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ABSTRACT

A random-effects regression model that allows the random coefficients to have
a multivariate normal mixture distribution is described for classifying treat-
ment response in longitudinal clinical trials. The proposed model is capable
of dealing with longitudinal data from unknown heterogeneous populations.
As applied to longitudinal clinical trials, for example, the model can distin-
guish subgroups of treatment response. Use of the proposed model is illus-
trated by analyzing data from two psychiatric clinical trials. The first includes
depressed patients assigned to drug treatment who are repeatedly measured
in terms of their level of depression. The second trial examined schizophrenic
patients longitudinally who were assigned to either a drug or placebo condi-
tion. For both, the random-effects mixture model allows an assessment of
whether patients comprise distinct populations in terms of their treatment re-
sponse. Based on parameter estimates of the mixture model, ample evidence
for a mixture of response to treatment is observed for both datasets.
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1. INTRODUCTION

Random-effects regression models (1–5) have become increasingly used for
analysis of longitudinal data. In these models, it is generally assumed that the
random subject effects are distributed as a multivariate normal in the population
of subjects. Because the multivariate normal is a single-component distribution,
this assumption implies that individuals belong to a homogenous population with
a single mean vector and variance-covariance matrix. However, particularly in
large scale clinical trials, the assumption of a single-component distribution may
be unreasonable for a number of reasons: subpopulations of patients may exist
that consist of treatment responders and nonresponders, measurement may vary
from site to site, or unknown contaminating factors may be present (See, for exam-
ple, Refs. 6 and 7). Ignoring the possibility that individuals come from two or
more different subpopulations with unknown proportion(s) can produce biased
estimates of the random-effects and their associated population variance terms
(8,9). Also, in the case of response to treatment, the possibility of heterogeneity
in treatment response may be of clinical interest by itself. This is especially true
in psychiatric research where the identification and classification of patients
treated with medications as ‘‘responders’’ and ‘‘nonresponders’’ is a matter of
great interest and discussion (10–12).

A more general model for longitudinal data allows the individual random
effects to be distributed as a mixture of normal components with different propor-
tions and means. This type of representation of the population distribution is capa-
ble of dealing with data sampled from mixture populations. This general model
also applies to the situation where a subject-level grouping variable is thought to
influence the outcome, and thus would normally enter the model as a covariate,
however, information about actual group membership is not available.

In the past decade, much has been written about mixture distributions, in-
cluding important texts by Titterington, Smith, and Makov (13), Everitt and Hand
(14), McLachlan and Basford (15), and McLachlan and Peel (16). These mono-
graphs offer systematic approaches to the structure of finite mixture distributions
under a variety of situations. In addition, further discussion of research issues and
topics for mixture distributions can be found in the review article by Titterington
(17).

Incorporating mixture distributions into random-effects models has also re-
cently been proposed. Belin and Rubin (18) described a method for analyzing
repeated-measures data on schizophrenic reaction times by modeling the distribu-
tion of response times for and within each schizophrenic individual as a two-
component mixture. Xu (8) and Verbecke and Lesaffre (9) described a mixed-
effects regression model allowing the random effects to be distributed from a
mixture distribution. The latter authors applied this model to search for growth
curve clusters in the heights of girls, and to identify potential prostate-cancer pa-
tients based on repeated assessments of blood levels of prostate-specific antigen.
For the case of complete data across time, Muthén and Shedden (19) described
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a growth mixture model for longitudinal substance abuse data to classify trajector-
ies of alcohol use across time. More recently, Muthén and associates (20–23) have
greatly extended their approach to growth mixture modeling in several important
ways, including allowing missing data across time, allowing the random-effects
variances and covariances to vary across the mixture subgroups, allowing covari-
ates to have varying effects across the mixture subgroups, and allowing the ability
to model the probability of subgroup membership. All of these advances, and
others, have recently been made available in the Mplus (version 2) software pro-
gram (24).

Our aim in this article is to describe the random-effects mixture model as
a way of examining whether treatment response can be considered homogeneous
or heterogeneous. Specifically, the model can be used to address the important
question concerning whether distinct subgroups exist in terms of treatment re-
sponse. Also, whereas Verbecke and Lesaffre (9) and Muthén and Shedden (19)
estimate parameters using only the EM algorithm, we describe (in the appendix)
a solution using both EM and Fisher scoring algorithms. This sequential use of
EM followed by Fisher scoring iterations is potentially useful in overcoming draw-
backs encountered when using either algorithm alone. For instance, as noted by
Aitkin, ‘‘the EM algorithm can be slow to converge in mixture models and does
not provide the correct (asymptotic) information-based standard errors for the
maximum-likelihood estimates without additional computation’’ (25). And while
the Fisher scoring solution is often faster than EM and does yield standard errors
at convergence, it can be sensitive to the choice of starting values (13). Finally,
whereas the Mplus software program relies upon subjects being measured at the
same fixed timepoints (though subjects are not assumed measured at all of these
fixed timepoints), we present our model, like Verbecke and Lesaffre (9), allowing
time to be a continuous predictor variable that is capable of taking on different
values across subjects. In the next section, the random-effects mixture model and
resulting log-likelihood function are described. Data from two psychiatric clinical
trials are then analyzed using the proposed model to illustrate its use for classifica-
tion of treatment response. Discussion and comments are provided in the last sec-
tion, and the appendix contains details on parameter estimation.

2. MODEL DESCRIPTION

For a given individual i, the mixed-effects regression model can be written
as:

y i � Ziα � X i�i � ε i i � 1, 2, . . . , N (1)

where y i is the ni � 1 vector of responses for subject i, Zi is a known ni � p
matrix containing explanatory variables, � is a p � 1 vector of unknown regres-
sion parameters, X i is a known ni � q design matrix, � i is the q � 1 vector of
unknown individual effects distributed as �(�, �), independent of each other and
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of the ε i, and ε i is the ni � 1 vector of random errors distributed independently
as �(0, σ2I i). Occasionally, one has a model with both random effects (� i) and
serial correlated errors (26). For this, σ2I i would be replaced by an AR(1) correla-
tion matrix, for example. The methods described in this article would still hold,
however for simplicity we will assume independent errors in what follows.

In the above representation, both subject-varying and time-varying covari-
ates are included in Z i. An alternative representation includes only time-varying
covariates in Z i, and specifies the � i as being distributed with mean vectors (�)
that are linear functions of the subject-varying covariates. For example, for a
model with a single random (subject) effect and a subject-varying grouping vari-
able, µ � γ0 � wiγ1 (where wi is a dummy-coded grouping variable indicating
two subgroups). This representation suggests that when the information regarding
group membership is not available, it is sensible to allow the mean vector � to
be an unknown random vector that takes a finite vector with some proportion. In
this case, the random-effects mixture model can be written as in model (1), except
that � i � �(�, �) where the � itself is a random vector following the distribution

P{� � �k} � πk, k � 1, . . . , c (2)

where πk � 0 (k � 1, . . . , c) and ∑ c
k�1 πk � 1. In other words, � i is regarded

as arising from a population P that is a mixture of a finite number, say c, of
subpopulations P1, . . . , Pc with probabilities πk. Thus, β i has the finite mixture
distribution:

g(�) � �
c

k�1

πk gk(�) (3)

where gk(β) � (2π)�q/2 |� |�1/2 exp[�1/2(� � �k)′��1(� � �k)]. Here, it’s impor-
tant to note that c is assumed known and must be specified a priori. Unfortunately,
determination of c is far from trivial. For instance, comparing models based on
likelihood ratio tests is problematic due to boundary problems (13,34). Thus, more
ad-hoc approaches are often used. One approach, noted by Verbecke and Molen-
berghs (34), is to increase c until some of the subgroups get very small in terms
of πk or their means �k coincide. Also, Verbecke and Lesaffre (9) advocate some
goodness-of-fit checks that can be used as aids in deciding on the number of
components. Clearly, more work is required in this area.

Under these assumptions, given �k, the observations y i and random effects
� have the joint multivariate normal distribution:

�y i

� i
� �

�k

� ���Z i� � X i�k

�k
� , �X i�X′i � σ2 I i X i�

�X′i � �� (4)

The mean of the posterior distribution of � i, given y i and �k, yields the following
Empirical Bayes or Expected A Posterior (EAP) estimator (2) of the individual
trend parameters:
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�̂ik � �̂ i |y i, �k �

[X′i (σ2I i)�1 X i � ��1]�1X′i (σ2I i)�1 (y i � Z i� � X i�k) � �k (5)

with corresponding covariance matrix

�̂�i | yi,�k
� [X′i (σ2I i)�1X i � ��1]�1

(6)

The marginal density of y i, for fixed �k, can be obtained by integrating over
�i the product of the densities of � i and y i |� i [� �(Z i� � Xi�k, X i�X ′i � σ2I i)],
that is, fk(y i) � ∫� ihikgk d� i, where hik � (2π)�ni/2 |σ2I i |�1/2 exp[�1/2e ′ik(σ2I i)�1

e ik], e ik � y i � Z i� � X i� i, and the prior distribution is given by gk � gk(� i).
The dependence of e ik on the index k is obvious by noting � i � �(�k, �) for a
given �k. If we let �k � (� ′k, vech′�, �′, σ2)′, then fk(y i) can be written as fk(y i |�k).
The vec-operator represents a matrix as a vector by stacking the columns of the
matrix one below the other. The vech-operator transforms a n2 � 1 vector, say
vec(�) into a (1/2)n(n � 1) � 1 vector vech (�) by eliminating all supradiagonal
elements of � (27).

Because the data from the mixture distribution can be regarded as a special
case of incomplete data, the complete data log-likelihood function (28), in terms
of all unknown parameters �, is given by

�(�) � �
N

i�1

d ′iU(�) � �
N

i�1

d ′iVi(�) (7)

where U(�) � [log π1, . . . , log πc]′, V i(�) � [log f1(y i |�1), . . . , log fc(y i |�c)]′
and each d i is a vector of length c with all elements equal to 0 except one (which
equals 1) that indicates the appropriate subpopulation to which subject i belongs.
The preference of Eq. (7) over the ordinary log-likelihood function �̃(�) �
∑ N

i�1 log[∑ c
k�1 πk fk(y i |�k)] is because it readily lends itself to a solution by the

general class of iterative procedures known as EM algorithms. Thus, in their de-
scription of the mixed-effects mixture model, Verbecke and Lesaffre (9) advocate
use of EM to estimate the model parameters. For this, it can be shown (see Ref.
8) that the E-Step consists of Eqs. (5), (6), and

wik(� (m)) � π (m)
k fk(y i |� (m)

k )/P(y i |�(m)) (8)

where w i(�(m)) � E(d i |y i, �(m)) with wik(�(m)) as the k th element of this vector,
and P(y i) � ∑ c

k�1 πk fk(y i |�k). Notice that these weights (wij) are the probabilities
of category membership for the ith subject, conditional on y i (and given parameter
vector �(m)).

The M-Step consists of the following maximum likelihood solutions:

�̂k �
1
nk

�
i

wik�̂ ik (9)
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�̂ � ��
i

Z ′i Z i�
�1

��
N

i�1
�

c

k�1

wikZ ′i (y i � X i� ik)� (10)

σ̂2 � ��
i

ni�
�1

�
N

i�1
�

c

k�1

wik tr(u iku ′ik � X i��i|yi,�k
X ′i) (11)

�̂ �
1
N ��

N

i�1
�

c

k�1

wik(��i |yi,�k
� (�̂ ik � �̂k)(�̂ ik � �̂k)′)� (12)

n̂k � �
i

wik (13)

π̂k �
1
N �

N

i�1

wik(�), k � 1 , . . . , c (14)

where u ik � y i � X i�̂ ik � Z i�̂. The EM solutions then consist of iterating between
E-step equations (5), (6), and (8) and M-step solutions (9)–(14) until convergence.
It is easy to see that when c � 1, i.e., only one category exists, wi1 � 1 and
therefore �k � �; in this case, the above solution is the same as that obtained
by Laird and Ware (1) for the ordinary homogeneous model. In carrying out the
EM solution for the mixture model, the initial E-Step requires starting values for
parameters �, �, σ 2, �, and πk. For this, estimates from the ordinary homogeneous
model can be used, additionally specifying πk � 1/c.

As many have noted, the EM solution can be slow to converge. Thus, as
pointed out by Bock (29), it can be beneficial to switch to a Newton algorithm
at some point in the iterative process. For this purpose, we have derived a Fisher-
scoring solution (details in the appendix). The Fisher-scoring solution provides
an estimate of the information matrix, which, at the solution point, is inverted to
provide the large-sample variances and covariances of the maximum marginal
likelihood estimators. Thus, confidence intervals and hypothesis testing of the
model parameters can be easily obtained.

3. EXAMPLES

As noted in the introduction, in psychiatric research the notion that there are
distinct subgroups in terms of treatment response is often of interest. Simply put,
the idea is that while many patients do respond to medication, others do not. This
has been observed both for major depressive disorder (10,11) and schizophrenia
(12). In the examples below, we will use the random-effects mixture model to
statistically examine this issue in two datasets. The first is a dataset of depressed
patients, while the second consists of schizophrenics. For both, we will address
the question of whether treatment response is better characterized as being uni-
modal (i.e., a matter of degree) or bimodal (distinct groups of ‘‘responders’’ and
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‘‘nonresponders’’). Although the model, as written above, allows for more than
two components, here we focus on contrasting the two-component model to the
usual unimodel model because we are interested in illustrating the utility of the
model for identification of treatment ‘‘responders’’ versus ‘‘nonresponders.’’

Example 1: Severity of Depression Across Time

The first dataset to be analyzed consists of data from a psychiatric study of
Riesby et al. (30) In that study, 66 depressed inpatients were given the antidepres-
sant drug imipramine for four treatment weeks after completing a one-week drug
washout period. The Hamilton Depression Rating Scale (HDRS) was used to mea-
sure clinical response to depression. HDRS ratings were completed for each pa-
tient by study psychiatrists at the start of the study, after the drug washout week,
and at the end of each of the four treatment weeks. Not all subjects were measured
at each timepoint: the six timepoint sample sizes were 61, 63, 65, 65, 64, and 58.
An important aspect of the study was the classification of subjects in terms of
their treatment response to imipramine. Despite the fact that data were collected
repeatedly over several timepoints for all subjects, Riesby and associates simply
defined treatment response as a trichotomy (response, partial response, or nonre-
sponse) based soley on the final HDRS score of each patient. Here, the random-
effects mixture model will be used to classify treatment response using all avail-
able data from all subjects.

Our first model includes two individual-varying terms: an intercept β0 i repre-
senting the initial level of severity (at week 0) as measured by the HDRS, and a
linear term β1 i reflecting the weekly change in the HDRS across the six timepoints
of the study (where Week � 0, 1, 2, 3, 4, or 5). This model for yij (the HDRS
score for subject i at timepoint j ) can be written as

yij � β0 i � β1 iWeek j � ε ij (15)

In terms of a multilevel (31) or hierarchical (32) structure, the model can be parti-
tioned into the within-subjects (or level-1) model that is specified in Eq. (15), and
the between-subjects (or level-2) model given by

β0 i � µβ0
� v0 i (16)

β1 i � µβ1
� v1 i

The between-subjects model is sometimes referred to as a ‘‘slopes as outcomes’’
model (33). The multilevel representation shows that just as within-subjects (level-
1) covariates are included in the model to explain variation in level-1 outcomes
(yij ), between-subjects (level-2) covariates are included to explain variation in
level-2 outcomes (the subject’s intercept β0 i and slope β1 i). Notice also that
whereas � i � �(�, �), the corresponding random subject deviations v i are distrib-
uted in the population as �(0, �), i.e., they are random deviations centered around
zero.
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The results for the one-component model are listed in the left-hand column
of Table 1. Both estimates of the population mean intercept (µβ0

) and slope
(µβ1

) are found to be highly significant, suggesting that patients start with a non-
zero HDRS score at baseline and have a highly significant overall weekly rate of
improvement (about 2.4 units per week). The estimates of the intercept variance
(σ 2

β0
� Var[β0 i]) and slope variance (σ 2

β1
� Var[β1 i]) easily exceed twice their

standard error estimates, reflecting the wide variation in intercepts and slopes
across individuals. It should be noted that use of the Wald test for hypothesis
testing of variance terms has been called into question [see Bryk and Raudenbush
(32), page 55], especially for small variances. Thus, we use the ratio of a variance
estimate to its standard error as an approximate index. The negative covariance
between the intercept and the slope is less than 1.5 times its standard error, ex-
pressed as a correlation a moderate value of �0.28 is obtained, suggesting a mod-
est association between higher initial severity levels and greater improvement
across time.

Marginal histograms of the empirical Bayes estimates of the random individ-
ual intercepts and slopes from the one component model are given in Figures
1a and 1b. A visual inspection of these histograms suggests that the marginal
distributions do not seem to be entirely consistent with a one-component bivariate
normal distribution. This is interesting given that Verbeke and Molenberghs (34)
have noted that histograms of the empirical Bayes estimates often resemble uni-
modal normal distributions even when simulated from a bimodal distribution.
Thus, to examine the possibility of bimodality more formally, the model is
reestimated allowing the intercepts and slopes to follow a two-component bivari-

Table 1. Riesby Dataset: HDRS Across Time (N � 66) Parameter Estimates (Est.), Standard Errors
(SE), and p Values

One Component Model Two Component Model

Est. SE p� Est. SE p�

Intercept µ1 β0
23.58 0.55 0.0001 27.63 0.90 0.0001

Slope µ1 β1
�2.38 0.21 0.0001 �1.56 0.39 0.0001

Intercept µ2 β0
22.14 0.53 0.0001

Slope µ2 β1
�2.65 0.23 0.0001

Proportion 1 π1 0.26 0.05 0.0001
Proportion 2 π2 0.74 0.05 0.0001
Intercept variance σ2

β0
12.63 3.47 6.79 2.46

Intercept-slope covariance σβ0β1
�1.42 1.03 �2.53 0.94

Slope variance σ2
β1

2.08 0.50 1.84 0.46
Error variance σ2 12.22 1.11 12.23 1.11
�2 log L 2219.0 2207.8

Note that p-values are not given for variance and covariance terms [see Bryk and Raudenbush (32),
page 55].
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Figure 1a. Histogram of estimated random effect intercept in the one-component model.

Figure 1b. Histogram of estimated random effect slope in the one-component model.
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ate normal distribution. The right-hand side of Table 1 lists the results obtained
from the proposed (two-component) model.

In the two-component model, the proportion is estimated as 0.26, indicating
that about one-fourth of the patients are classified into the first group and three-
fourths into the second group. The estimates of the means for these two groups
(�̂1 � [27.63, �1.56] and �̂2 � [22.14, �2.65]) indicate that the patients in the
first group are initially more severely ill (high HDRS) and improve more slowly
across time than the second group of patients who have a relatively less severe
illness (lower HDRS) initially and improve more dramatically across time. As the
rate of improvement is much larger for the second group than the first, the mixture
model suggests that these two groups correspond to ‘‘nonresponse’’ and ‘‘re-
sponse’’ groups, respectively. Turning to the estimates of the variances for the
intercept and slope, we see that these have been reduced in the mixture model,
especially the intercept variance. Thus, part of the subject heterogeneity in inter-
cepts and slopes of the one-component model is now being explained by the two-
component model. The negative covariance between the intercept and the slope
is now in excess of twice its standard error, suggesting a very strong negative
association (correlation � �0.72) between the initial severity of illness and the
rate of improvement across the time.

Notice that, in terms of the multilevel representation, the resulting two-com-
ponent mixture model can be represented as the same level-1 model given above
in Eq. (15) and the following augmented between-subjects (or level-2) model:

β0i � µ1β0
G1 i � µ2β0

G2 i � v0 i (17)
β1 i � µ1β1

G1i � µ2β1
G2i � v1i

where the indicator variables G1 i and G2 i designate whether individual i belongs
to the first or second groups, respectively (i.e., either G1 i or G2 i � 1, the other
equals 0). Although these group membership indicator variables are unobserved,
they can be estimated based on the results of the mixture model. Specifically,
these are obtained using the weights wik (defined in the Appendix), which are the
probabilities of group membership for the ith patient, conditional on y i and esti-
mates of the model parameters. Group membership is then estimated based on
the value of wik. In these data, the ith individual was classified into the first group
(G1 i � 1) if wi1 � 0.5, otherwise they were classified as belonging to the second
group (G2 i � 1). Using this procedure, 16 out of 66 patients belong to the first
group, and the remaining 50 patients belong to the second group. Using these
groups, the observed and estimated group means are plotted in Figure 2. As can
be seen, the model fits the observed means well. Figure 2 clearly illustrates the
lower initial depression level and greater improvement rate of the second group,
relative to the first.

It is interesting to compare these response subgroups of the mixture model
with those obtained by Riesby et al. (30) where patients were classified based
solely on their final HDRS score into three groups: ‘‘full response’’ (final HDRS
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Figure 2. Riesby data: Hamilton depression scores across time mixture model observed and pre-
dicted group means.

	 7; n � 21), ‘‘partial response’’ (final HDRS � 8–15; n � 23), and ‘‘nonre-
sponse’’ (final HDRS � 16; n � 22). Of the 50 patients classified by the mixture
model into the second group, Riesby et al. classified 20, 21, and 9 patients as full,
partial, and nonresponse, respectively. Similarly, of the 16 patients in the first
group of the mixture model, Riesby et al. classified 1 (response), 2 (partial re-
sponse), and 13 (nonresponse). Thus, the first mixture group consists almost exclu-
sively of ‘‘nonresponders’’ (13 of 16), and the second mixture group is predomi-
nantly ‘‘full’’ and ‘‘partial’’ responders (41 of 50). The use of the mixture model
to classify subjects is preferred because it uses all the data from a subject across
time, rather than simply the last timepoint. Additionally, the mixture model pro-
vides a more rigorous and less ad-hoc approach to determining the classification.

Example 2: Severity of Schizophrenic Symptomatology Across Time

The second dataset to be analyzed is from the NIMH Schizophrenia Collabo-
rative Study on treatment related changes in overall severity. Specifically, we ex-
amined Item 79 of the clinician-rated Inpatient Multidimensional Psychiatric Scale
[IMPS; Lorr and Klett (35)] and its change across time. Item 79, ‘‘Severity of
Illness,’’ was scored as: 1 � normal, not at all ill; 2 � borderline mentally ill;
3 � mildly ill; 4 � moderately ill; 5 � markedly ill; 6 � severely ill; and 7 �
among the most extremely ill. These data have been previously analyzed using
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an ordinary one-component random-effects regression model (37). In this study,
patients were randomly assigned to receive one of four medications: placebo,
chlorpromazine, fluphenazine, or thioridazine. The latter three all belong to the
class of antipsychotic drugs known as phenothiazines, which are commonly pre-
scribed in the treatment of schizophrenia (36). Since previous analyses revealed
similar effects for the three antipsychotic drug groups, they were combined in the
present analysis. The experimental design and corresponding sample sizes are
listed in Table 2.

As can be seen from Table 2, most of the measurement occurred at weeks
0, 1, 3, and 6. However, not all subjects were observed at these four primary
timepoints, and so there were some intermittant measurements at weeks 2, 4, and
5 as well.

Based on previous analysis, the square root of week was used in the level-
1 model instead of week (coded 0 to 6) to linearize the relationship between symp-
tom severity and time. Also, because there was a fair amount of dropout in this
study, which varied by treatment group, Hedeker and Gibbons (38) proposed a
pattern-mixture random-effects regression model for analysis. Here, we will con-
centrate on a different issue, namely, the degree to which heterogeneity in treat-
ment response exists while concurrently estimating the drug effect on response.
For this, we use the same within-subjects (level-1) model in (15), albeit with the
square root of week replacing week, and compare the following one-component
between-subjects (level-2) model:

β0 i � µβ0
� α0 Drug i � v0 i (18)

β1 i � µβ1
� α1Drug i � v1 i

to the two-component version:

β0 i � µ1β0
G1 i � µ2β0

G2 i � α0 Drug i � v0 i (19)
β1 i � µ1β1

G1 i � µ2β1
G2 i � α1Drug i � v1 i

Drug1 equals 0 and 1 for placebo and drug patients, respectively, and G1 i and G2 i

are the unobserved indicators of whether the patient belongs to the first or second
group of the mixture distribution.

Table 2. Experimental Design and Weekly Sample Sizes

Sample Size at Week:

Group 0 1 2 3 4 5 6

Placebo (n � 108) 107 105 5 87 2 2 70
Drug (n � 329) 327 321 9 287 9 7 265

Drug � chlorpromazine, fluphenazine, or thioridazine.
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Table 3. Schizophrenia Dataset: IMPS79 Across Time (N � 437) Parameter Estimates (Est.),
Standard Errors (SE), and p Values

One Component Model Two Component Model

Est. SE p� Est. SE p�

Intercept µ1 β0
5.56 0.09 0.0001 5.36 0.07 0.0001

Slope µ1 β1
�0.32 0.07 0.0001 �0.01 0.04 0.74

Intercept µ2 β0
5.32 0.09 0.0001

Slope µ2 β1
�0.95 0.05 0.0001

Drug α0 0.05 0.11 0.63 0.05 0.08 0.55
Drug � slope α1 �0.65 0.08 0.0001 �0.52 0.04 0.0001
Proportion 1 π1 0.56 0.02 0.0001
Proportion 2 π2 0.44 0.02 0.0001
Intercept variance σ2

β0
0.40 0.07 0.36 0.03

Intercept-slope covariance σβ0β1
0.01 0.04 0.02 0.02

Slope variance σ2
β1

0.25 0.03 0.01 0.03
Error variance σ2 0.64 0.03 0.59 0.06
�2 log L 2391.4 2314.6

Note that p-values are not given for variance and covariance estimates [see Bryk and Raudenbush
(32), page 55].

Table 3 presents results of both the one-component and the two-component
models. The one-component model indicates that placebo patients improve across
time (estimated slope � �0.32), but that drug patients improve more dramatically
across time (estimated slope interaction � �0.65). The drug effect is nonsignifi-
cant which, in this model that includes the drug by time interaction, simply means
that no differences are observed between the groups at week 0. There is a large
degree of subject heterogeneity in terms of both the random intercept and slope
parameters, with no appreciable association between these terms.

The two-component model indicates an approximate 50:50 split in terms of
the subjects with estimates for the first group as �̂1 � [5.36, �0.01] and for the
second group as �̂2 � [5.32, �0.95]. Thus, there is little difference in patients
in terms of the intercept, but a great deal of difference in terms of the slopes. We
interpret the first group (with a slope equal to approximately zero) to represent
nonresponders and the second group (with a large negative slope) to represent
responders. The estimates of the random-effects variance terms reveal that the
two-component model explains a great deal of the heterogeneity in subject change
across time, as the slope variance is dramatically reduced in the two-component
relative to the one-component model. In terms of the the drug effect, while there
is a non-significant difference for the intercept, a significant negative drug by
slope interaction is observed. It’s interesting to note that the mixture component
shift in terms of the slope (�0.94 � �0.95 � 0.01) is more pronounced than the
drug effect on the slope (�0.52). This suggests that there are patients in both the
placebo and drug groups that respond to treatment. This agrees with the notion
in psychiatry of the existence of placebo responders.



266 XU AND HEDEKER

Figure 3a. Schizophrenia data: IMPS79 scores across time by treatment mixture model observed
and predicted group means: Component 1.

Figure 3b. Schizophrenia data: IMPS79 scores across time by treatment mixture model observed
and predicted group means: Component 2.
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Using the aforementioned procedure to determine mixture group member-
ship, patients can be classified as belonging to either mixture group 1 (‘‘nonre-
sponders’’) or 2 (‘‘responders’’). Figures 3a and 3b depict the observed and esti-
mated drug and placebo patient group means for the first and second mixture
component groups, respectively. The plots show good model fit and clearly illus-
trate the marked difference in slopes between responders (Figure 3b) and nonre-
sponders (Figure 3a). It is reassuring that the model fits the observed means
equally well for both responders and nonresponders because an assumption of the
model is that the drug effect is the same among these two mixture groups. These
figures lend support to this model assumption. Finally, it is interesting to note
that 29% of the placebo patients (31 of 108) are classified as responders, whereas
46% of the drug patients are responders (151 of 329). This difference is sta-
tistically significant (χ 2

1 � 9.9, p � 0.002), and so, while there is evidence that
some patients do respond to placebo, the proportion of drug responders is clearly
greater.

4. DISCUSSION

The random-effects regression model presented in this article, which allows
the coefficients of the random terms to have a mixture multivariate normal distri-
bution, provides a generalization that is able to accommodate data sampled from
heterogeneous populations. The model is specified for a multicomponent multivar-
iate mixture distribution, of which the one-component case represents the usual
random-effects regression model described by Laird and Ware (1) and others.
Maximum marginal likelihood methods are used to estimate the model parameters.
The likelihood solution of the mixture random-effects model is presented both in
terms of the EM algorithm and the Fisher scoring solution.

An issue in use of mixture random-effects regression models is model test-
ing. Unfortunately, the traditional chi-square approximation to the likelihood ratio
test for a multicomponent versus single-component model is not straightforward
for the mixture case because the standard regularity conditions on which the
asymptotic theory is based may fail. Specifically, if � (π1, in the mixture case)
denotes the parameter for Ha, then under H0(: π1 � 1), the true �o (π1 � 1) lies
on the boundary of the parameter space, as demonstrated by Titterington et al.
[(13), section 5.4]. If the mixture population parameters πk can be specified a
priori, then the corresponding negative two times log ratio function will, under H0,
be asymptotically chi-square with dim(�1) degrees of freedom (i.e., the difference
between the number of parameters in the mixture model and a single-component
model). However, in practice, it is fairly difficult to specify πk value in the popula-
tion a priori. For this and other reasons, Verbecke and colleagues (9,34) recom-
mend that goodness-of-fit tests and likelihood-ratio tests lack the proper mathe-
matical foundation for use in mixed-effects mixture models. Alternatively, results
of Self and Liang (40) on approximate tests for nonstandard testing situations
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could be examined in this context. This would be similar to the approach taken
by Stram and Lee (41) in their use of Self and Liang’s results for likelihood-ratio
testing of variance components in the longitudinal mixed-effects model. Clearly,
more work is needed in this area.

It is important to note that although we have illustrated the model in terms
of two-component mixture distributions for models with two random effects, in
fact, the general model could allow multiple components and multiple random
effects. In some cases, the amount of data may limit the numbers of components
and/or random effects that can be estimated. For the examples presented here,
two components provided reasonable results and helped to identify patients who
were treatment responders versus nonresponders.

While the usefulness of the proposed model has been illustrated, further re-
search is clearly needed to further extend this model. For example, one important
extension would be to incorporate mixtures in random-effects models for categori-
cal outcomes. Because categorical outcomes are common in many areas of applied
research, this extension would have some practical merit. Such work is currently
underway.

APPENDIX: FISHER SCORING SOLUTION

In order to derive the Fisher scoring procedure for the mixture case, both
the first derivatives and the Fisher information matrix need to be obtained. For
the first derivatives, denoting ϕ as the vector containing all unknown parameters
and P(y i, ϕ) � ∑ c

k�1πk fk(y i |�k), the log-likelihood function for incomplete-data

�̃(ϕ) � �
N

i�1

log P(y i, ϕ) (20)

is differentiated with respect to the unknown parameters. For the mixture probabil-
ities π l (l � 1, . . . , c � 1) the first derivative equals

∂�̃(ϕ)
∂π l

� �
N

i�1

1
P(y i, ϕ)

[ fl(y i |� l)] � fc(y i |�c)]. (21)

Similarly, we obtain

∂�̃(ϕ)
∂σ2

�
1

2σ4 ��
N

i�1
�

c

k�1

wik tr(X i��i |yi,�k
X ′i � u iku ′ik) � �

i

niσ2� (22)

∂�̃(ϕ)
∂α

�
1
σ2 �

N

i�1
�

c

k�1

wik Z ′i (y i � Zi� � Xi� ik) (23)



RANDOM-EFFECTS MIXTURE MODEL 269

∂�̃(ϕ)
∂(vech�)′

�
1
2 �

N

i�1
�

c

k�1

wikvec′[��1(��i |yi,�k (24)

� (�̂ ik � �k)(�̂ ik � �k)′ � �)��1]Dq

∂�̃(ϕ)
∂�k

� �
i

wik�
�1(�̂ ik � �k) (25)

Here, the duplication matrix Dq in Eq. (24) is the q2 � (1/2)q(q � 1) matrix with
the property that Dq vech(A) � vecA for every symmetric q � q matrix A (39).

For the information matrix, Ic(ϕ) is defined as the Fisher information matrix
for complete data, namely,

Ic(ϕ) � E[Dϕ(�(ϕ))Dϕ(�(ϕ))′] (26)

where �(ϕ) denotes the log-likelihood function in Eq. (7), and Dϕ(⋅) denotes the
first derivative operator with respect to ϕ. Ic(ϕ) is used rather than I(ϕ) (informa-
tion matrix for incomplete data) because they yield near-identical results and Ic(ϕ)
is usually much easier to evaluate and invert than I(ϕ) [Titterington et al. (13),
pp. 208–211]. For convenience, let �(ϕ) � �1(ϕ) � �2(ϕ), where �1(ϕ) � ∑ N

i�1

d ′i U(�) and �2(ϕ) � ∑ N
i�1 d ′i V i(θ). Here, d i is a c � 1 indicator vector with all

zero elements except one; the sole element equal to 1 indicates the appropriate
subpopulation to which observation i belongs. Assuming independence of sub-
jects, we have

E[Dϕ(�1)Dϕ(�1)′] � �E[D 2
ϕ(�1)] � ��

N

i�1
�

c

k�1

E[dikD
2
ϕ(log πk)] (27)

and

E[Dϕ(�2)Dϕ(�2)′] � �
N

i�1
�

c

k�1

πkE[Dϕ(log fk(y i |�k))Dϕ(log fk(y i |�k))′]. (28)

Noticing that Dϕ(log πk) is not a random variable, we further obtain

E[Dϕ(�1)Dϕ(�2)′] � �
N

i�1
�

c

k�1

πkDϕ(log πk)E[Dϕ(log fk(y i |�k))′]. (29)

Using these results, the information matrix is derived and formed as:

Ic � �
I(�) | 0 0 | 0 0

0 | I(�) I(�, �) | 0 0

0 | I(�, �) I(�) | 0 0

0 | 0 0 | I(�) I(�, σ2)

0 | 0 0 | I(σ2, �) I(σ2)
� (30)
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where the I(π l) and I(πk, π l) are the llth diagonal elements and the klth off-diagonal
elements of I(�), respectively, and I(�) is a block-diagonal matrix with the kth
block I(�k). Notice that since the off-diagonal blocks of the information matrix
are zero, it can be partitioned into three submatrices that can be inverted sepa-
rately. For the nonzero partitions of the information matrix, we get

I(π l) � ��
N

i�1

E�Dπl �dil

π l

�
dic

πc
�� � N�1

π l

�
1
πc
� (l � c), (31)

I(πk, π l) � ��
N

i�1

E�Dπl �dil

π l

�
dic

πc
�� �

N

πc

(k ≠ l and k, l � c), (32)

I(� j, �k) � �
N

i�1
�

c

l�1

π l �
�1E[β̂ il � µ l)δ lj(β̂ il � µ l)′δ lk]��1, (33)

where δ lk � 1 if l � k, and 0 otherwise. Denoting � as the Kronecker (direct)
product, we also get

I(�) �
1
2

D ′q(��1 � ��1)�
N

i�1
�

c

k�1

πk(� � ��i |yi,�k
)

(34)

�(� � ��i |yi,�k
)(��1 � ��1)Dq

I(σ2) �
1
2

σ�8 �
N

i�1
�

c

k�1

πktr(σ2I i � X i��i |yi,�k
X ′i )2 (35)

I(�) � σ�4 �
N

i�1
�

c

k�1

πk(Z ′i (σ2I i � X i��i |yi,�k
X ′i )Z ′i ) (36)

I(�, �k) �
1
σ2 �

N

i�1

πk Z ′i X i ��i |yi,�k
��1 (37)

I(σ2, �) �
1
2

σ�4D ′q �
N

i�1
�

c

k�1

πkvec��1(��i |yi,�k
X ′i X i��i |yi,�k

)��1 (38)
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