we recognize
that real incomplete data often include many variables, our focus was on univariate
data. We view this as a potential building block for more realistic situations. The
behavior of the third and fourth moments typically requires more modeling flexibility
in terms of the area covered in the symmetry-elongation plane as well as the association
among variables. This work serves as an initial feasibility study for assessing the
generalizability potential to the multivariate settings. On a related note, although
the power approach is capable of picking some data trends that are unlikely to
be captured by a normal model, it does not cover the entire symmetry-elongation
plane. Nevertheless, considering the relative gains presented in this article, it provides
an indication that the multivariate version can lead to further improvements.
Furthermore, the assumed missingness mechanism is generally too simplistic for real-
life applications. However, our purpose was not to conduct a sensitivity analysis
with respect to the mechanism that leads to the observed data. Rather, the current
article was motivated by how tenably MI inferences can be conducted with power
polynomials. Finally, our simulation setup needed to be in manageable limits and
does not span every imaginable scenario that may arise in practice. However, in
our opinion, it is sufficiently comprehensive to demonstrate the superiority of the
Fleishman imputation model in most cases.

The assumption of multivariate normality along with the Bayesian paradigm has
often been regarded as a statistically defensible way of creating multiply imputed
data sets for continuous data. While it is a convenient assumption and it has been
shown to work well in some settings (e.g., with a large number of subjects), it is
constructive to move the practice of MI to other distributions that cover a broader
range of the third and fourth moments. In an attempt to go beyond the realm of
normality to adequately model distributional properties that are not accommodated
by a Gaussian model, there has been a growing interest in non-normal distributions
(He and Raghunathan, 2006). This work was motivated by the premise that the MI
framework may be amenable to Fleishman’s method. As mentioned before, forming
Bayesian predictive distributions under the power approach is not a formidable task
in a complex multivariate setting by applying a suitable transformation to normal
variates, which makes the power method a potentially fruitful future research area.

5. Appendix

Here, anR/Splus routine is included to find the parameters of Fleishman polynomials.
In this particular setting, the input data argument should be the observed data.
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Once the parameters are estimated, one can easily generate the complete data by
imputing under these polynomials. Note that the parameters are estimated under the
assumption that the mean is 0, and the standard deviation is 1; the resulting data set
should be back-transformed to the original scale by multiplying every data point by
the standard deviation and adding the observed data mean. Since a = −c, it comes
down to solving the following equations:

g =


g1
g2
g3


 =




b2 + 6bd + 2c2 + 15d2 − 1

2c�b2 + 24bd + 105d2 + 2�− r1

24�bd + c2�1+ b2 + 28bd�+ d2�12+ 48bd + 141c2 + 225d2�− r2




=


0
0
0


 �

The first derivative matrix,

H =



g′1�b� g′1�c� g′1�d�

g′2�b� g′2�c� g′2�d�

g′3�b� g′3�c� g′3�d�


 �

where

g′1�b� = 2b + 6d� g′1�c� = 4c� g′1�d� = 6b + 30d

g′2�b� = 2c�2b + 24d�� g′2�c� = 2�b2 + 24bd + 105d2 + 2�� g′2�d� = 2c�24b + 210d�

g′3�b� = 24�d + 2bc2 + 28c2d + 48d3�g′3�c� = 24�2c + 2b2c + 56bcd + 282cd2��

g′3�d� = 24�b + 28bc2 + 24d + 144bd2 + 282c2d + 900d3�

Updating equations in Newton–Raphson are:



b�t+1�

c�t+1�

d�t+1�


 =



b�t�

c�t�

d�t�


−H−1g�

###########################################################
# This R code finds four estimated coefficients in equation
# Y=a+bX+cX 2̂+dX 3̂ as appeared on (Fleishman, 1978)
# data = Data
# skewkurt = specified skewness and kurtosis
# This is a list with two components.
# n.iter = maximum number of iterations
# Notation:
# r1 = Skewness r2 = Kurtosis
# Restriction: Kurtosis > Skewness 2̂ - 2
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# If skewness and kurtosis do not satisfy the general condition
# above, the function power.method() will give a

warning message.
# Note that the power method does not cover the entire
# symmetry-elongation plane, and if the skewness-kurtosis
# specification does not fall in the feasible area, results will
# be unobtainable or unreliable.

See Headrick and Sawilowsky (2000)
# for lower bounds of kurtosis for a given value of skewness.
###########################################################
# In what follows, notation on the previous page should be taken

as a basis.
# The AUXILIARY FUNCTION that finds the derivative matrix
g.1st.der<-function(b0,c0,d0){

b<−b0 # initial value of b
c<−c0 # initial value of c
d<−d0 # initial value of d
g1.b<−2*b+6*d
g1.c<−4*c
g1.d<−6*b+30*d
g2.b<−2*c*(2*b+24*d)
g2.c<−2*(b 2̂+24*b*d+105*d 2̂+2)
g2.d<−2*c*(24*b+210*d)
g3.b<−24*(d+2*b*c 2̂+28*c 2̂*d+48*d 3̂)
g3.c<−24*(2*c+2*b 2̂*c+56*b*c*d+282*c*d 2̂)
g3.d<−24*(b+28*b*c 2̂+24*d+144*b*d 2̂+282*c 2̂*d+900*d 3̂)

H<-matrix(0,3,3)
H[1,1]<−g1.b; H[1,2]<−g1.c; H[1,3]<−g1.d
H[2,1]<−g2.b; H[2,2]<−g2.c; H[2,3]<−g2.d
H[3,1]<−g3.b; H[3,2]<−g3.c; H[3,3]<−g3.d
return(H)}
############################################################
# The MAIN FUNCTION that finds the estimated coefficients
# using the Newton--Raphson algorithm. The data set or the
# skewness/kurtosis can be supplied as an argument.
power.method<-function(data,skewkurt,n.iter=500){
if(missing(skewkurt)){
y<-(data-mean(data))/sd(data) # Centering and scaling
r1<-mean(y 3̂) ; r2<-mean(y 4̂)-3}
if(!missing(skewkurt)){
r1<-skewkurt$skew
r2<-skewkurt$kurtosis}
# Restriction
if (r2<=r1 2̂-2) # Unfeasible skewness-elongation plane
cat("WARNING: Computed a,b,c,d may not be correct.\n")
cat("skewness =",r1,"\n")
cat("kurtosis =",r2,"\n")
cat("Estimated four constants from power method are\n")
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## NEWTON-RAPHSON ALGORITHM
i<-0
coeff<-matrix(0,n.iter,3)
b<-1.001 ; c<-0.001 ; d<-0.001 # initial value of b, c and d
g1<−b 2̂+6*b*d+2*c 2̂+15*d 2̂-1
g2<−2*c*(b 2̂+24*b*d+105*d 2̂+2)-r1
g3<−24*(b*d+c 2̂*(1+b2+28*b*d)+d 2̂*

(12+48*b*d+141*c 2̂+225*d 2̂))-r2
coeff[1,]<−c(b,c,d)
g<−c(g1,g2,g3)
tolerance<−10 (̂−15)
diff<−c(0,0,0)

while(i<= n.iter && sum(diff)<3){
i<−i+1

# Use Singular value decomposition to obtain pseudo-inverse
s<-svd(g.1st.der(b,c,d))
coeff[i+1,]<-coeff[i,]-t(s$v%*%diag(1/s$d)%*% t(s$u)%*%g)

# Update estimates
b<-coeff[i+1,1]; c<-coeff[i+1,2]; d<-coeff[i+1,3]

# Compute three equations using updated estimates
g1<−b 2̂+6*b*d+2*c 2̂+15*d 2̂-1
g2<−2*c*(b 2̂+24*b*d+105*d 2̂+2)−r1
g3<−24*(b*d+c2*(1+b2+28*b*d)+d2*

(12+48*b*d+141*c 2̂+225*d 2̂))−r2
g<−c(g1,g2,g3)

# Check the convergence
diff[abs(g1)<tolerance]<-1
diff[abs(g2)<tolerance]<-1
diff[abs(g3)<tolerance]<-1}

if (i<=n.iter) cat("a =",-c,"b =", b,"c =", c,"d =",d,"\n")
else cat ("Failed to converge in", n.iter,"iterations\n")}

#########################################################
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