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Latent trait shared-parameter mixed models for ecological momentary assess-
ment (EMA) data containing missing values are developed in which data are
collected in an intermittent manner. In such studies, data are often missing due
to unanswered prompts. Using item response theory models, a latent trait is
used to represent the missing prompts and modeled jointly with a mixed model
for bivariate longitudinal outcomes. Both one- and two-parameter latent trait
shared-parameter mixed models are presented. These new models offer a unique
way to analyze missing EMA data with many response patterns. Here, the pro-
posed models represent missingness via a latent trait that corresponds to the
students' “ability” to respond to the prompting device. Data containing more
than 10 300 observations from an EMA study involving high school students'
positive and negative affects are presented. The latent trait representing miss-
ingness was a significant predictor of both positive affect and negative affect
outcomes. The models are compared to a missing at random mixed model. A
simulation study indicates that the proposed models can provide lower bias
and increased efficiency compared to the standard missing at random approach
commonly used with intermittent missing longitudinal data.
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1 INTRODUCTION

In health studies, accurate recordings of measures in natural settings can be done using ecological momentary assess-
ment (EMA), which involves repeated sampling of subjects' current behaviors and experiences in real time and in subjects'
natural environments.1 EMA methods often collect a large number of observations per subject where prompts occur at
random times throughout the day and the prompting times vary by subject. Inevitably, due to this collection process, sub-
ject nonresponse occurs for some of the prompts. The pattern of missingness is typically in an intermittent manner due to
the random nature of the prompting mechanism. For example, Hedeker et al2 present data to assess high school students'
mood over approximately one week, which contained many intermittent missing data patterns. Although their data were
not collected using EMA, Lin et al3 proposed a pattern-mixture model4 using latent classes to group the intermittent miss-
ing data patterns. This paper presents a shared-parameter mixed model using the data from the work of Hedeker et al2

that models the missing prompts as a continuous latent trait, rather than as forming latent classes. We believe that the

660 © 2018 John Wiley & Sons, Ltd. wileyonlinelibrary.com/journal/sim Statistics in Medicine. 2019;38:660–673.

https://doi.org/10.1002/sim.7989
http://orcid.org/0000-0003-2131-1767
http://orcid.org/0000-0001-8134-6094


CURSIO ET AL. 661

proposed shared-parameter model for EMA data offers a viable approach for analysis of such intensive longitudinal data
with many different missing data patterns. Also, the approach described here builds upon recent collections by Walls and
Schafer5 and Walls et al6 that describe techniques to analyze EMA data.

EMA methods have a long history in psychological research starting with a 30-day study of mood by Flügel.7 Initial
methods to collect data using EMA began with paper-and-pencil daily diaries and questionnaires. Over time, EMA data
were collected using more advanced technical means including hand-held computers and cell phones. An advantage of
these electronic devices is that they allow for an accurate timestamp of when the data were collected. Also, these devices
can prompt a respondent through a method known as time-based assessment scheduling1 in which random prompts
are sent to study participants at different times throughout the day. This allows for more accurate measurement of the
outcomes of interest as they occur. A brief overview of other timing methods used with EMA data can be found in several
sources.1,8

EMA collection methods have been applied in various settings such as clinical psychopharmacology,9 smoking
studies,10,11 and behavioral medicine.12 With EMA data collection, subjects go about their daily lives and respond to ques-
tions over a period of time. This allows for outcomes to be measured when they happen in normal settings and lessens
recall bias that may occur with other collection methods such as paper-and-pencil diaries completed at a clinician's office.
For instance, a respondent may alter their description of a mood state after it occurs, may have trouble remembering
what happened, or may underestimate the intensity of the event after it has taken place. The recall bias is usually much
less with EMA collection methods versus paper questionnaires because outcomes are recorded within a short time delay
lasting a few minutes or less.

As mentioned, missing data are inevitable in EMA studies, given that not all prompts are answered by subjects, and it
is important to properly account for the missing data in analyzing such intensive longitudinal data.13,14 Improper meth-
ods such as deletion of records with missing variables, mean substitution, or simple imputation methods to account for
missing data cause bias and decreased efficiency.15 More rigorous and statistically sound methods can alleviate these bias
and estimation issues; examples are found in the works of Rubin,16 Schafer,17 and Little and Rubin.18 Often, EMA data are
analyzed using mixed models,11 which allow for the missingness to be missing at random (MAR) as defined by Rubin,16

and therefore ignorable. However, the possibility that the missing data are nonignorable cannot be ruled out. For example,
it could be that the reason a subject does not respond to a prompt is because of the mood level that they are experienc-
ing when they are prompted. In this case, the use of a model assuming MAR can yield biased estimates and conclusions.
Shared-parameter models represent a proposed method for dealing with situations where the missingness mechanism is
assumed to be missing not at random (MNAR). Specifically, shared-parameter models15 factor the full-model likelihood
into the missingness mechanism and the response process, with both sharing one or more parameters. Albert et al19 pro-
vide an example of a shared-parameter model with heroin addiction treatment data that had three possible missingness
values: the outcome was observed, the outcome is intermittently missing, or the outcome contains complete values up
to a dropout time. The outcome process and the missingness shared a common random effect. Shared-parameter models
can easily be fit using existing statistical software such as SAS and R, and examples can be found in various sources.20-22

In terms of the organization of this paper, the EMA data set is described in Section 2 and the study variables are
described in Section 2.1. Section 3 presents the proposed latent trait shared-parameter model. Results of the latent
trait shared-parameter mixed model (LTSPMM) using EMA data are provided in Section 4, simulation findings are in
Section 4.1, and model conclusions are provided in Section 5. A discussion of the LTSPMM for EMA data is provided in
Section 6.

2 DATA EXAMPLE

As described in the work of Hedeker et al,2 EMA data with intermittent missing values were collected to measure high
school students' mood. In that study, 461 high school students were prompted at various times in a 7-day period for differ-
ent psychological and behavioral measures. The adolescents were recruited as part of a larger study of Social-Emotional
Contexts of Adolescent Smoking that recruited 1263 subjects.11 All students and parents gave their informed consent prior
to study participation. This study was performed in accordance with appropriate ethical standards; all personnel at the
site had the required ethics training. Mood, as measured by both negative affect (NA) and positive affect (PA), was one
of the many outcomes collected over approximately 1 week with an average of 30 prompts per subject. The two psycho-
logical measures of PA and NA consist of an average of several mood items, each rated from 1 to 10, identified by factor
analysis. The following items were included to determine PA: I felt happy, I felt relaxed, I felt cheerful, I felt confident,
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and I felt accepted by others. The following items were used to determine NA: I felt sad, I felt stressed, I felt angry, I felt
frustrated, and I felt irritable.

To classify the subject responses collected over the period of 1 week, time intervals were created for each day. Specifically,
each day was divided into five meaningful periods for analysis. The time bin from 3 am to 8:59 am was denoted as “early
morning”; the time bin from 9 am to 2:59 pm was denoted as “mid-day”; the time bin from 3 pm to 5:59 pm was denoted
as “afternoon”; the time bin from 6 pm to 8:59 pm was denoted as “evening”; and the time bin from 9 pm to 2:59 am was
denoted as “late evening”. This resulted in a total of 35 time intervals, due to five daily intervals for each day of the week.
Furthermore, as will be explained in Section 3, these 35 intervals will be used as items in IRT models that characterize
the students' willingness to respond.

At each prompt, there were three possibilities for a given time interval: answered, missed, or did not receive a prompt.
Also, for each subject, in some cases, multiple responses occurred within a given time interval. In these cases, the multiple
responses for a given time interval are akin to a given subject responding to the same item more than once. Thus, indi-
vidual responses were nested within intervals for each student; the repeated nature of these prompts is explained more
thoroughly in Section 3.1.

Data (not shown) for the number of prompts by day and time bin indicated that the bulk of prompts occurred between
9 am and 2:59 pm. The overall response rate was high; 10 306 of 13 453 (76.6%) prompts were answered. Some variation
occurred in response rates between and within days throughout the study. The lowest response rates occurred on Sunday
between 3 am and 8:59 am (21.2%) and Saturday between 3 am and 8:59 am (43.8%). The highest response rate occurred
between 6 pm and 8:59 pm on Wednesday (82.9%).

2.1 Study variables
Subject-level covariates collected at baseline in the data set include grade in high school (9th or 10th grade), gender,
smoking status (yes or no), negative mood regulation (a measure of the students' ability to regulate negative moods),
novelty seeking, and grade point average (GPA) that was measured on a five-point scale (A= 5.00). Smoking status (Y/N)
was coded as yes if a subject provided at least one smoking report during the week-long EMA collection period. These
subject-level covariates were relatively uncorrelated with each other and no pairwise correlation coefficient was above
0.25. Since the baseline GPA was missing for nine students, these subjects were removed from all analyses, resulting
in a total of 452 students. Approximately, half of the subjects were smokers, the majority (57%) were female, and mean
GPA was 3.637 (SD= 0.747). The mean negative mood regulation was 2.447 (SD= 0.680) at the baseline measurement.
Preliminary fits of the models showed that the two covariates grade and novelty seeking were nonsignificant; therefore,
they were dropped from all subsequent models.

Also, during the week-long EMA collection process, students recorded if they were alone or not when they answered the
prompting device. This indicator variable was separated into a within-subject (AloneWS) and between-subject (AloneBS)
value following the approach described in the work of Hedeker et al.2 The between-subject value indicates the proportion
of times that a subject was alone during the collection period and the within-subject value represents the deviation of the
alone indicator variable.

3 STATISTICAL ANALYSIS

This section will describe the full LTSPMM used to fit the EMA data. Section 3.1 presents the longitudinal mixed model
used for the within-subject mood data. Section 3.2 describes how a submodel for the missing prompts and the longitudi-
nal mixed model are linked together using the latent trait parameter for responsiveness. Section 3.3 describes the one- and
two-parameter IRT models that will be used to fit the missing prompt data. We will fit and compare three types of longi-
tudinal bivariate models to the EMA data: a MAR mixed-effects model, a one-parameter LTSPMM, and a two-parameter
LTSPMM.

3.1 Outcomes: bivariate longitudinal mixed model
A longitudinal mixed model for the bivariate outcome NA and PA has the following form:

𝑦i𝑗k = 𝛽0k + 𝛽ikXi𝑗k + 𝜐0ik + ei𝑗k. (1)
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The NA or PA outcome is represented by yijk where i indexes the number of subjects, j indexes the number of
repeated observations within each subject, and k refers to NA or PA. The matrix Xijk contains the subject-level and
time-varying covariates in the model where the first column is a vector of ones for the intercept terms. Here, Xijk con-
tains the subject-level covariates: smoker (yes or no), gender (male), negative mood regulation, and student GPA, and
a time-varying variable for alone separated into its between- and within-subjects components as described above. The
random-intercept term, 𝜐0ik, accounts for the intra-subject correlation due to the multiple responses from each subject
for each outcome k and covariance between the two will be estimated. The error terms eijk are assumed to be normally
distributed with mean 0 and variance 𝜎2

ek
and are uncorrelated with each other.

3.2 The latent trait shared-parameter model
The LTSPMM is written by expanding the term 𝜐0ik in Equation 1 as 𝛾k𝜃i + 𝜎𝜐k𝜉ik, where 𝛾k represents the effect of the
latent trait 𝜃i on yijk and the random-intercept term written in standardized form as 𝜎𝜐k𝜉ik

𝑦i𝑗k = x′i𝑗k𝛽k + 𝛾k𝜃i + 𝜎𝜐k𝜉ik + ei𝑗k. (2)

The full LTSPMM is linked by the latent trait 𝜃i, by the one- or two-parameter IRT model that will be explained in
Section 3.3:

log
[ P(Ri𝑗 = 1|𝜃i)

1 − P(Ri𝑗 = 1|𝜃i)

]
= c𝑗 + a𝑗𝜃i. (3)

The model represented by Equations 2 and 3 is similar to an IRTree model described by De Boeck and Partchev,23 in
which a generalized linear mixed model is used to estimate a latent trait for missingness, and a separate latent trait for
the outcome. In the IRTree approach, these are joint models and so the correlation between the two latent variables
is estimated, whereas in our approach, each outcome yijk is influenced by 𝜃i, the latent trait for response, which is a
shared-parameter in each submodel. This allows us to interact 𝜃i with other variables in the outcome model to exam-
ine whether the association between missingness and the outcome varies as a function of other variables. Though not
considered here, the missingness submodel in Equation 3 could also include subject-level or occasion-level covariates.

Maximum marginal likelihood estimation is used to fit the proposed LTSPMM using the method described by Bock
and Aitkin.24 As shown by Liu25 and Liu and Hedeker,26 the full-data likelihood will be averaged over the two random
effects represented by the random intercept 𝜐0ik and the latent trait 𝜃i shown in Equation 3. SAS PROC NMIXED27 was
used in this full-likelihood estimation, and sample code is provided in Appendix A. The one- and two-parameter logistic
IRT versions are presented in the next section.

3.3 Item response theory
Item response theory (IRT) is a method initially developed in psychological testing to score subjects on a test. Bock28

provides a brief history of IRT and includes background material on estimation of these models. In IRT, the items (or
questions) on a test have different difficulty and discrimination parameters that are used to determine the students' ”abil-
ity” or latent trait. This latent trait is related to what the test is trying to measure. As an example, Bock28 explains how
original work in IRT was based on measuring children's mental development through a series of word problem questions.

The item difficulty parameters measure the how easy/hard it is to answer the item correctly. In the LTSPMM developed
in this paper, which uses the time intervals as items, the item difficulty parameters reflect the degree to which subjects
respond to a prompt within a given time bin. Item discrimination parameters determine how discriminating the items
are in determining the latent trait.

3.3.1 One-parameter IRT model
In the context of EMA data used in this paper, the outcome variable in the IRT model is defined as Rij, where Rij has the
value of 1 for subject i if that student responded to a prompt in time bin j and has a value of 0 if a prompt was not answered.
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Also, Rij can have a missing value (·) if no prompt occurred for a given subject and time bin. At each random prompt, the
respondent may answer questions for PA and NA, and therefore, the subscript k is not required as shown in Equation 2.
The one-parameter IRT model or Rasch model has the following logistic form modeling the probability of response:

P(Ri𝑗 = 1|𝜃i) =
1

1 + exp
[
−a(𝜃i − b𝑗)

] , (4)

where Rij represents the response to item j from subject i. P(Rij) is the probability that person i responds to item j, the latent
trait is represented by 𝜃i, a is the common slope for each item, and bj is the difficulty parameter for each item. With this
notation, the number of subjects ranges from 1 to N, and the number of items j ranges from 1 to mi, allowing for a different
number of items for each subject. In looking at the denominator, if an individual has a higher latent trait 𝜃i compared to
the item difficulty bj, the probability that the person responds correctly to the item is increased. The one-parameter model
can be written in a slightly different form

P(Ri𝑗 = 1|𝜃i) =
1

1 + exp
[
−(c𝑗 + a𝜃i)

] , (5)

where the item-intercept parameter is expressed as cj = abj. As noted by Bock and Aitkin,24 this change is convenient
because it simplifies the estimation of the item parameters.

3.3.2 Two-parameter IRT model
The two-parameter IRT model is similar to the one-parameter model

P(Ri𝑗 = 1|𝜃i) =
1

1 + exp
[
−a𝑗(𝜃i − b𝑗)

] (6)

but allows for different slopes aj, instead of a fixed slope a used in the one-parameter model shown in Equation 5. The
two-parameter IRT model can be written in the form

P(Ri𝑗 = 1|𝜃i) =
1

1 + exp
[
−(c𝑗 + a𝑗𝜃i)

] , (7)

where cj = −ajbj represents the item-intercept parameter. Further inspection of these reformulated models shows that
they are versions of mixed-effects logistic models for binary outcomes that include random-intercept terms.29 This can be
seen by rewriting the one-parameter model in Equation 5 in terms of the log odds of response

log
[ P(Ri𝑗 = 1|𝜃i)

1 − P(Ri𝑗 = 1|𝜃i)

]
= c𝑗 + a𝜃i. (8)

Let 𝜆i represent the mi × 1 vector of logits for subject i. Since each subject can answer a different number (mi) of prompts,
their design matrix Xi is of dimension mi × m, where m represents the total number of items. Let Vj be a m × 1 vector of
zeros or ones. If item j is answered, then the jth row of Vj is set to 1; otherwise, it remains the value 0. The design matrix
Xi is formed by concatenation of the j column vectors Vj. If we also let the vector 𝛽 represent the difficulties for item j and
𝜎𝜐 represent the item discrimination parameter a, the Rasch model can be written as

𝜆i = Xi𝛽 + 1i𝜎v𝜃i. (9)

In this model representation, 1i is a mi vector of ones, and 𝜃i is the latent trait value of subject i, which is distributed
∼ N(0, 1). In this case, 𝜃i is simply a random subject effect that influences the log odds of response, and Equation 9 is a
random-intercept logistic regression model.

The two-parameter model can also be written in mixed model form as:

log
[ P(Ri𝑗 = 1|𝜃i)

1 − P(Ri𝑗 = 1|𝜃i)

]
= c𝑗 + a𝑗𝜃i, (10)

where the discrimination parameters cj vary by item j. Accordingly, the matrix form of the two-parameter IRT model is
written as

𝜆i = Xi
′𝛽 + Xi

′T𝜃i, (11)
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TABLE 1 Bivariate model, estimates (standard error)

Negative Affect Positive Affect
MAR LT1P LT2P MAR LT1P LT2P

Intercept 4.144∗∗∗ 4.085∗∗∗ 4.083∗∗∗ 6.450∗∗∗ 6.490∗∗∗ 6.492∗∗∗
0.423 0.420 0.419 0.342 0.341 0.341

Sbeepy 0.354∗∗ 0.344∗∗ 0.343∗∗ −0.189 −0.183 −0.182
0.131 0.130 0.130 0.106 0.105 0.105

GenderM −0.424∗∗ −0.475∗∗∗ −0.474∗∗∗ 0.217∗ 0.251∗ 0.251∗
0.136 0.136 0.136 0.110 0.111 0.111

NegMoodReg −0.807∗∗∗ −0.825∗∗∗ −0.825∗∗∗ 0.625∗∗∗ 0.637∗∗∗ 0.637∗∗∗
0.099 0.098 0.098 0.080 0.080 0.080

GPA 0.233∗∗ 0.269∗∗ 0.270∗∗ −0.133∗∗ −0.158∗ −0.158∗
0.089 0.089 0.089 0.072 0.073 0.073

AloneWS 0.385∗∗∗ 0.385∗∗∗ 0.385∗∗∗ −0.514∗∗∗ −0.514∗∗∗ −0.514∗∗∗
0.031 0.031 0.031 0.028 0.028 0.028

AloneBS 0.956∗∗ 0.957∗∗ 0.957∗∗ −1.396∗∗∗ −1.397∗∗∗ −1.396∗∗∗
0.334 0.331 0.331 0.271 0.269 0.269

𝛾 −0.250∗∗ −0.226∗∗ 0.167∗ 0.151∗
0.087 0.076 0.070 0.062

𝜎2
𝜈0

1.323∗∗∗ 1.304∗∗∗ 1.305∗∗∗ 1.065∗∗∗ 1.056∗∗∗ 1.055∗∗∗

0.047 0.046 0.046 0.038 0.038 0.038
cov

(
𝜎2
𝜈NA

0
, 𝜎2

𝜈PA
0

)
−0.743∗∗∗ −0.714∗∗∗ −0.712∗∗∗ −0.743∗∗∗ −0.714∗∗∗ −0.712∗∗∗

0.079 0.077 0.077 0.079 0.077 0.077
𝜎2

e 2.839∗∗∗ 2.839∗∗∗ 2.839∗∗∗ 2.252∗∗∗ 2.252∗∗∗ 2.252∗∗∗
0.035 0.035 0.035 0.028 0.028 0.028

∗∗∗ p< 0.001, ∗∗ p< 0.01, ∗ p< 0.05
Abbreviations: GPA, grade point average; MAR, missing at random.

where T represents a vector of discrimination or slope parameters that are allowed to vary across items

T′ =
[
𝜎𝜐1 𝜎𝜐2 · · · 𝜎𝜐m

]
. (12)

4 RESULTS

A bivariate MAR mixed model and the one- and two-parameter LTSPMMs were fit to the EMA data with PA and NA as
the joint outcomes. Subject-level covariates used in the models are described in Section 2. Since the baseline GPA was
missing for nine students, these subjects were removed from all analyses, resulting in a total of 452 subjects.

Model comparisons for the NA outcome are shown in Table 1 in the three left columns. All three models indicate that
smokers (coded as Sbeepy) had a higher level of NA, ie, had worse moods than nonsmokers. Males' NA was lower on aver-
age than the females, and individuals that had higher negative mood regulation (NegMoodReg) had lower NA. Students
with higher GPA had lower mean NA. Also, being alone (AloneWS) and the percentage of time that someone was alone
(AloneBS) significantly increased NA. The latent trait coefficient 𝛾 was significant in both the one- and two-parameter
LTSPMMs. If an individual was more responsive (higher latent trait) to the EMA prompting device, the NA was decreased
(their negative mood was reduced).

The parameter estimates for males from the one- and two-parameter models showed even lower NA than the MAR
model. The effect of NMR on NA was slightly lower and the effect of GPA on NA was slightly higher in the two LTSPMMs
as compared to the MAR mixed model.

Model comparisons for the PA outcome are shown in Table 1 in the three right columns. Covariate effects in both
the one-parameter and two-parameter LTSPMMs are significant at p< 0.05, except for smokers. Subjects who are smok-
ers have a reduced level of PA as compared to nonsmokers. On average, males in the study have higher PA outcomes
than females. Students who have higher levels of negative mood regulation also have increased levels of the PA variable.
Students with higher GPAs had lower PA over the collection period. Subjects who were alone and those that higher propor-
tions on being alone had lower PA. If a subject is more responsive to the EMA prompting device, they have a higher mean
PA. In other LTSPMM not shown here, interactions of the latent trait with subject covariates were estimated; however,
they were not significant at p= 0.05.
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TABLE 2 Gender, negative mood regulation, and latent trait coefficient estimates, negative affect

True Model Gender Negative Mood Regulation Latent Trait

MAR MAR LT1P LT2P MAR LT1P LT2P LT1P LT2P
Truth −0.425 −0.425 −0.425 −0.809 −0.809 −0.809 - -
Standard error 0.191 0.247 0.246 0.140 0.140 0.140 - -
Raw bias 0.000 0.003 0.003 −0.004 −0.004 −0.004 - -
RMSE 0.134 0.172 0.171 0.099 0.099 0.099 - -
Coverage rate 0.960 0.957 0.957 0.942 0.946 0.946 - -
Average width 0.534 0.694 0.693 0.385 0.385 0.385 - -
LT1P MAR LT1P LT2P MAR LT1P LT2P LT1P LT2P
Truth −0.548 −0.548 −0.548 −0.824 −0.824 −0.824 −0.238 −0.238
Standard error 0.237 0.248 0.248 0.169 0.169 0.169 0.188 0.148
Raw bias 0.099 0.000 0.000 0.018 0.009 0.009 0.000 0.051
RMSE 0.194 0.175 0.175 0.120 0.119 0.119 0.131 0.115
Coverage rate 0.918 0.959 0.957 0.953 0.953 0.953 0.966 0.939
Average width 0.655 0.688 0.688 0.472 0.471 0.471 0.526 0.416
LT2P MAR LT1P LT2P MAR LT1P LT2P LT1P LT2P
Truth −0.564 −0.564 −0.564 −0.826 −0.826 −0.826 −0.194 −0.194
Standard error 0.233 0.247 0.248 0.169 0.168 0.168 0.166 0.146
Raw bias 0.107 0.003 0.000 0.010 0.001 0.002 −0.027 0.000
RMSE 0.197 0.178 0.178 0.121 0.121 0.121 0.122 0.104
Coverage rate 0.899 0.951 0.954 0.951 0.951 0.949 0.952 0.947
Average width 0.638 0.670 0.673 0.460 0.458 0.458 0.455 0.401

Abbreviations: MAR, missing at random; RMSE, root mean squared error.

The lower portion of Table 1 also includes estimates for the random-intercept variance for each outcome 𝜎2
𝜈0

, the covari-
ance between the two random-intercept terms cov(𝜎2

𝜈NA
0
, 𝜎2

𝜈PA
0
), and the variances of the error terms 𝜎2

e . In the three model
fits for both NA and PA, these estimates were significant at p < 0.001. As expected, the estimated covariance between the
random-intercept terms for NA and PA is negative in all models. One noticeable difference, however, is that the covariance
between the random-intercept terms is less pronounced in the two LTSPMMs compared to the MAR model.

Item difficulty and discrimination estimates for the one-parameter LTSPMM fit to the bivariate outcome are shown in
Table 1 in the online supplement. Since the full LTSPMM with 35 item parameters had some difficulty converging, some
difficulty parameters were set equal to each other. For example, item difficulty parameters were constrained to be equal
for the following time bins on Monday through Friday: early morning (3 am to 8:59 am), morning (9 am to 2:59 pm),
afternoon (3 pm to 5:59 pm), evening (6 pm to 8:59 pm), and late evening (9 pm to 2:59 am). However, five separate
parameters were estimated on Saturday and Sunday. This process reduced the number of item difficulty parameters from
35 to 15, which allowed all model runs to converge to stable solutions.

The likelihood ratio test for the two-parameter LTSPMM compared to the one-parameter LTSPMM reveals a 𝜒2 statistic
of 35 on 14 degrees of freedom, which is significant at p < 0.003. The 14 degrees of freedom correspond to the additional
discrimination parameters that are estimated in the two-parameter LTSPMM. Therefore, having these additional discrim-
ination parameters in the model did improve overall fit. Similarly, the AIC statistic does show an improved model over the
one-parameter model. Additional details about the item difficulty and and discrimination parameters and their estimates
are provided in the online supplement.

4.1 Simulation results
The following simulation plan was implemented after fitting univariate models to NA and PA (not shown). Estimated
coefficients (𝛽), error variance (�̂�2

e ), and the variance-covariance matrix of the two random effects (Σ̂𝜐0i𝜃i ) were used to
draw simulated outcomes. The first step in the process was to simulate data sets assuming that the MAR random-intercept
mixed model was the true model. In the next step, all three model types (MAR mixed model, one-parameter LTSPMM, and
two-parameter LTSPMM) were fit to the data generated by the MAR model. Continuing this process for the one-parameter
LTSPMM and the two-parameter LTSPMM resulted in the necessary simulations for both PA and NA. With this approach,
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both the one-and two LTSPMMs will generate outcomes that are MNAR. A goal of these simulations is to show that
the LTSPMMs adequately fit data generated under the MNAR scenarios and to examine the relative performance of the
simpler MAR model fit to data generated by the LTSPMMs.

All simulated data sets had a total of 15 820 observations (452 subjects × 35 time bins) and were simulated 1000 times.
The 452 subjects were chosen to represent the sample size of subjects used to fit the models in Table 1. In order to evaluate
the effectiveness and performance of the three modeling scenarios, a random 20% of the simulated outcome values for
males was set to be missing. This caused the latent trait for each subject 𝜃i to be correlated with male gender in the
simulated data sets. The following measures of estimation performance are compared among the three model types and
are shown in Tables 2 and 3: standard error, raw bias, root mean squared error (RMSE), coverage rate, and average width
of the 95% confidence intervals from the simulations.

A summary of simulation results reveals that the 95% confidence intervals for the estimated gender, negative mood
regulation, and latent trait regression coefficients all show some noticeable differences between the models. For the gender
coefficient, the two LTSPMM are not particularly biased but have higher standard errors when fit to the MAR generated
data sets. Additionally, for both PA and NA outcomes, the one- and two-parameter LTSPMMs outperform the MAR mixed
models when data are generated from the LTSPMMs. In particular, RMSE (a measure of bias and variability) of the gender
coefficient is higher for the MAR model fit to data generated with the two LTSPMMs. Also, under the LTSPMM scenarios,
the tightest confidence intervals were seen in the gender coefficient estimates for the two LTSPMMs, and the MAR model
typically was biased. However, these differences in the confidence intervals were not as striking for the NMR regression
coefficient.

Lastly, the differences in confidence intervals for the latent trait regression coefficient were noticeable, especially if
data were generated assuming that the two-parameter LTSPMM model was the true model, and if simulated data were fit
with a one-parameter LTSPMM. These 95% confidence interval results along with the bias and accuracy measures shown
previously provide strong evidence that the proposed LTSPMMs may be better alternative than the MAR model fit to EMA
data, if the missingness process is MNAR.

TABLE 3 Gender, negative mood regulation, and latent trait coefficient estimates, positive
affect

True Model Gender Negative Mood Regulation Latent Trait

MAR MAR LT1P LT2P MAR LT1P LT2P LT1P LT2P
Truth 0.213 0.213 0.213 0.625 0.625 0.625 - -
Standard error 0.156 0.200 0.200 0.112 0.112 0.112 - -
Raw bias 0.000 −0.002 −0.002 0.004 0.004 0.004 - -
RMSE 0.111 0.140 0.140 0.079 0.079 0.079 - -
Coverage rate 0.944 0.948 0.950 0.943 0.942 0.943 - -
Average width 0.432 0.561 0.561 0.311 0.311 0.311 - -
LT1P MAR LT1P LT2P MAR LT1P LT2P LT1P LT2P
Truth 0.303 0.303 0.303 0.636 0.636 0.636 0.165 0.165
Standard error 0.206 0.218 0.218 0.149 0.149 0.149 0.166 0.130
Raw bias −0.065 0.000 0.000 −0.008 −0.002 −0.002 0.000 −0.036
RMSE 0.160 0.155 0.155 0.107 0.107 0.107 0.116 0.097
Coverage rate 0.937 0.956 0.953 0.950 0.944 0.944 0.935 0.920
Average width 0.569 0.600 0.600 0.410 0.410 0.410 0.465 0.364
LT2P MAR LT1P LT2P MAR LT1P LT2P LT1P LT2P
Truth 0.316 0.316 0.316 0.637 0.637 0.637 0.133 0.133
Standard error 0.200 0.211 0.212 0.147 0.147 0.147 0.144 0.126
Raw bias −0.072 −0.002 0.000 −0.011 −0.005 −0.005 0.019 0.000
RMSE 0.158 0.150 0.150 0.107 0.106 0.106 0.104 0.089
Coverage rate 0.897 0.924 0.921 0.914 0.913 0.915 0.961 0.958
Average width 0.554 0.583 0.585 0.400 0.399 0.399 0.396 0.349

Abbreviations: MAR, missing at random; RMSE, root mean squared error.
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FIGURE 1 Response patterns [Colour figure can be viewed at wileyonlinelibrary.com]

5 CONCLUSIONS

Data collected using EMA present many statistical challenges. One challenge concerns the intensive nature of nested
data (observations nested within subjects), which can usually be handled using longitudinal mixed models that account
for this intra-subject correlation by including random subject effects. Another complexity concerns the missing data,
which can be highly irregular. Often, assumptions are made about the nature of the missingness process that is usually
unknown. Thankfully, researchers are better able to estimate models where the missingness mechanism may be allowed
to be MNAR. Little14 discussed how shared-parameter models can be applied in situations where the missingness process
is assumed to follow a specific model form. Here, we have described a shared-parameter mixed model to deal with the
intermittent nature of the missing EMA prompts. From our proposed approach, model estimates showed that the latent
variable describing the willingness to respond to the prompts was a significant predictor of the two psychological out-
comes, ie, NA and PA. In both models, subjects with higher levels of willingness to respond reported better mood levels
(ie, higher PA and lower NA).

http://wileyonlinelibrary.com
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The LTSPMMs formed a unique latent variable representing each subjects' willingness to answer prompts based on their
responses to the EMA device. Figure 1 shows the unique response patterns for each subject using the formed 35 response
bins. The green color represents bins where a prompt was answered, the red color represents bins where a prompt was not
answered, and white represents bins where a prompt did not occur. The figure is sorted from highest to lowest based on the
estimated subject latent trait values. As expected, subjects that respond to more prompts have higher latent trait values.
The LTSPMMs also allowed questions to be investigated concerning the patterns of responses over time. Throughout the
length of the study, students responded more in the time interval from 9 am to 3 pm and weekday responses were more
common than weekend responses.

The proposed LTSPMMs offer an exciting and new alternative to fitting longitudinal mixed models with missing data
that have a complex and nonmonotone structure. In the work presented here, model regression coefficients varied com-
pared to MAR mixed models. This was true for both models having NA and PA as the outcome. The simulated LTSPMMs
outperformed the MAR model in terms of bias and coverage rates for the true model coefficients for gender and the latent
trait 𝜃i. This was especially true for the estimated regression coefficient of gender across models when correlation was
induced between gender and the latent trait variable (𝜃i). This difference was quite striking and supports the use of the
LTSPMMs for intermittent data structures.

Even though the two-parameter LTSPMM took more time to fit and converge, it outperformed the one-parameter
LTSPMM in terms of bias and standard error of the estimated regression coefficient of the latent trait when a simulation
study was performed based on these EMA data. It may be that the two-parameter LTSPMM was more appropriate for the
EMA data used in this work. Thus, the full use of the two proposed LTSPMMs should depend on situations that warrant
specifying unique discrimination parameters or not.

6 DISCUSSION

The LTSPMM presented in this work offers a novel way to analyze and estimate EMA data containing intermittent missing
data. Although there are other ways to model the missing prompt data,30-32 we believe that the LTSPMM provides a suitable
method due to the random nature of the prompts. The models showed that the latent trait or the ability to respond to the
prompting device had an influence on model outcomes. For both mood outcomes, patients with better moods (higher
PA or lower NA) responded more often than subjects with lower moods. The estimated latent trait effect was significant
(p< 0.05) in both the one- and two-parameter LTSPMMs presented here.

Although the results of the proposed LTSPMMs were promising, the models were not trivial to fit due the large number
of parameters. All of the joint models needed at least 3 hours of computer time to converge using SAS PROC NLMIXED.
In some cases, the two-parameter LTSPMM needed 8 hours of computing time. The full use and acceptance of LTSPMMs
will need these convergence issues resolved. Model solutions including regression coefficients and variance parameters
should be verified as well; all estimates should be checked that they occur at the true maximum values and not at local
maximums. Model optimization techniques such as the expectation-maximization algorithm33 or multiple imputation17

can be used to verify the LTSPMM solutions.
The models presented here are fit to continuous outcomes. Conceptually, the LTSPMM can also be fit to ordinal or

nominal outcomes. Future work will investigate the LTSPMM fit to EMA data using a categorical outcome. This idea is
similar to IRTee modeling34,35 in which IRT models are combined with missingness models by estimating two latent traits:
one for the categorical outcome and another for the missingness process in a joint model. Again, by using missingness as a
regressor in the outcome model, our shared-parameter approach allows one to investigate whether missingness interacts
with other model variables in the outcome model, whereas a joint model only allows an association between missingness
and the outcome.

There are certain limitations of our approach. In our IRT model of missingness, the item parameters were treated as
fixed. This is the common original approach in psychometrics; however, it is also possible to allow the item parameters to
be treated as random.23 Given that the current LTSPMMs were time-consuming to estimate, allowing the item parameters
to be random might require other methods of estimation, rather than the full-likelihood approach used by SAS PROC
NLMIXED. Also, the proposed LTSPMMs assume that the data are independent given the random effects (ie, conditional
independence assumption); however, it may be that the errors are autocorrelated. Again, this is a limitation with SAS
PROC NLMIXED that allows random effects but not autocorrelated errors. Recently, Harring and Blozis36 have shown
how autocorrelated errors can be estimated by this procedure, but their approach is limited to complete data across time
and not as many within-subject observations as is obtained in EMA studies. In some cases, dependency is accommodated
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by using a lagged dependent variable as a predictor. However, in models with random subject effects, previous sources
have reported that this approach creates bias in terms of the other regression coefficients.37,38 Thus, though improvements
could be made with future research, we feel that our approach represents an improvement over current approaches to
analyzing EMA data, which largely ignores the missing data. To facilitate the use of our approach, we provide NLMIXED
code in Appendix A. The hope is that the proposed LTSPMMs will be a valuable tool that should be considered when
analyzing EMA data with missing prompts in the near future.
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APPENDIX A

The one-parameter and two-parameter LTSPMM fit using SAS PROC NLMIXED for the bivariate outcomes NA and PA
are presented here. As explained in this paper, these models estimate the longitudinal mixed model for the outcome, the
latent traits for each subject, and item difficulty and discrimination parameters. Initial starting values for the NLMIXED
runs are provided from running estimated latent traits for each subject into a mixed model.

A.1 SAS code: one-parameter LTSPMM
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A.2 SAS code: two-parameter LTSPMM
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