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Abstract. In health research, count outcomes are fairly common and often these counts have a large number of
zeros. In order to adjust for these extra zero counts, various modifications of the Poisson regression model have
been proposed. Lambert (Lambert, D., Technometrics 34, 1–14, 1992) described a zero-inflated Poisson (ZIP)
model that is based on a mixture of a binary distribution (πi ) degenerated at zero with a Poisson distribution (λi ).
Depending on the relationship between πi and λi , she described two variants: a ZIP and a ZIP (τ ) model. In this
paper, we extend these models for the case of clustered data (e.g., patients observed within hospitals) and describe
random-effects ZIP and ZIP (τ ) models. These models are appropriate for the analysis of clustered extra-zero
Poisson count data. The distribution of the random effects is assumed to be normal and a maximum marginal
likelihood estimation method is used to estimate the model parameters. We applied these models to data from
patients who underwent colon operations from 123 Veterans Affairs Medical Centers in the National VA Surgical
Quality Improvement Program.

Keywords: zero-inflated Poisson (ZIP), mixture distribution, clustered data, multilevel data, random-effects
model

1. Introduction

In biomedical or health care research, outcomes of interest often consist of count variables.
For such counts, the Poisson regression model is commonly used to explain the relationship
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between the outcome variable and a set of explanatory variables. However, it is often the
case that there are a higher proportion of zero counts than would be predicted by the Poisson
distribution, possibly due to a distinct subpopulation of subjects whose only response is zero
counts. For instance, considering the number of postoperative complications as the outcome,
patients who are at small risk of developing a complication after surgery will most likely have
zero complications, while patients who are at higher risk of developing a complication will
likely have a number of complications governed by a Poisson distribution. When extra-zero
counts are observed, it has been suggested that applying the traditional Poisson regression
model is problematic. The relative errors incurred by ignoring the adjustment of extra-zeros
were studied by Gupta et al. [14], who showed that more error is observed for small values
of the count if a traditional Poisson model is used instead of a modified Poisson model
which adjusts the model for extra-zeros.

The development of statistical models to handle excess zeros has been an ongoing area
of research. Modified Poisson models that handle excess zeros without any covariates were
first described by Cohen [7], and described in more detail by Johnson and Kotz [21].
Allowing for covariates, the “hurdle” Poisson regression model [24, 29] and a zero-altered
Poisson model [19, 20] were proposed. Building on this work, a zero-inflated Poisson
(ZIP) model that is derived from a mixture of a binary distribution degenerated at zero
and a Poisson distribution was presented by Lambert [25]. The ZIP model, which allows
for covariates for both the Poisson and binary parts of the model, has become a popular
choice for analysis of excess zero count data and is available in the LIMDEP software
program [13]. A special case of the ZIP model, the ZIP (τ ) model, is applicable when the
covariates for the two components are identical and their effects are functionally related.
Under these circumstances, the ZIP (τ ) model provides a more parsimonious model than
the more general ZIP model. Finally, Greene [12] has also described an extended version of
the negative binomial model for excess-zero count data, the zero-inflated negative binomial
model (ZINB).

In addition to the problem of extra-zero counts, observations of interest are frequently
obtained within clusters. This is particularly true in health research where patients are
typically clustered within physicians or hospitals. Clustered subjects are more likely to
be correlated than subjects between clusters. To correctly assess the relationship between
the dependent variable and covariates, the within-cluster dependency must be taken into
account because ignoring this dependency could lead to incorrect conclusions [9].

In order to account for the correlation within clusters, random-effects models are often
proposed. Random-effects models have been used in various applications for correlated
binary data [10, 11, 30, 34, 35]. For count data, Breslow [4] proposed normally-distributed
random-effects Poisson models and Thall [40] proposed a mixed Poisson-gamma regression
model for analyzing longitudinal interval count data. Also, Siddiqui [36] described a Poisson
random-effects regression model for clustered count data, and Hedeker [16] developed a
FORTRAN program MIXPREG (mixed-effects Poisson regression) which accommodates
multiple random effects for the analysis of repeated or clustered count data. Other similar
Poisson random-effects models were discussed by Albert [1] and Lawless [26].

While models for handling excess zeros have been studied previously, models that ac-
commodate both excess zeros and data clustering have not been well developed. Recently,
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Hall [15] and Yau and Lee [43] incorporated random effects into a ZIP model for analysis of
repeated measures data. However, in Hall’s model, the random effects were only added into
the Poisson component of the ZIP model (i.e., not for the binary component) and he used the
EM algorithm to estimate parameters. Yau and Lee included two distinct random effects for
the Poisson and binary components, but the parameter estimation was done separately for
each component using the EM algorithm. The current paper builds upon these approaches
by including two separate random effects for the Poisson and binary components of the ZIP
model, and by simultaneously esimtating all model parameters. Further, the current paper
describes both ZIP and ZIP (τ ) models. For both cases, the random effects are assumed to
have been drawn from a normal distribution. A maximum marginal likelihood estimation
procedure [17] using numerical quadrature and a Newton-Raphson solution is used to esti-
mate the parameters of the random-effects ZIP models. Use of Newton-Raphson, as opposed
to EM, is advantageous due to its quicker convergence and also because it readily provides
standard errors for all parameter estimates. To illustrate model usage, both fixed-effects
and random-effects ZIP and ZIP (τ ) models are fitted and compared using data from the
National Veterans Affairs Surgical Quality Improvement Program [8, 22, 23]. Specifically,
factors influencing the number of complications following a partial colectomy operation
are examined.

The organization of this paper is as follows. Section 2 describes the ZIP and ZIP (τ )
models. The proposed random-effects ZIP and random-effects ZIP (τ ) models for fitting
clustered extra-zero count data are also presented in this section. Estimation procedures for
the parameters of the proposed models are presented in Section 3. Data analysis is presented
in Section 4, followed by discussion in Section 5.

2. The models

2.1. Zero-inflated Poisson models

Following Lambert, a zero-inflated Poisson (ZIP) model for the response yi is given by

yi ∼ 0 with probability πi

yi ∼ Poisson(λi ) with probability (1 − πi ) i = 1, . . . , n
(1)

so that

Pr(yi = 0) = πi + (1 − πi ) exp(−λi )

Pr(yi = k) = (1 − πi )
exp(−λi )λk

i

k!
, k > 0, (2)

where

logit(πi ) = γ ′wi (3)

and

log(λi ) = β ′xi . (4)
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This model assumes that the population consists of two distinct groups. Specifically,
with probability πi the only possible response of the first group is zero counts, and with
probability (1−πi ) the response of the second group is governed by a Poisson with mean λi .
As shown in (2), zero counts are generated from the first and second group but it is not known
whether zero counts are from the first or second group. The overall probability of zero counts
is the combined probability of zeros from the two groups. In this model, πi is considered to
be a mixing parameter for the mixture of binary and Poisson processes and can depend on
individual characteristics. β and γ are the vectors of unknown parameters associated with
the known covariate vectors wi = (1, wi1, . . . , wir ) and xi = (1, xi1, . . . , xip), respectively.
Because the covariates that influence λi and πi are not necessarily the same, two different
sets of covariate vectors wi and xi are allowed in this model. In fact, differences between
specific β and γ parameters may be of ultimate interest. Interpretation of the β and γ

parameters are the same as the interpretation of the parameters from Poisson and logistic
regression models, respectively.

In the ZIP model, πi is typically characterized in terms of a logistic regression model by
writing πi = �(γ ′wi ), where �(·) represents the logistic cumulative probability function
(cdf). Alternatively, the probit model could be used by replacing the logistic cdf with the
standard normal cdf. Because it represents the common choice and for simplicity, only the
logistic model will be considered here. Letting f (·) indicate the Poisson (λi ) probability
function, the above ZIP model can be rewritten in the form of a mixture model

Pr(yi ) = πi I (yi ) + (1 − πi ) f (yi ) (5)

where I (yi ) is an indicator function taking a value of 1 if the observed response is zero
(yi = 0) and a value of 0 if the observed response is positive (yi > 0). Note that when
πi = 0, the ZIP model is identical to the ordinary Poisson model.

If the same covariates influence λi and πi , and if πi can be written as a scalar multiple of
λi such that

logit(πi ) = −τβ ′xi (6)

and

log(λi ) = β ′xi (7)

for an unknown parameter τ , the ZIP model described in (6) and (7) is called a ZIP (τ )
model [25] with shape parameter τ . Notice, that the number of parameters in the ZIP (τ )
model is greatly reduced, thus it may be advantageous to use the ZIP (τ ) model when it
is appropriate. However, this assumption of common covariate effects is rarely satisfied in
practice.

Due to the restriction that the Poisson regression model assumes equality of the mean and
variance, the negative binomial regression model is often proposed as an alternative to the
Poisson regression model. The negative binomial probability function can be obtained by
solving for the marginal density from the conditional Poisson probability, Pr(yi | εi ), with the
mean λ̃i = exp(β ′xi + εi ) where εi is a random error that follows a gamma distribution. By
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replacing f (·) in (5) with the negative binomial regression model, the zero-inflated negative
binomial (ZINB) model can be derived [12, 28]. It should be noted that the zero-inflated
models induce overdispersion even in the Poission case. Thus, the ZINB model may be an
overfit model in view of this.

2.2. Random-effects zero-inflated Poisson models

The above ZIP and ZIP (τ ) models can be extended to include random effects that account
for the dependence of the observations within clusters. Let yi j be the response variable and
wi j = (1, wi j1, . . . , wi jr ) and xi j = (1, xi j1, . . . , xi jp) be the (r + 1) × 1 and (p + 1) × 1
vectors of known covariates for the logistic and Poisson components, respectively, from the
j th individual in the i th cluster. Denote γ = (γ0, γ1, . . . , γr )′ and β = (β0, β1, . . . , βp)′

as the logistic and Poisson regression parameter vectors associated with covariates wi j and
xi j . Suppose there are i = 1, . . . , nc clusters and j = 1, . . . , ni individuals for cluster i , so
that the total number of observations is n = ∑nc

i=1 ni . Then the random-effects zero-inflated
Poisson model, with normally-distributed random effects φi ∼ N (0, σ 2

1 ) and vi ∼ N (0, σ 2
2 ),

is defined as follows:

Pr(yi j ) = p(yi j ) = πi j I (yi j ) + (1 − πi j ) f (yi j ) (8)

where

logit(πi j ) = γ ′wi j + φi

= γ ′wi j + σ1θ1i , (9)

and

log(λi j ) = β ′xi j + vi

= β ′xi j + σ2θ2i . (10)

The random effects φi and vi are standardized such that θ1i = φi/σ1 and θ2i = vi/σ2. In
this way, the population variance terms of the random effects are allowed to vary for the
two components of the model (σ1 for binary and σ2 for Poisson). Notice that in our model,
the random effects are assumed to be normally distributed. For mathematical simplicity,
other distributions are sometimes used in Poission random-effects models. For example, the
log-gamma distribution is a common choice for Poisson models [7]. However, the case can
be made for normally-distributed random effects as a more natural choice (see discussion
and commentary of Lee and Nelder [27]). As noted by Preisler [33] because the random
and fixed effects are on the same scale, interpretation of parameters is more straightforward.
For example, the random effects of the logit component can be exponentiated to yield odds
ratio interpretations.

When the Poisson parameter vector λi j and the logistic parameter vector πi j are func-
tionally related as previously described in the ZIP (τ ) model, the random-effects ZIP (τ )
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model is obtained by replacing (9) by

logit(πi j ) = −τβ ′xi j + φi

= −τβ ′xi j + σ1θ1i , (11)

where τ represents the unknown shape parameter. Again, for application of this model, the
covariates must be the same for the two components and their effects must be functionally
related. As written above, the τ parameter restriction only relates to the covariate effects,
not the random effects.

The random-effects models considered here are termed cluster-specific models as op-
posed to population-averaged models [39]. In this approach the probability distribution of
yi j is modeled as a function of the covariates wi j and xi j , and the random effects φi and
vi that are specific to the i th cluster. Here, β measures the change in the conditional log
of λi j with the covariates xi j for individuals in each cluster described by vi . Likewise, γ

measures the change in the conditional logit of πi j with the covariates wi j for individuals in
each cluster described by φi . The parameters σ1 and σ2 represent the cluster variance terms
for the logistic and Poisson components, respectively. Population-averaged, or marginal,
parameters can be obtained from the cluster-specific parameters by integrating over the
distribution of the random effects (see [18]). As noted by Neuhaus et al. [31], the values of
the cluster-specific parameters will exceed the marginal parameters, in absolute value, as
the variance attributable to the random effects increases. Also, as noted by these authors,
interpretation is generally more satisfactory for cluster-specific estimates of within-cluster
covariates, and for marginal estimates of cluster-level covariates.

3. Estimation

Let η = (η1, η2)′ where η1 contains the Poisson parameters (β, σ1) and η2 contains the logis-
tic parameters (γ, σ2). Although the computations involving the derivatives are somewhat
complex, estimation of the parameters of the random-effects ZIP model is a straightforward
application of maximum marginal likelihood estimation (MMLE) methods [3]. Assuming
that there are nc clusters and ni observations in each cluster i , then the probability function
for a given cluster i can be expressed as the product of the probabilities associated with the
ni individual responses, namely,

l(yi | θ ) =
ni∏

j=1

[πi j I (yi j ) + (1 − πi j ) f (yi j )]. (12)

The marginal probability density is then obtained by integrating over the distribution of the
random effects

h(yi ) =
∫

θ

l(yi | θ )g(θ ) dθ

=
∫

θ

ni∏
j=1

[πi j I (yi j ) + (1 − πi j ) f (yi j )]g(θ ) dθ, (13)
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where g(θ ) represents the standard normal density. Hence, it is assumed that there is a single
cluster random effect with different scaling for the Poisson and logistic components of the
model. A more general model would allow distinct, and possibly correlated, random effects
for the two components.

The integration over the random-effects distribution can be approximated numerically
using Gauss-Hermite quadrature [38]. This is done by replacing the integration with a
summation over a specified number of quadrature points, denoted by Bq , with corresponding
quadrature weights denoted by A(Bq ). Thus, the above integral is approximated as

h(yi ) ≈
Bq∑
q

ni∏
j=1

[πi jq I (yi j ) + (1 − πi jq ) f (yi jq )]A(Bq ) (14)

where πi jq = exp(γ ′wi j +σ1 Bq )
1−exp(γ ′wi j +σ1 Bq ) and f (yi jq ) is the Poisson probability function with λi jq =

exp(β ′xi j + σ2 Bq ). The full log-likelihood for nc clusters is the sum of the marginal log-
likelihoods from each cluster, namely,

log L =
nc∑

i=1

log h(yi ). (15)

Maximizing this likelihood then provides maximum marginal likelihood estimates. Details
on the derivation for all parameters are provided in the appendix.

4. Data analysis

The National Veterans Affairs Surgical Quality Improvement Program (NSQIP) was initi-
ated with the goal of developing performance measures for surgery in the VA to improve
surgical care for veteran patients. The NSQIP prospectively collects preoperative risk fac-
tors, intraoperative information, and postoperative outcomes on patients who undergo ma-
jor operations at the 123 Veterans Affairs Medical Centers (VAMCs). The surgical patients
in the NSQIP are postoperatively followed in and out of the hospital for 30 days after
the operations are performed and the outcomes of mortality and morbidity are obtained.
The outcome of morbidity includes 20 predefined complications and each patient can ex-
perience none, one, or more than one surgical complication. For example, a patient can
experience multiple complications of “pneumonia,” “superficial infection,” and “bleeding,”
or any other combination of the 20 complications.

Here, patients from the NSQIP who had partial colectomy operations were considered.
Four independent variables were selected from the set of preoperative risk factors available
in the NSQIP database. These independent variables are age, race, American Society of
Anesthesiologists (ASA) Classification, and serum albumin level (in g/dl). The ASA Clas-
sification measures the patient’s current general medical condition on a 1 to 5 scale and the
serum albumin level is an indicator of the patient’s nutritional status. Previous study [8] has
shown that these variables are strong predictors of 30-day morbidity defined as the presence
or absence of complication.



12 HUR ET AL.

Table 1. Number of postoperative complications within
30 days after operation for patients who underwent
partial colectomy operations in NSQIP (10/95–09/97).

Number of
complications Frequency Percent

0 2576 73.58

1 585 16.71

2 190 5.43

3 81 2.33

4 40 1.14

5 21 0.60

6 6 0.17

8 1 0.03

9 1 0.03

Total number of patients = 3,501.
Mean number of complications = 0.436.

A total of 3,501 patients received a partial colectomy operation in 123 VAMCs from
October 1995 to September 1997. The number of partial colectomy patients for each VAMC
ranged from 2 to 58 with a mean of 28.5 patients. As shown in Table 1, out of 3,501
patients, 2,576 (73.6%) patients experienced no complications, 585 (16.7%) patients had a
single complication, and 340 (9.7%) patients had multiple complications. The number of
complications ranged from 0 to 9 and the overall mean number of complications was 0.436.
Assuming that the number of complications that patients experience follows a Poisson
distribution, the expected number of patients without any complication is 2,264. In other
words, an extra 312 patients with no complications were observed relative to the expected
number of patients without complications from the Poisson distribution with λ = 0.436.

Table 2 presents descriptive statistics for the independent variables. The mean number of
complications and percentage of patients having one or more complications are presented
for each category of the independent variables. There were 808 patients with missing serum
albumin. Missing serum albumin values were not substituted with normal values because
serum albumin values were not typically measured for those patients who seemed to be
healthier at the time of hospital admission. As a result, in the analysis below serum albumin
was treated as a categorical predictor with missing representing a distinct category. This
treatment of missing albumin values agrees with and follows recommendations of Normand
et al. [32] in a recent study of mortality in elderly patients with acute myocardial infarction.

In general, as noted by Vach and Blettner [41] this stratification approach with a separate
category for the missing values is often not appropriate, but can be if the missing values
reflect a meaningful subgroup of individuals. In the present case this condition seems
reasonable because subjects with missing albumin values were those who were viewed
as healthier at admission. Furthermore, the subsequent analyses support this in that these
patients are estimated as being a relatively healthier group of patients. Potential biases and
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Table 2. Descriptive statistics for independent variables.

Number of Mean no. of % of patients with one
Variable patients (%) complications or more complications

Age ≤30 7 (0.2) 0.14 14.3

31–40 53 (1.5) 0.15 15.1

41–50 257 (7.3) 0.28 19.1

51–60 436 (12.5) 0.28 20.9

61–70 1202 (34.3) 0.43 26.4

≥70 1546 (44.2) 0.52 29.7

Race White 2560 (73.1) 0.41 25.8

Non-white 941 (26.9) 0.49 28.2

ASA classa 1 and 2 957 (27.3) 0.24 18.5

3 2057 (58.7) 0.42 26.2

4 and 5 487 (13.9) 0.90 43.1

Albuminb 0.0–2.0 51 (1.5) 1.43 60.8

2.1–3.5 1004 (28.7) 0.61 33.8

≥3.6 1638 (46.8) 0.32 21.9

missing 808 (23.1) 0.39 24.3

aAmerican society of anesthesiologists (ASA) classification: (1) Healthy, (2) Mild systemic disease, (3)
Severe systemic disease, (4) Threat to life, and (5) Moribund.
bNormal range of serum albumin: 2.1–3.5.

further discussion for using an additional category for missing values when this condition
is not met are discussed in detail by Vach and Blettner [41].

The parameter estimates and their estimated standard errors for the ordinary Poisson,
ZIP, and random-effects ZIP models are presented in Table 3. Initially, the full ZIP model
with age, race, ASA classification and albumin in both Poisson and logistic parts was fit
(Log-L = −2957.8 for the fixed-effects ZIP). However, the reduced ZIP model leaving out
age, race, and ASA classification in the logistic part is presented in the table because of the
non-significant influence of these variables in the logistic part (likelihood-ratio χ2 = 6.6,
d f = 4, p = ns). While, for nested models, the relative degree of model fit can be assessed
using the likelihood-ratio test, to compare the Poisson with the ZIP model, it cannot be
used because these models are not nested. Instead, Vuong’s [42] test statistic for comapring
non-nested models, a simple t-statistic for testing for a zero mean of the log of the ratio
of the two competing probability models (Poisson vs. ZIP), can be used as suggested by
Greene [12]. Vuong’s test indicates that the ZIP model fits the data significantly better than
the Poisson model (Z = 8.21, p < 0.001).

Comparing the relative fit of the ZIP and random-effects ZIP models, the likelihood ratio
test rejects the former in favor of the latter (χ2 = 66.8, d f = 2, p < 0.001) indicating
that there is significant hospital variation in terms of the number of complications and
the probability of observing patients without a complication. It should be noted that use
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Table 3. Parameter estimates and standard errors for Poisson, ZIP, and random-effects ZIP models.

Variable Fixed-effects Poisson (s.e) Fixed-effects ZIP (s.e) Random-effects ZIP (s.e)

Poisson

Intercept −1.209 (0.224) −0.816 (0.257) −0.928 (0.254)

Age (years) 0.010 (0.003) 0.010 (0.003) 0.011 (0.003)

Race (White = 0) 0.200 (0.056) 0.186 (0.058) 0.092 (0.054)

ASA class 3 0.464 (0.077) 0.485 (0.082) 0.488 (0.082)

ASA class 4 and 5 1.045 (0.089) 0.989 (0.093) 1.042 (0.092)

2.1 ≤ Albumin ≤ 3.5 −0.331 (0.112) −0.325 (0.116) −0.509 (0.122)

3.6 ≤ Albumin −1.061 (0.129) −0.611 (0.120) −0.775 (0.128)

Alb. not measured −0.891 (0.134) −0.468 (0.125) −0.713 (0.132)

σ1 0.457 (0.031)

Logistic

Intercept −0.889 (0.391) −1.122 (0.436)

2.1 ≤ Albumin ≤ 3.5 0.885 (0.402) 0.841 (0.449)

3.6 ≤ Albumin 1.188 (0.405) 1.175 (0.450)

Alb. not measured 1.157 (0.412) 1.110 (0.458)

σ2 0.125 (0.065)

Log-L −3160.4 −2961.1 −2927.7

of the Wald test for testing variance terms, σ1 and σ2, is generally not recommended
[5]. Similarly, ordinary use of the likelihood-ratio test has also been called into question,
with some advocating halved p-values for such testing of variance parameters (see [37],
pp. 90–91). In the present case, the difference in log-likelihood values between the ZIP and
random-effects ZIP is so large, relative to the degrees of freedom, that the preference for
the latter model is clear.

The individual covariates that are associated with the mean number of complications
are all statistically significant at the 0.05 level. Higher numbers of complications is ex-
pected for older and non-white patients in the ZIP model. However, after adjusting for
the individual hospital effect, the race variable is no longer statistically significant in the
random-effects ZIP model (p-value = 0.092). This is an indication of the fact that hospitals
differ substantially in racial composition. In terms of ASA class level, the higher classes are
more associated with higher numbers of complications. For nutritional status, patients with
normal or high albumin levels are associated with significantly lower number of complica-
tions compared to patients with low albumin levels. Similarly, the missing albumin group
is associated with fewer numbers of complications than patients with low albumin levels.
Positive coefficients for albumin in the binary process indicate a lower expected number
of patients without a complication. Note that the parameter estimates for the Poisson and
the Poisson component of the ZIP models are not greatly different for age, race, and ASA
class. In comparing the fixed and random effects ZIP models, the parameter estimates in
the logistic component of both models are almost identical while the parameter estimates
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Table 4. Parameter estimates and standard errors for Poisson, ZIP (τ ), and random-effects ZIP (τ ) models.

Variable Fixed-effects Poisson (s.e) Fixed-effects ZIP (τ ) (s.e) Random-effects ZIP (τ ) (s.e)

Poisson

Intercept −1.209 (0.224) −0.426 (0.222) −0.456 (0.235)

Age (years) 0.010 (0.003) 0.008 (0.003) 0.008 (0.003)

Race (White = 0) 0.200 (0.056) 0.155 (0.049) 0.087 (0.049)

ASA Class 3 0.464 (0.077) 0.359 (0.074) 0.369 (0.078)

ASA Class 4 and 5 1.045 (0.089) 0.838 (0.092) 0.857 (0.097)

2.0 ≤ Albumin ≤ 3.5 −0.630 (0.125) −0.459 (0.102) −0.547 (0.116)

3.6 ≤ Albumin −1.061 (0.129) −0.797 (0.106) −0.870 (0.119)

Alb. not measured −0.891 (0.134) −0.668 (0.108) −0.796 (0.121)

σ1 0.375 (0.027)

Logistic

τ −0.558 (0.191) −0.521 (0.183)

σ2 0.029 (0.056)

Log-L −3160.4 −2964.0 −2930.2

in the Poisson component for random-effects ZIP are relatively larger for serum albumin
and noticably smaller for race.

Table 4 summarizes the estimates of the Poisson, ZIP (τ ) and random-effects ZIP (τ )
models. Again, Vuong’s test indicates that the ZIP (τ ) model fits the data better than
the Poisson model (Z = 8.67 p < 0.001). The likelihood ratio test indicates that the
random-effects ZIP (τ ) model fits the data better than the fixed-effects ZIP (τ ) model
(χ2 = 67.5, d f = 2, p < 0.001) indicating significant hospital variation. The τ parame-
ter from both the ZIP (τ ) and random-effects ZIP (τ ) models is significant. The parameter
estimates in both fixed and random-effects models are relatively close for age, ASA class,
and albumin. However, as was in the random-effects ZIP model, the estimate for race in
the random-effects ZIP (τ ) model is appreciably smaller compared to the estimate in the
fixed-effects ZIP (τ ) model.

In terms of log-likelihood values, the random-effects ZIP (τ ) model and the unconstrained
random-effects ZIP model yields similar values (−2930.2 vs. −2927.7, respectively). A
formal likelihood ratio test cannot be used here because the variables in the logistic part
are not the same as those in the Poisson part (in the random-effects ZIP model). However,
comparing the random-effects ZIP (τ ) model to the random-effects ZIP model that does
include the same covariates (i.e., adding Age, Race, and the ASA class variables to the
logistic component of the ZIP model) yields a likelihood ratio χ2 = 9.6, which on 7 degrees
of freedom is not statistically significant. Thus, for these data the constrained ZIP (τ ) model
appears to approximate the more gneral ZIP model reasonably well.

Table 5 shows the predicted number of complications for each model. The predicted
number of complications was calculated by summing the predicted probability of y =
0, 1, 2, . . . , for each model. There were 2,576 patients with no complications in the partial
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Table 5. Observed and predicted number of complications from each model.

No. of Patients predicted
Number of
complications

No. of patients
observed Poisson ZIP RZIP ZIP (τ ) RZIP (τ )

0 2576 2318 2575 2573 2530 2591

1 585 905 536 565 569 536

2 190 220 253 236 265 242

3 81 46 94 84 95 88

4 40 10 30 29 30 30

5 21 2 9 10 9 10

6 6 0 3 3 2 3

7 0 0 1 1 1 1

8 1 0 0 0 0 0

9 1 0 0 0 0 0

Poisson: Fixed-effects Poisson model.
ZIP: Fixed-effects ZIP model.
RZIP: Randon-effects ZIP model.
ZIP (τ ): Fixed-effects ZIP (τ ) model.
RZIP (τ ): Random-effects ZIP (τ ) model.

colectomy data set, and all variants of the ZIP model predict this number much better than
the Poisson model. Turning to the ZIP models, as might be expected, it appears that the
unconstained ZIP models predict the number of complications better than the constrained
ZIP (τ ) models, and that the random-effects ZIP model predicts the number of complications
better than the fixed-effects ZIP model. The most salient observation, though, is the poor
fit of the zeros by the ordinary Poisson model and the improvement that the ZIP model
provides.

5. Discussion

In this paper, random-effects ZIP and ZIP (τ ) models are presented and described. These
models are useful for analysis of clustered count data with an excess of zeros. When
different covariates are associated with the Poisson and logistic parts of the ZIP model, the
random-effects ZIP model is appropriate. Alternatively, the random-effects ZIP (τ ) model
can be used when the covariates are the same and the logistic parameters are a function
of the Poisson parameters. A maximum marginal likelihood (MML) solution was used for
parameter estimation. In this solution, integration over the random-effects distribution was
approximated numerically using Gauss-Hermite quadrature. Because the model included
only a single random effect, this involved augmenting the program code with only one
additional loop over the data. Thus, parameter estimation was accomplished very quickly.

Our analysis of the NSQIP data demonstrated that the ZIP model improved the fit of the
data relative to the ordinary Poisson model, and it also illustrated that the random-effects
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ZIP model fit the data better than the fixed-effects ZIP model based on the likelihood-ratio
test. Thus, the random-effects ZIP model provides a useful tool for analyzing clustered
excess-zero count data.

The focus of this paper was on the analysis of clustered count data with extra zeros
using the random-effects ZIP and ZIP (τ ) models. Thus, other possible models for count
data are not included. In Section 2.1, however, we described how a zero-inflated negative
binomial (ZINB) model can be formulated as an alternative to the ZIP model. Greene [12]
and Long [28] indicated that the ZINB model is sometimes preferred over the ZIP model.
The approach taken in this paper can easily be modified to yield a random-effects ZINB
model. This is done by replacing the Poisson model in (10) with the negative binomial
model as described in (2.1). Similarly, as an alternative to the logistic model for the mixing
parameter, a probit model could also be used for the binary part of the model.

Although analyzing the number of complications as a dependent variable provides more
information than a logistic regression of the dichotomized variable of presence/absence of
any complication, the use of the number of complications as a dependent variable also has
a weakness. As mentioned, the outcome in the partial colectomy data consists of 20 prede-
fined complications, and thus simply adding the number of complications means that each
complication is weighed equally, regardless of its seriousness. For example, clearly “super-
ficial infection” or “wound infection” are complications that are not as serious as a “coma”
or “cardiac arrest.” One way of handling this issue is to develop a more sophisticated score
based on some type of differential weighting of the complications. As a simple approach,
the weights might be derived based on an analysis of the mortality rate, survival time, or
hospital length of stay associated with each complication. For this, a logistic regression
model could be used treating mortality as the dependent variable and the complications as
independent variables. The estimated parameter coefficients could then be used as weights
for each complication. The complication score for each patient could then be the (rounded)
sum of the weights of each complication. This complication score could then be analyzed
employing the proposed models. This, and alternative solutions to this problem, are topics
for future work.

Appendix: Maximum marginal likelihood estimation

Let η denote an arbitrary parameter vector. Then the first and second derivatives of the full
log-likelihood (15) with respect to η are

∂ log L

∂η
=

nc∑
i=1

1

hi

∂hi

∂η
(16)

and

∂2 log L

∂η∂η′ =
nc∑

i=1

1

h2
i

[
hi

∂di

∂η
− di d

′
i

]
(17)
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where

hi =
Bq∑
q

l(yi | Bq )A(Bq )

(18)

di =
Bq∑
q

∂ log l(yi | Bq )

∂η
l(yi | Bq )A(Bq ).

The first derivatives of hi and di with respect to η are simply

∂hi

∂η
=

Bq∑
q

∂ log l(yi | Bq )

∂η
l(yi | Bq )A(Bq ) = di (19)

and

∂di

∂η
=

Bq∑
q

[
∂ log l(yi | Bq )

∂η

∂l(yi | Bq )

∂η′ + ∂2 log l(yi | Bq )

∂η∂η′ l(yi | Bq )

]
A(Bq )

=
Bq∑
q

[(
∂ log l(yi | Bq )

∂η

)(
∂ log l(yi | Bq )

∂η′

)′
+ ∂2 log l(yi | Bq )

∂η∂η′

]

× l(yi | Bq )A(Bq ). (20)

For η1 = (β, σ1) and η2 = (γ, σ2), the first derivatives of the marginal log-likelihood with
respect to η1 and η2 are then given as

∂ log l(yi | θ )

∂η1
=

ni∑
j=1

1

p(yi j )

[
(I (yi j ) − f (yi j ))

∂πi j

∂η1
+ (1 − πi j ) f (yi j )

∂ log f (yi j )

∂η1

]

(21)

and

∂ log l(yi | θ )

∂η2
=

ni∑
j=1

1

p(yi j )

[
(I (yi j ) − f (yi j ))

∂πi j

∂η2

]
. (22)

For the random-effects ZIP model ∂πi j/∂η1 in (21) is 0 since πi j is a function of the
parameters γ and σ2, and ∂πi j/∂η2 = πi j (1 −πi j )(wi j , θi )′. For the random-effects ZIP (τ )
model, ∂πi j/∂η1 = τπi j (1 − πi j )(xi j , θi )′ and ∂πi j/∂η2 = πi j (1 − πi j )(β ′xi j , θi )

′.
The second derivatives of the marginal likelihood in (20) are complex, but they can be

approximated as the sum of the outer product of the first derivatives [2]. The solution of
the full log-likelihood function can then be obtained iteratively using the Newton-Raphson
algorithm:

�i+1 = �i −
[

∂2 log L

∂�i∂�′
i

]−1
∂ log L

∂�i
(23)



MODELING CLUSTERED COUNT DATA WITH EXCESS ZEROS 19

where

∂2 log L

∂�i∂�′
i

=
nc∑

i=1

1

h2
i

[
h(yi )

∂di

∂�i
−

(
∂hi

∂�i

)(
∂hi

∂�i

)′]
(24)

is the matrix of second derivatives of the log-likelihood evaluated at �i , and hi and di are
defined previously in (18).
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