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The canonical selection contracting programme takes the agent's participation decision as 
deterministic and finds the optimal contract, typically satisfying this constraint for the worst 
type. Upon weakening this assumption of known reservation values by introducing independent 
randomness into the agents' outside options, we find that some of the received wisdom from 
mechanism design and nonlinear pricing is not robust and the richer model which allows for 
stochastic participation affords a more general empirical specification. We develop a multi- 
dimensional methodology for addressing this class of problems, providing two important 
applications to nonlinear pricing. First, with nonlinear pricing by a monopolist the familiar "no- 
distortion-at-the-top" result persists, but in tandem with the surprising conclusion that there 
is either no distortion at the bottom or bunching. Second, in a simple model of product 
differentiated duopolists competing with nonlinear pricing we show that, generally, the 
duopoly outcome is qualitatively similar to the monopoly outcome. However, when marginal 
costs are symmetric and competition is sufficiently intense, distortions disappear and the equi- 
librium outcome takes a remarkably simple form: efficient quality allocations with cost-plus-fee 
pricing. 

1. INTRODUCTION 

The canonical model of optimal contracting by a principal facing an agent possessing 
private information1 makes several simplifying assumptions. First, the private information 
of the agent is assumed to be one-dimensional, satisfying a single-crossing property with 
respect to a contractual variable under the control of the principal. Second, the agent's 
participation decision is modelled as a minimal type-independent level of utility that the 
agent can obtain if he rejects the offer made by the principal. The effect of these two 
assumptions is remarkable. The incentive compatibility constraints of the agent can be 
described by a simple differential equation, with an initial condition given by the parti- 
cipation constraint. From this it follows that the optimal contract exhibits no-distortion 
for the "best" type agent and downward distortions for all other types. If the agent's type 
distribution satisfies a common monotone hazard rate property one can also establish the 
optimality of full separation of types. 

1. This model was introduced by Mirrlees (1971) and later extended and applied to various contexts, 
notably by Mussa and Rosen (1978), Baron and Myerson (1982) and Maskin and Riley (1984) among 
others. 
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Various contributions to the screening literature have explored weakening these two 
assumptions either by incorporating multi-dimensional types with a corresponding notion 
of generalized single-crossing2 or by introducing type-dependent participation con- 
straints.3 In both variations, the simple results of the standard model disappear except that 
typically there is no distortion on at least one boundary of the type space. This suggests 
that we should exercise care in choosing our modelling assumptions if we wish to make 
more specific claims regarding pricing or allocative efficiency. Unfortunately, even if such 
a judicious choice of assumptions can be made, the literature on multi-dimensional 
screening models has demonstrated that in all but the most symmetric and special situa- 
tions, it is very difficult to obtain closed-form solutions or even a set of loose predictions. 
The problem arises because, absent a one-dimensional model with a participation con- 
straint which binds for only the lowest type agent, the optimal contract cannot be deter- 
mined by solving a recursive programme, as for example in the canonical model of Mussa 
and Rosen (1978). Typically then, we need to rely on numerical simulations with (hopefully) 
well-chosen parameter values in order to obtain insights. We find this particularly troubling 
because in a common setting of screening contracts that of nonlinear pricing an 
empirically reasonable model of consumer preferences arguably requires at least two 
dimensions of type uncertainty and a more general modelling of the participation decision. 

The fundamental contribution of this paper is to present and solve a rich class of two- 
dimensional type preferences in which participation is less than perfectly elastic.4 Because 
of a simple (and we think very reasonable) restriction on the contract space, we are able to 
make a specific set of predictions regarding the nature of optimal contracts for this class. 
We also find that the methodology which we develop for dealing with the monopoly 
pricing problem is easily extended to the problem of nonlinear pricing by duopolists, 
allowing us to make rather strong predictions regarding the nature of duopoly pricing 
when markets are covered. 

Recall the well-known model of Mussa and Rosen (1978), hereafter referred to as 
simply MR. In their setting, the monopolist offers to sell a single good at various levels of 
quality and price; these offers can be represented as a nonlinear pricing function, P(q), 
which gives the price schedule for the various offered qualities, q. While precisely speaking 
it is inaccurate to label this variable-quality setting as "nonlinear pricing" per se, it is 
mathematically equivalent to models in which q is interpreted as quantity and the phrase is 
appropriate; we will use the phrase "nonlinear pricing" throughout this paper in the 
broader sense of variable pricing over the characteristics of the final consumption bundle. 
The consumer's preference (specifically, the consumer's marginal rate of substitution) of 
quality for money is assumed one-dimensional and denoted by t, with associated gross 
utility tq - P(q); the consumer's reservation utility is assumed to be independent of type. 
Under these conditions, Mussa and Rosen show that the optimal contract induces all but 
the highest consumer type to choose inefficiently low qualities.5 This simple model has 

2. McAfee and McMillan (1988) present the conditions of generalized single-crossing. Other contributions 
on multidimensional screening contracts include Rochet (1984), Laffont, Maskin and Rochet (1987), Lewis and 
Sappington (1988), Wilson (1993), Armstrong (1996), and Rochet and Chon6 (1998). 

3. See, for example, Lewis and Sappington (1989), Maggi and Rodriguez-Clare (1995) and Jullien (2000). 
4. As will be demonstrated, the fraction of participating consumers lies between 0 and 1 under the profit- 

maximizing price schedule. This is the sense in which we use the term "random participation" in the title. 
5. In Maskin and Riley (1984), the contractible variable is quantity rather than quality, but this has no 

effect on the reported results. We could equally well model q in this paper as quantity rather than quality if we 
introduced a diminishing marginal utility of q into the consumer's preferences and required (in our oligopoly 
context) that a consumer purchase from at most one firm in equilibrium. Indeed, instead of letting u = tq - P(q) 
and costs be given by C(q) q , we could alternatively choose u = tq q2 - P(q) and C(q) = cq. After shifting 
the support of t by c, the mathematics are precisely the same. 
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since been used extensively by applied theorists studying regulation, auctions, and labour 
contracts, to name a few prominent areas of research. 

One primary motivation for developing a broader nonlinear pricing methodology is 
empirical: the need to extend the canonical model to a richer set of two-dimensional 
preferences is an empirical necessity in the context of nonlinear pricing. As an illustration, 
consider what an econometrician would find when estimating the price elasticities of 
demand for the consumers depicted in Mussa and Rosen's model. Most strange, she would 
observe that if the firm increases its pricing schedule by a small amount (i.e. P(q) is shifted 
upward by a small constant), then the units sold at every quality level except the lowest 
would remain unchanged. This is because a shift in P(q) has no effect on any of the 
incentive compatibility conditions since the shift occurs on both sides of the constraints. 
Moreover, the participation constraint is active only for the lowest type of consumer who 
is purchasing, and it is irrelevant for all higher types. 

As we will see, introducing uncertainty over the participation constraint restores the 
possibility of smooth demand effects for all consumers. To this end, we extend the MR 
setting by modelling the participation constraint as a random variable, x, which is also 
private information to the consumer. Hence, a consumer of type (x, t), has preferences 
over q and money given by tq - P(q) as before, but importantly this consumer purchases if 
and only if maxq {tq - P(q)} > x. Now, following a general price increase of 8, each 
consumer's indirect utility of purchasing from the firm falls by 3, which reduces the market 
share at the low-quality end of the market more greatly than at the high-quality end of the 
market.6 This is illustrated in Figure 1. All points of demand, however, are affected. 
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FIGURE 1 
Changes in market share from a uniform price increase. The shaded region represents the set of parameter 
values (x, t) for which purchasing occurs. As shown, a uniform increase in P(q) changes the proportions of 

each t-type purchasing 

6. To be more precise, the high end market share is affected less than the low end following a uniform 
increase in prices whenever the distribution of x is log-concave. 
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So far, we have motivated our approach by focusing on monopoly models of 
nonlinear pricing without addressing the issues of imperfect competition. As the 
previous discussion suggests, however, this is easily incorporated into this framework by 
taking the distribution of the outside options to be brand specific, xj, letting j index the 
different firms. Indirect utilities can be associated with a particular firm's product 
offerings, uj(t) = maxqj tqj - Pj(qj), so we can model a consumer of type (t, XI, ... , XN) 

consuming brand j if uj(t) - xj _ max {0, maxk Uk(t) - Xkl which is endogenously deter- 
mined by rival firms' price-quality offerings. As we will suggest below, this framework 
for modelling oligopoly markets is quite general; we only need posit some distribution 
of horizontal preferences.7 What is fundamental is that our proposed model affords 
both a vertical preference parameter along the lines of Mussa and Rosen (1978) while 
also incorporating a measure of imperfect competition by allowing for distinct hor- 
izontal preferences.8 In this regard, the analysis builds upon the nonlinear pricing work 
of Stole (1995) which considered oligopoly models of vertical and horizontal preference 
uncertainty in isolation. 

We are struck by the fact that, in this instance, econometric practice is ahead of the 
theoretical literature. It has long been an accepted practice when estimating consumer 
demands in discrete-choice, multiproduct environments to include an additive dis- 
turbance to capture consumer heterogeneity in choice. A common formulation for 
denoting the utility of consumer i from consuming a product of quality qk of firm/brand 
k is 

Uik = aqk--- Pk + 4i + Eik, 

where 4j captures a fixed effect specific to consumer i and sik has a zero mean. The 
consumer optimizes by choosing the k with the highest associated utility, leading to easily 
computable derived demands. As is now well known, such a specification can generate 
rather strange empirical implications. Berry, Levinsohn and Pakes (1995), for example, 
note that the cross-price elasticities are identified by observed market shares, resulting in 
such absurd results as Yugos and Mercedes automobiles having a similar cross-price 
elasticity as that of BMWs and Mercedes because BMWs and Yugos have similar market 
shares. To address this problem, random coefficients are typically introduced, modifying 
the previous formulation by introducing a cross term, viqk: 

Uik = aqk - Pk + 4i + viqk + Eik- 
This resulting preference characterization allows the data an additional degree of freedom, 
disconnecting cross-price elasticities from a fixed relationship with relative market shares. 
What is noteworthy about this formulation is that by redefining t = (al + vj)l/f as con- 

7. Such a framework, for example, has been usefully employed recently by Laffont et al. (1998a, 1998b) 
and Dessein (2000) for studying competition between telecommunications networks. In Dessein (2000), which is 
closest to the present analysis, both horizontal differentiation between firms and vertical variation over consumer 
valuation for quality are combined much as in the present analysis. Ivaldi and Martimort (1994) model 
competition between two firms with heterogenous products using a two-dimensional type model, but their setting 
ultimately aggregates to a one-dimensional model. Finally, in a recent theoretical and empirical paper by 
Verboven (1999), a similar setting as the present paper with horizontal and vertical heterogeneity is explored, but 
the vertical types are limited to two, and the corresponding quality levels are fixed a priori and not endogenous. 

8. This modelling of competition is in the spirit of some recent empirical work on price discrimination. 
Leslie (1999), for example, in his study of Broadway theatre ticket pricing finds it useful to incorporate 
heterogenous valuations of outside alternatives to capture the presence of competing firms while maintaining a 
distinct form of vertical heterogeneity (in this case, income) to capture variation in preferences over quality. 
Because Leslie (1999) takes the quality of theatre seats as fixed, he does not solve for the optimal quality-price 
schedule. Similarly, Ginsburgh and Weber (1996) use a Hotelling-type model to study price discrimination in the 
European car market, Ivaldi and Martimort (1994) study the market for electricity, and Verboven (1999) studies 
the automobile engines market. 
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sumer i's preference for quality and redefining xk = (4j + 8sk)/ti as consumer i's outside 
reservation utility relative to brand k, we have precisely our proposed two-dimensional 
representation of preferences: i.e. up to a multiplicative rescaling, U(t,Xk) = tqk -Pk - Xk. 

Our approach, therefore, has the advantage of allowing substantially greater freedom in 
the consumer's preferences so as to fit empirical distributions of prices and consumption 
better than the benchmark model. The fact that some rather strong conclusions can still be 
made about the optimal contract in this more general environment is therefore quite 
significant. Moreover, because we are optimizing over both prices and qualities, we have 
generated additional implications about the nature of profit-maximizing product designs 
and allocations. 

In Section 2, we present the general class of two-dimensional preferences with which 
we are interested and the basic programme of a profit-maximizing firm. In Section 3, we 
begin an analysis of this programme with the simpler case in which t can take on only two 
values: t E {t1, t2}. Although some aspects of the two-type case lack robustness, a con- 
siderable amount of economic intuition can be learned about monopoly and duopoly 
nonlinear pricing in this setting. We then proceed in Section 4 to the case in which t is 
continuously distributed on [t1, t2] which may be a better approximation to the real world. 
Here, some of our results for the two-type case reappear in full generality. In the case of 
monopoly, we demonstrate that the optimal quality allocation is downward-distorted and 
bounded below by the Mussa-Rosen allocation. In the case of duopoly, we show that 
under an economically interesting set of assumptions-providing that the market is 
covered and that firms are symmetric in terms of costs and quality valuations-equili- 
brium nonlinear price schedules are cost-plus-fixed-fee, and hence all allocations are 
efficient. When these assumptions are not satisfied, we alternatively find that the resulting 
nonlinear price schedules nonetheless lie between the case of perfect competition and 
monopoly. 

In Section 5, we take the opportunity to suggest the applicability of our analysis to 
more general problems in economics, beyond the stylized framework of nonlinear pricing. 

2. INCORPORATING RANDOM PARTICIPATION 

The model we examine is one of standard nonlinear pricing but with random participation 
decisions. In part for tractability and in part to facilitate comparison, we adopt the linear 
framework of Mussa and Rosen (1978) and append to the consumer preferences an 
additive, random component. Like in Mussa and Rosen, a customer with privately known 
type t E T obtains gross utility tq - p from consuming a unit of output with quality q at a 
price p. Net utility v (or gain from trade) is obtained by subtracting an outside opportunity 
cost x. It is therefore equal to 

V = tq -p - x. 

Importantly for our purposes, the outside opportunity cost is separable from quality in 
this preference formulation.9 The consumer's type t is one-dimensional, but the type space 
T may be either discrete or continuous. The cost to the firm of producing quality q is 

9. We have thus assumed that only q can directly screen on the vertical preference component: 
a2v/aqat > 0, while a2v/aqax = 0. This is restrictive. One can easily imagine (as in Spulber (1989) and Stole 
(1995)) that the less brand-sensitive a consumer, the lower the consumer's marginal valuation of quality. Here, we 
are only allowing brand preferences to affect consumers by shifting utility by a fixed constant, independent of q. 
Thus, the relative value that a consumer obtains from purchasing a Peugeot instead of a Chevrolet is independent 
of whether the automobiles are basic models or laden with extra features. While we find this somewhat restrictive 
and less than ideal, in many consumer markets the amount that brand sensitivity affects preferences for quality 
seems to be of a second order compared to the effect of q on the marginal willingness to pay for the product. 
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C(q) = I q2, and the principal's profit margin (per-unit profit conditional on the agent 
purchasing) is given by 

7 = p - C(q). 
Joint surplus from trade is given by 

S(q, t)-tq-2I q2 _ x. 

Note that the full-information first-best allocation that maximizes S(q, t) is simply10 
qff(t) = t. 

Our main departure from the standard nonlinear pricing environment is our 
assumption regarding the distribution of x. Typically, it is assumed that x = U is a fixed, 
exogenous parameter representing the agent's outside option.1" In this case, the prob- 
ability that an agent of type t E T purchases from the firm is simply the density12 of type t, 
say f(t), providing that u(t) > U. In the present setting, we consider a more general dis- 
tribution of x which includes the standard setting as a special case. Specifically, we denote 
the probability that a consumer of type t with associated indirect utility, u = 
maxq tq - P(q), purchases from the firm is given by a smooth market-share function 
M(u, t). 

M(u, t) = Prob [(x, t)Ix < u]. 
Note that this formulation includes the possibility that x and t are correlated, although 
many of our results will assume independence. In what follows, it will be useful to define 
the inverse hazard rate of M (over u): 

H(,t _M(u, t) 
H(u, t)-1W4r,Mu(U )) 

Throughout the analysis we will require that H(u, t) is nondecreasing in u. 
We restrict attention to non-random nonlinear pricing schedules in the general form 

of P(q). Because a consumer of type t has preferences over the available price-quality 
allocations which are independent of x conditional on purchasing from the firm, it is 
without loss of generality to consider direct revelation mechanisms of the form 
{p(t), q(t)}tET in the analysis which follows. More precisely, we consider direct revelation 
mechanisms, taking the consumer's decision to purchase from the firm as given. For any 
given mechanism offered by a firm, we define the indirect utility of an agent who truthfully 
reports his type as u(t) and use this to determine the consumer's choice of whether to 
purchase anything from the firm at all.13 As such, we model the consumer's choice of 

10. The quadratic cost specification is not very restrictive. Indeed, if C is any strictly convex cost function, 
qfr is characterized by C'(qfr) = t. Since the measurement units of consumers' types and products qualities are 
not intrinsic, they can be redefined in such a way that costs are quadratic and the first-best allocation is the 
identity. 

11. Che and Gale (2000) consider an auction environment in which potential consumers have random 
income as well as marginal valuations. In their framework, the consumer can only purchase at a price that does 
not exceed his wealth level. Although similar in spirit with the present paper, all consumer types participate in the 
random income setting, so participation is not endogenous. The impact of the random financial constraint is to 
append a corner condition to the consumer's standard first-order purchasing condition rather than to affect 
participation as in the current setting. 

12. Strictly speaking, the term density is only appropriate when t is continuously distributed. In the discrete 
model of this section, f(t) is just the (unconditional) probability of t. 

13. This is of course in the spirit of the large literature of discrete choice theory; see Anderson, et al. (1992) 
for thorough survey. More directly related is Bliss (1988), who considers the use of an indirect utility function to 
model consumer choice among retail stores offering a variety of products and prices. Armstrong and Vickers 
(2001) follow up this analysis applying the methodology to competitive models of second- and third-degree price 
discrimination, which we discuss in more detail in Section 4. 
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purchasing from the firm as an indirect mechanism; no report of x is actually made. This is 
all without loss of generality given our restriction to non-random price schedules. 

The restriction to non-random price schedules comes possibly at a slight cost: in 
general, a firm may benefit by asking its potential customers to announce their private 
information (x, t), followed by a lottery which determines whether or not the customer 
consumes the product, and if so, the quality of the product. By randomizing over the 
probability of consumption, the firm may be able to sort over x as well as t. Unfortunately, 
when utilizing these two instruments in tandem, a closed-form solution is not generally 
available and the analysis is considerably more complex.14 More importantly, random 
contracts are seldom used in practice. In fact, there are at least two theoretical ration- 
alizations for deterministic contracts which are persuasive and worth noting. First, if we 
assume that any consumer has the option to anonymously return to a firm to make 
another purchase (presumably, because the first supply realization was unfavourable), 
then there is no value to utilizing random contracts because the consumer's purchasing 
decision is stationary.15 Second, if one literally interprets the horizontal uncertainty 
component as a transportation cost which must be sunk before making a selection from a 
firm's offerings, there is again no value to randomization. For our purposes, we will 
content ourselves with the view that random contracts are not feasible and leave the 
precise reason open. 

Because all types of agent with outside options less than u(t) will participate in this 
mechanism, the unconditional probability of a participating agent of type t is M(u(t), t). 
The firm's programme is to maximize 

M(u(t), t)[S(q(t), t)- u(t)]dt, 

subject to the incentive compatibility of {u(t), q(t)}ltT. The solution of this programme 
depends upon the underlying structure of T and the underlying joint distribution of (x, t) 
(which in turn may depend upon the equilibrium market structure under oligopoly). We 
provide a detailed analysis of this programme for two settings: the discrete case of 
T= {tl, t2} (Section 3) and the continuous case of T = [tl, t2] (Section 4). In each setting, 
we consider the possibilities of monopoly and duopoly. 

14. See Rochet's (1984) extension of Baron and Myerson (1982) to the case of regulating a monopolist with 
private information over fixed and marginal costs for an early work on this problem. 

15. To see this, consider the general class of nonlinear price schedules, P(Q), defined over lotteries of 
quality, 0(q). Fix the consumer of type profile (x, t) and some lottery choice 0. Then the consumer's indirect utility 
is given by 

u(x, t) = J 0(q) max {tq - x, u(x, t)}dq -P(, 
Q 

where the second argument of the maximum in the integrand represents the consumer optimally exercising the 
option to return to the store for another purchase following an unfavourable realization of 0. Note that we have 
assumed the "cost" of x is born only upon consumption of the good and not at each time a lottery is purchased. 
Denote QO as the subset of qualities in which the consumer is content and chooses not to return to the firm. Then 
we have 

U(x, t)= tqq5(q)dq - P()x. 
fo q5(q)dq- 

Hence, there is no ability to sort over x using a lottery over q. Given that the consumer's preferences are linear in 
quality and costs are convex, any lottery is suboptimal from the firm's viewpoint. 
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3. A SIMPLE MODEL WITH TWO VERTICAL TYPES 

In this section, we assume that t E {t,, t2}, t2 > t1, using subscripts i = 1, 2 to identify these 
types. In the two-type setting, we will represent a price-quality schedule as a menu, 
{(P2, q2), (pi, qi)}; such a menu is incentive compatible if and only if for the qualities, qj, 
and associated gross utilities, ui tiqi- pi, i = 1, 2, 

q2At ?u2-ul ?qlAt, (1) 

where At-t2 - tl. The first inequality is the upward incentive compatibility (UIC) con- 
straint, which requires that the low-type consumer does not prefer to choose the high- 
type's allocation; the second inequality is the downward incentive compatibility (DIC) 
constraint and requires that the high-type does not choose the low-type's allocation. 

It will be convenient to refer to the profit margins, 7ri, on each product. By definition: 

7ij p - QC(qj) S(qi, ti) - ui. (2) 

The incentive compatibility constraints (1) are equivalent to the following conditions on 
these margins: 

ASS-q2At _ 7r2- r1?AS-q, At, (3) 

where AS _ S(q2, t2) - S(ql, t1). 
In the deterministic participation model (i.e. x = 0), the market structure determines, 

in a somewhat extreme fashion, which of these constraints bind. More specifically, in the 
Mussa-Rosen monopoly case (MR), the downward incentive constraint is always the 
unique binding constraint, whereas in the oligopoly case (i.e. Bertrand competition), profit 
margins are zero, quality is efficiently provided, and therefore neither IC constraint ever 
binds. We are now going to see that the random participation model lies between these 
extremes. We start by examining the monopoly situation. 

3.1. Monopoly nonlinear pricing 

If types t1 and t2 were observable, the monopolist would independently choose {ql, u1 } and 
{q2, U2} to maximize its profit on each market: i.e. to maximize 

Bi(qi, ui) _ M(ui, ti)(S(qi, ti) - ui). 

Clearly, chosen qualities would be efficient, qi = arg maxq S(q, ti) = ti, total surpluses 
would be S(qi, ti) = 2 t2, and optimal profit margins would be given (implicitly) by the 
classical monopoly pricing formula:16 

1M A(Ui, t1) hi = - - M (, ii) = H(ui, ti). 

Since types are not observable, however, the monopoly has to take into account the IC 
constraints in (1) when maximizing its expected profit: B = B1(ql, ul) + B2(q2, U2). 

Which incentive constraints (if any) are binding is determined by whether one type 
prefers to consume the other's allocation when vertical information is known and hori- 

16. If we let M(tiqi- i, ti) represent the demand by type t1 for quality qi at pricepi with the notation Di(pi), 
then the classical monopoly formula (i.e. MR = MC) is pi + Dj(p)/D '(pj) = C(q). In our notation, marginal 
revenue is equivalently represented by pi - H(u1, ti) and our formula follows after substitution for 7ri. 
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zontal information is private information. As a consequence, the nature of incentive 
compatibility will depend upon the -shape of the horizontal distribution of locations. If the 
distribution generates sufficiently greater rents for the lower (higher) types, t1 (t2), then 
DIC (UIC) is more likely to bind. To be precise, the incentive-constrained programme 
gives rise to four possibilities, corresponding to the various possible sets of binding 
incentive constraints: both DIC and UIC bind (i.e. pooling), only DIC binds, only UIC 
binds, and neither constraint binds. The first case of pooling can be eliminated by noting 
that both constraints binding imply q2 > qb > qlb > q; hence, it cannot be that q2 = q7 2 > = qI ec,i antb htq = i 
The case in which only the upward incentive constraint is binding can also be eliminated 
given our assumption about the monotonicity of H(u, t) over u, providing that we make an 
additional assumption that H is also nondecreasing in t. 

Lemma 1. If classical monopoly margins increase with type ti (for which it is sufficient 
that H be nondecreasing in t) then the upward constraint is always slack. 

Proof. Because prices are optimal given qualities, qi and q2, monopoly margins are 
implicitly defined by: 

7ri = H(uj, ti) = H(4 ti - _7i, ti). 

Suppose that the UIC constraint binds. That is 
A7r = AS-q2At, 

where Ai= - Trl. Necessary conditions for such a constrained optimum require 
q, = ti and q2 _ t2. Over the set of all q2 _ t2, the right-hand side of the binding UIC 
constraint is maximized at q2 = t2 with a value of - 1 (A t)2, hence 

A7r=AS-q2At? - (/t)2 <0. 

If H(u, t) is nondecreasing in u and t (and by (1), u2 > ul), then A7r > 0, a contradiction. 
The lemma is proved. 11 

The assumption that profit margins increase with quality seems reasonable in several 
contexts (e.g. cars, computers, etc.), but one could imagine situations where the reverse is 
true. In such a case, it is possible that the upward incentive constraint is binding, and 
hence excessive provision of quality will emerge in equilibrium. For example, if there 
is perfect correlation between x and t, then we are in a principal-agent setting with 
one-dimensional type-dependent participation constraints; as has been shown by Lewis 
and Sappington (1989), Maggi and Rodriguez-Clare (1995) and Jullien (2000), upward 
distortions can arise. 

Coming back to our context, we have thus established that, because only the 
downward incentive constraint is relevant, the optimal allocation always satisfies q2 = q2fb 
and ql < qf{. To say more about the equilibrium quality allocations, additional assump- 
tions are useful. In particular, we assume for the remainder of this paper that t and x are 
independently distributed with t having the probability distribution f(t) and x having a 
log-concave cumulative distribution of G(x) on [0, +oo), with density g(x) satisfying 
limx,+, xg(x) = 0. In the context of monopoly,18 this implies that 

M(u, t) = G(u)f(t), 

17. This result also identifies a severe limitation of the two-type model. 
18. As we will see, this is not the case for duopoly in general as the outside option depends upon the indirect 

utility generated by the other firm's price schedule. 
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which further implies that H is independent of t: 

H(u) = G(u) 

Let us introduce an auxiliary function for the profit margin at S: 

7r(S) _ argmax :rM(S -7r, t). (4) 

7r(S) represents the unit profit extracted by the monopolist when the total surplus from 
trade is S (ignoring incentive compatibility issues). Notice that log concavity of G (and 
hence M) implies that 7r(S) is uniquely defined by the first-order condition of (4): 

7r(S) = H(S - 7r(S)). (5) 

Because H(u) is monotonic, so is 7r(S), which implies that the upper incentive constraint 
never binds; this is a particular case of Lemma 1. 

In order to characterize further the cases in which the downward constraint binds, we 
find it convenient to assume that H is convex in u. This additional assumption is equivalent 
to the property that the (relative) share of surplus extracted by the monopolist, namely 
7r(S)/S, does not decrease with S.19 Under this assumption, the monopoly solution can be 
completely characterized. Indeed, the following proposition establishes that the DIC binds 
and q2 is distorted downward when the total gains from trade are large relative to the 
consumers' heterogeneity. On the contrary, if the surplus is small (or the consumers' 
heterogeneity over T is large) we obtain the surprising result that the monopoly solution 
involves no quality distortion (i.e. the allocation is identical to the complete information 
solution). In order to see this, let us introduce some new notation: 

* y t2/t1, which is a (relative) measure of consumers' vertical type heterogeneity; 
* S, = i t2, which measures the gains from trade for t1 at the (first-best) efficient 

level; note that for a given y, an increase in S, proportionally increases 
S2 = 1 t2 = y2S1, so S, also measures the gains from trade for t2. 

Proposition 1. If H is convex, the monopoly solution has two regimes: 

* For y > 1 + 2H'(O) and S, small enough (specifically, S, _ S *(y)), qualities are not 
distorted. 

* In all other cases, the low quality is distorted downward. 

19. To see this, note that 7r(S) = H(S - r(S)) is equivalent to S =7r(s + H-(r(S)). Since the left-hand 
side is linear in S, 7r is convex iff H is convex. This is also equivalent to the property that the mark-up (defined as 
unit profit divided by price) increases with quality (ignoring incentive compatibility issues). Again, this property 
seems plausible for the type of markets we have in mind (e.g. cars, computers, etc.) but its validity is ultimately an 
empirical question. 
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Proof. For the parameters of (y, SI) in which DIC is slack, necessary conditions for 
optimality require qi = ti and hence S(qI, t1) = SI and S(q2, t2) = Y2S1. Thus, DIC 
slackness is equivalent to 

7(y2 SI)-_7(SI) <(y-1)2, (6) 
Si 

When H is strictly convex, so is 7r (see footnote 19) and the left-hand side of (6) is an 
increasing function of S1. Hence, there exists a function S *(y) such that DIC binds for all 
SI > S*(y). When SI tends to zero, the left-hand side of (6) converges to 7r'(0)(y2 - 1). 
Differentiating (5) at S = 0 we obtain 

7r'(0) = H'(0)(1 - '(0)), 

or 

H'(O) 7r 

'(j 1 ?H'(O)' 

Therefore the DIC constraint is satisfied for SI close to 0 if and only if 

H'(O) (y2 -1) < (y_ 1)2, 

which is equivalent to y > 1 + 2H'(0). Hence, S*(y) > 0 for y > 1 + 2H'(0). 11 

Let us now add another dimension to our comparative statics analysis by introducing 
a scale parameter for the horizontal consumer heterogeneity: a > 0. We assume from now 
on that the reservation utility of the consumer is ax, where x is, as before, a random 
variable drawn from the c.d.f. G. The introduction of a allows us to encompass both the 
previous case (a = 1) and the Mussa-Rosen framework (a = 0), among others. The profit 
function now becomes 

B(q, u, t, or) = tq- q2 _u) G u- 

By the envelope theorem, we know that profit will always be decreasing in a.20 Because of 
our linear-quadratic preferences, this function satisfies the following homogeneity prop- 
erty: 

B(q, u, t, a) = aB ( u t 

Therefore, a simple adaptation of Proposition 1 allows us to study the influence of a in the 
monopoly setting. 

Proposition 1'. If H is convex and y > 1 + 2H'(0), then the monopoly solution involves 
no quality distortion if or > SI/S *(y). 

20. The result that profits are decreasing in a must be interpreted carefully, as a has both a mean effect as 
well as a dispersion effect. 
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Proof. By the homogeneity property, the condition for no distortion from Propo- 
sition 1 becomes 

1 ( ti )2< S*((t2/N)At1/VT). 

After simplification we obtain 

S*(y) 11 

As an illustration of Propositions 1 and 1', consider the case in which G is an 
exponential distribution as depicted in Figure 2. In this case, 1 + 2H'(0) = 3. For greater 
(vertical) heterogeneity than y = 3, large a and/or low gains from trade, efficient quality 
allocation emerges.21 

S,/a 

~~~~~~~~S*('Y) 
0 14 

0 12 

0-10 Downward distortion 
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FIGURE 2 
The monopoly solution with a discrete 2-type distribution of t and an exponential distribution of x: 

G(u) = 1 - e-u 

Compared to the MR setting, we have already one clear distinction: there exists a 
range of parameters for which qualities are not distorted. Intuitively, when the hetero- 
geneity over x is sufficiently high, the monopolist finds it is more effective to set quality 
efficiently, thereby increasing market penetration, than to distort quality and extract higher 
rents from high type customers, thereby lowering the high type's market participation. 

A natural second line of inquiry is to compare the magnitude of the classic MR 
distortion with the distortion (when it occurs) in the random-participation model. 
Whenever the downward-local incentive condition is binding (i.e. there is a distortion), the 
firm's first-order conditions can be simplified to 

Sq(qi, tl) = At \f(t2) G(U2) 1 _ g(u2) [S(q2, t2) - U2y 

21. Readers familiar with the two-type version of Mussa-Rosen's model may wonder about the optimality 
of offering two different qualities when y is sufficiently large. In the MR setting where t is uniformly distributed, 
for example, the monopolist will not serve the t = t1 customer whenever y > 2. When x is stochastic and 
unbounded above, however, it can be shown that the firm will always offer a full product line in the efficiency 
region. 
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Comparing this to the MR model of fixed market share in which G(u) = 1 for all u, 

Sq(ql, t1) = AtQ f(t2)) 

we can see that the distortion is reduced in the presence of horizontal heterogeneity for the 
intuitive reason that leaving rents to the high type now has a benefit which is absent under 
the standard MR setting. If more rents are left to the high type, the benefit of distorting 
quality is reduced, as we see by the fact that the additional term 1 - (g(u2)/ 
G(u2))(S(q2, t2) - U2) is less than 1. This term can be interpreted as the marginal cost of 
leaving rents to the high types; it is less than unity because there is an added benefit of 
increased market share which is not present in the standard MR setting. 

It is also the case that the presence of horizontal uncertainty tilts the distribution of 
types toward weighting the high-type; this effect is present in the G(u2)/G(uj) > 1 term 
and, other things equal, increases the value of extracting rents from the high types. It is 
possible, therefore, that the absolute level of the distortion increases in the presence of 
horizontal uncertainty, but this is an artifact of our particular two-type framework and 
will be absent in the uniform, continuous-type setting analysed in Section 4.22 

3.2. Duopoly nonlinear pricing with two types 

Consider now the case of duopolists (two firms denoted "left" and "right", j = L, R) 
competing on a horizontal market segment with unit lenfgth as in Hotelling's (1929) model 
of spatial product differentiation, and suppose each firm competes by offering a nonlinear 
price schedule, Pj(qj), from which the consumer chooses a quality if the consumer decides 
to purchase a product. Denote the gross utility which the consumer obtains from firm j'as 
uj(t) maxq tq - Pj(q). By analogy to the monopoly case, we will denote by a the 
transportation cost per unit distance. The net utility of a consumer who purchases from 
firm j is thus uj(t) - axj where XL = x and XR = (1- x). Hence, the marginal customer 
(indifferent between purchasing from firm L or R) is defined by the location 

1 UL(t) - UR(t) 
2 2oa 

When the marginal consumer prefers purchasing to not purchasing, firm L's market share 
is simply the measure of consumers lying to the left of xz. When the marginal-L consumer 
prefers to buy from no one rather than from firm R, we are in a case of local monopolies 
and firm L's market share is the measure of consumers to the left of UL(t)/c. Combining 
these notions, we characterize firm L's market share as a function of UL and t, 

ML(UL, t) = G(min{ L UL - UR(t) + a f}) ) 

and define the associated inverse hazard rate as 

HL (UL t) = ML(UL t) 

22. We thank Meg Meyer for pointing out this second effect. As a numerical example, consider first t1 = 2, 
t2 = 3, G(u) = u and an uniform distribution on t: f(t1) -f(t2) - 2 Simple calculations reveal that 
qffi = 2 > q= 1.6 > qr = 1. On the other hand, if f(tl) = 0.9 and f(t2) = 0-1, the second inequality is 
reversed: q, = 1.87 <q qr = 1.89. 
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Notice that although x is distributed independently of t, t enters G through UR(t). We also 
extend our assumption of the log concavity of G to require that 1 - G is similarly log 
concave. 

The complete solution of the competitive two-type case is tedious because of the 
presence of a kinked demand curve similar to that in the original Hotelling framework. At 
prices (and associated utilities) which make the marginal customer indifferent among all 
three alternatives (firm L, firm R, and no consumption), each firm's demand curve exhibits 
a kink: higher prices generate a monopoly response while lower prices result in a com- 
petitive response. Of course, when more types are introduced, the measure of consumers 
which are present at a kink goes to zero, so this is not a concern in the continuous-type 
model of Section 4. For our present purposes, we ignore the kinked region and instead 
focus on the other more economically relevant regimes. 

For a sufficiently large (e.g. transportation costs are sufficiently high) in equilibrium 
both types of consumers will consider only options of either purchasing from the nearest 
firm or not purchasing at all. This is a case of local monopolies: UL(t) + UR(t) <a for 
t E {t1, t21. The analysis is as before: qualities are either efficient (for sufficient hetero- 
geneity among the types) or distorted downward. For a sufficiently low, on the other hand, 
both types of customers will view their second-best as consuming from the more distant 
firm in equilibrium; the option of not consuming at all is dominated. This is a case offull 
competition: UL(t) + UR(t) > a for t E {t1, t2}. Remarkably, quality allocations are set at 
their efficient levels under full competition.23 

Proposition 2. Under full competition, there exists a unique equilibrium outcome in 
whichfirms allocate the same qualities. In such an equilibrium, qualities are not distorted and 
can be implemented using cost-plus-fixed-fee prices: Pj(q) = C(q) + Fj. 

The proof is provided in the Appendix. Briefly, uniqueness within the class of sym- 
metric quality outcomes follows from applying the argument used in Lemma 1: neither 
DIC nor UIC can bind for the firms, hence if there is an equilibrium, it must arise with 
slack incentive constraints. The existence of such a symmetric equilibrium is easily 
demonstrated by construction: providing that the rival offers cost-plus-fixed-fee prices, a 
firm will find it optimal to sell efficient quality levels using cost-plus-fixed-fee pricing. The 
only asymmetry which arises within this class is potentially on the size of the fixed fees. For 
any given distribution of l'ocation, G(x), there is a unique pair of fixed fees which may 
differ in magnitude when the distribution G is not symmetric on [0, 1]. 

Under full competition, each firm offers price schedules which are cost-plus-fixed-fee: 
Pj(q) = C(q) + Fj. The fixed fees are set as by a monopolist, trading off the marginal rent 
of an additional customer against the inframarginal loss from lower fees. Fundamentally, 
the cost-plus-fixed-fee result requires that (i) the market is covered, and (ii) neither firm has 
a comparative advantage in providing utility through quality (i.e. costs and preferences for 
quality are symmetric). A similar finding has been noted by Armstrong and Vickers 
(200 1).24 The result is intuitive if one views the firms as competing in utility space which is 
the approach emphasized in the methodology of Armstrong and Vickers (2001). In this 
sense, because each firm's competitive advantage is derived from location and not quality 

23. The existence of asymmetric equilibria remains an open question. 
24. Also related in spirit, Schmidt-Mohr and Villas-Boas (1999) consider a competitive model with two- 

types in the vertical dimension and a standard Hotelling framework in the horizontal dimension. Due to their 
economic setting of adverse selection in credit markets (i.e. the competing firms are directly affected by the 
consumer's vertical type), they do not find full efficiency in equilibrium. 



ROCHET & STOLE NONLINEAR PRICING 291 

provision, there is no reason to introduce a distortion in quality. Note that symmetry in G 
is not relevant for the result as the location advantage does not interact with quality 
provision when the market is covered. As we will see in Section 4, however, any departure 
from full coverage or cost symmetry alters this result. Additionally, if we were to introduce 
correlation between location and t (or equivalently if transportation costs were correlated 
with vertical preferences, as explored in the network competition model of Dessein (2000)), 
the conclusion of this proposition would not be valid. 

The intuition behind Proposition 2 deserves some comment. Suppose that the R firm 
offers cost-plus-fee pricing. For the moment, suppose that firm L actually observes t1 and 
can contract directly on it. In this case, qualities would be chosen at their efficient levels, 
qLj= ti, and prices would be chosen to maximize profits given R's offers. This requires 
(when the market is covered) that 

IH(21- JTL,i - UR,J 
JTL,i = 2HL 2a 

Using the fact that R is offering cost-plus-fixed-fee pricing (i.e. 7rR,=2 t2 - UR,J= FR), this 
expression simplifies to 

TL,i = 2HL ( R -L,i ? a) 

The solution to this equation has the optimal profit margin for firm L independent of i 
because the right-hand side of the equation is constant across ti. Hence, we can write 
7rLj = FL. As a consequence, L's optimal pricing schedule is to offer qi = ti at a price of 
FL+ 1 t? to each type i. But even without the ability to price discriminate directly on ti, 
firm L can implement this allocation by offering a cost-plus-fixed-fee price schedule 
without observation of ti. Hence, cost-plus-fixed-fee pricing is an equilibrium and the 
equilibrium profits are precisely the same as those in the Hotelling model in which qualities 
are exogenously fixed to their efficient levels and self-selection is not an issue.25 The crucial 
ingredient in this argument is that when the market is covered, the market share function 
is independent of t at the efficient qualities. In short, each firm's demand becomes inde- 
pendent of t when the market is covered and quality is efficiently provided by competitors, 
so distortions to segment the market over t are not desirable. 

A remaining case to consider is the mixed regime in which transportation costs are 
such that in equilibrium the high-type quality market is competitive while the low-quality 
market contains two local monopolies: UL, 2 + UR, 2 > a UL, 1 + UR, 1 In this mixed setting, 
the high-type consumer still obtains efficient quality, while the low-type customer may be 
served inefficiently low quality to reduce the rents going to the high-end of the market. 
Whether or not a downward distortion emerges on the low end of the market depends (as 
in the monopoly case) on the ratio of the two type parameters and the size of transpor- 
tation costs. Rather than explore this mixed regime in the context of two-types, we defer 
such an analysis until the general model in Section 4. Figure 3 illustrates our main findings 
for the two-type duopoly, in the case of a uniform distribution of customers. 

4. A GENERAL MODEL WITH CONTINUOUS TYPES 

Although useful for building simple intuitions, the two-type specification may be mis- 
leading, since it generates some non-robust results (for example pooling is impossible in 

25. Verboven (1999) considers such a setting with exogenous qualities and shows that cost-plus-fixed-fee 
pricing emerges in a Hotelling market. 
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FIGURE 3 
The duopoly solution with a uniform distribution over {tl, t2} and a uniform distribution over x: G(x) = x. 
Note that S *( y) (represented by the dotted line) is vertical at y = 3 because G(u) is uniform and hence H is 

linear (and only weakly convex) 

a two-type model). In order to go further, we could have studied the general discrete 
specification with N types. For the sake of transparency, we study instead the continuous 
types model, which is in fact very close to the specifications used in econometric studies of 
differentiated products markets (see for example Berry et al. (1995) and the references 
therein). We start by developing a general methodology (Subsection 4.1). Then we apply it 
to the monopoly case (Subsection 4.2) and to the duopoly case (Subsection 4.3). 

4.1. Characterization of a firm's optimal strategy 

We keep the same notation as before: q(t), p(t) and u(t) are respectively the quality, price 
and utility for a consumer of type t. The only change with respect to Section 3 is that the 
type space T is now the interval [t1, t2]. 

As is standard in the literature, the following lemma characterizes the set of imple- 
mentable allocations. 

Lemma 2. A piecewise-smooth quality function, q(t) is implementable by some price 
function p(t) if and only if q(t) is nondecreasing, u(.) is absolutely continuous, and ui(t) = q(t) 
at all continuity points of q( ). 

Consider now the probability M(u(t), t) of a purchase by a consumer of type t. If the 
firm is a monopoly, a purchase will be made by type (x, t) iff u(t) > ax, i.e. with conditional 
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probability G(u(t)/a). The unconditional measure of consumers of type t who participate 
is thus: 

M(u(t), t) = G ( ))f(t) 

If instead the firm is the "left" duopolist in a Hotelling model, we have a more 
complicated formula: 

M(u(t) t) = G (in u(t) 1 + u(t) - UR(t) (t) M(u(t), t) = ~mi 1 
2, 2a J 

where UR(t) represents the utility provided by the "right" duopolist to a consumer of type t 
(see Section 4.2). 

In spite of the different forms of these probabilities M(u(t), t), the methodology we are 
going to develop will apply to both cases. Let us now turn to this methodology. 

Given that the unconditional probability of an agent of type t who also purchases is 
M(u(t), t), the firm's programme is to maximize 

rt2 

J M(u(t), t)[S(q(t), t) - u(t)]dt, 
ti 

subject to ui(t) = q(t) and 4(t) ' 0 for all t.26 
This programme seems simple enough, but unlike the standard paradigm with certain 

participation constraints, it is not easily solved. First, it is nonlinear in u(t), which prevents 
us from integrating the objective function by parts and incorporating the agent's incentive 
compatibility condition into the programme directly; and because u and q are nonsepar- 
able in the objective function, unlike the problem of Mussa and Rosen, this programme is 
inherently non-recursive. Second, as we will demonstrate below, even with strong 
restrictions on G, pooling will typically emerge in optimal pricing schedules whenever the 
ratio t2/ti is sufficiently large. Thus, we find it useful to proceed using more powerful 
control-theoretic techniques. 

As we show in the Appendix, when full separation is optimal, then the following 
second-order differential (Euler) equation characterizes the optimal utility profile: 

Mu(U, t)(u -_2) + M(u, t)(2 - ii) + Mt(u, t)(t - ui) = 0, (7) 

with the boundary conditions that q(t) = qflb(t) for t = ti and t = t2, and the incentive 
compatibility requirement that q(t) is given by ui(t) = q(t). 

One curious change already is evident: there is efficiency for both the high and the low 
types when there is full separation. Because full separation can occur (as shown below), we 
have substantial departure from the traditional results of screening contracts. Indeed, the 
efficiency on the boundary result is a common occurrence in many multi-dimensional 
settings (e.g. Rochet and Chone (1998)), as well as in the optimal taxation literature (e.g. 
Seade (1977) and Ebert (1992)). In the present setting, the economic intuition at the top is 
distinct from that at the bottom. Efficiency at the top arises for a familiar and robust 

26. Strictly speaking, this inequality has to be taken in a generalized sense: 4(t) is a positive measure (since q 
is not necessarily differentiable). However, we check ex post that the solution is such that 4(t) is in fact a piecewise 
continuous function. 

27. In the general case, (7) will hold over any fully separating region of t, but the endpoints will not 
necessarily be efficient. 
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economic reason: the only purpose for distorting quality for type t is to extract rents from 
higher types, which do not exist at t = t2. Efficiency at the bottom, however, is based on 
more subtle reasoning. In short, the first-order condition with respect to u(tl) is very close 
to the marginal social product of quality at t = tl, where "very close" is related to the 
distance between adjacent types; we explore this intuition more formally in the first part of 
the Appendix. Hence, in the discrete setting, efficiency at the bottom does not arise when 
incentive constraints bind, but the distortion decreases to zero as the type space T becomes 
finer. In the limit as t is distributed continuously, efficiency emerges at the bottom.28 

Another notable feature of this programme is that after substitutions are performed, 
the solution is found by solving a second-order boundary-value problem rather than a 
first-order ordinary differential equation as in the standard setting. This increasing com- 
plexity illustrates the non-recursive nature of our multi-dimensional problem. In the 
standard one-dimensional setting, q(t) and u(ti) are chosen optimally, then u(t) is con- 
structed by straightforward integration of q(t), and then p(t) is constructed to conform 
with utility, p(t) = tq(t) - u(t). In the present setting, the functions of q(t) and u(t) are 
jointly determined as evident by the fixed-point nature of a boundary-value problem. 

Unfortunately, the quality levels associated with the solution to (7) will sometimes fail 
to be monotonic. In such a setting, the optimal screening contract will necessarily have 
regions of bunching in which an interval of customers consumes the same allocation. It is 
straightforward to show that in such a case, a similar boundary-value problem arises for 
each region of separation, but now the boundary values for the region are determined 
endogenously. Again, the non-recursive nature of the problem rears its head. 

We now turn to a more complete analysis of the monopoly solution. 

4.2. Monopoly nonlinear pricing with continuous types 

To illustrate in greater detail how random participation constraints can be incorporated 
into nonlinear pricing problems, we take the distribution of types to be distributed uni- 
formly on [tl, t2] (and independently of x) with 2t, > t2 for the remainder of this paper. As 
Mussa and Rosen (1978) have shown, the optimal quality allocation in such a setting with 
a fixed participation constraint is simply 

q r(t) _ qflb(t) - (t2 - t) = t - 
(t2- t) = 2t -t2. 

That is, the Mussa-Rosen allocation is the first-best full-information allocation, qfib(t) = t, 
less an informational rent term (t2 - t). Our assumption that 2t, > t2 ensures that 
qrmr(t) > 0for all t in [tl, t2]. 

Coming back to our random-participation model and applying the Euler equation 
(which must hold over all regions of separation) to this simplified setting yields: 

g(() u(t) - 
U 

(t) ) = iG ()(u(t) -)(8 or 2 (t 
2 aG(u(it)) -2.(8) 

Notice that the Mussa-Rosen allocation ui(t) = 2t -t2 satisfies (8) when g(u) = 0 and 
G(u) = 1; more generally, it will not. Notice also that the homogeneity property with 
respect to a still holds in the continuous framework: if ul solves (8) when o = 1, then 

28. Note as Proposition 1 indicates, efficiency at the bottom also arises when the incentive constraints do 
not bind. 
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u(t) = aul (t/v) solves it for arbitrary a. The following characterization result is proven 
in the Appendix. 

Proposition 3. When G is log-concave, pooling can only occur at the bottom. To be 
precise, the monopolist's optimal nonlinear pricing contract satisfies the following conditions. 

* there exists a lower interval [tl, to] of the type space (perhaps degenerate, t1 = to) 
over which consumers buy the same product qo at price po = toqo - uo, where uo is the 
indirect utility of types to; 

* in the upper interval of the type space, [to, t2], u satisfies the differential equation 

(u(t))(_1. 2) = aG (u))(ii(t)-2) (9) 

and the boundary conditions that Ui(to) = qo, u(to) = uo, and 4(t2) = t2- 

Proposition 3 provides an informative characterization. As is standard in the non- 
linear pricing literature with certain-participation constraints, the monopolist's optimal 
quality allocation exhibits no distortion for t = t2. At t = tl, however, either no distortion 
occurs or there is bunching. Either of these results is a departure from the standard results 
in the literature.29 

There is a third distinction between the characterization in Proposition 3 and the 
standard Mussa-Rosen setting that is more general than our present model: full coverage 
of the market by a monopolist is never optimal. When the support of x is unbounded, it is 
clearly never profitable to sell to some measure of the low-t and high-x population. 
However, even if we considered bounded distributions of x E [0, x], full coverage remains 
suboptimal. The generality of this result in multi-dimensional environments was first noted 
by Armstrong (1996). In the present context, suppose that the market was just covered so 
that no consumer surplus accrued to type (t1, x). The firm could uniformly increase the 
price schedule by s while suffering a loss of consumers of order 82. This form of optimal 
non-coverage is not present in one-dimensional models of the Mussa-Rosen variety. 

There is one very strong sense under which the Mussa-Rosen results remain robust: it 
provides a lower bound for the quality which can arise in the more general two-dimen- 
sional setting. Making use of the monotonicity of G(u)/g(u), we obtain the following 
conclusion regardless of the degree of pooling. 

Proposition 4. The monopolist's allocation satisfies q(t) E (qmrr(t), qft(t)] for all 
t E (t1, t2). 

Thus far, a few clear distinctions emerge from the standard fixed-participation-con- 
straint models. First, even with probability distributions which satisfy the standard 
monotone hazard rate condition and preferences which are quadratic, pooling can emerge 
for the lower types of consumers. Second, when such pooling does not emerge, lower types 
will receive first-best quality allocations, and the resulting range of equilibrium allocations 

29. It is noteworthy that optimal screening contracts with risk-averse agents exhibit a similar pattern, but 
for different reasons; see Salanie (1990) and Laffont and Rochet (1998) for details. The optimal taxation literature 
provides a mathematically closely-related result: for the lowest type there is either efficiency or pooling (see Ebert 
(1992)). This result is a local one, however; to our knowledge global solutions to the setting with bunching and 
separation have not been characterized. 
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correspond with that of the first best. Finally, the introduction of uncertainty over par- 
ticipation reduces the firm's incentive to distort quality and enlarge the product spectrum. 

In the Appendix, we develop an algorithm for numerically calculating the optimal 
contract. Here, we provide a few numerical examples as a means of illustrating the various 
possibilities. 

Numerical Example. Exponential distribution. Consider the following numerical 
example. Let G(u/a) = 1 - exp{-u/a}, the exponential distribution defined over [0, oo). 
Note that when a increases, u is more dispersedly distributed. In the limit when a -> oo, 
G(u/a) behaves like a uniform distribution over any finite support. Initially, we choose t to 
be uniformly distributed on [1, 2] and we record the solutions for a = I land a oo. 
The results are presented in Figure 4. 

quality, q(t) 
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FIGURE 4 type, t 

The monopoly solution with a uniform distribution of t on [1, 2] and an exponential distribution of x: 
G(u) = 1 - e-u 

Several relationships appear to emerge from this example. First, Proposition 4 is 
illustrated as the monopolist's quality allocation is bounded above by the efficient allo- 
cation and below by the Mussa-Rosen allocation. Second, for low values of a (i.e. a tight 
distribution around 0), the monopolist's quality allocation appears to approach that of 
Mussa-Rosen. We formalize this result, and generalize it beyond our example. 

Proposition 5. Let ua(t) be the solution of the monopolist problem, and qa(t) denote its 
derivative, that is the optimal quality allocation for the monopolist. Then 

lim qa(t) = q`r(t), Vt. 
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Hence, there is no discontinuity in the Mussa-Rosen solution as we introduce a small 
amount of noise into the participation constraint. 

A third apparent result is that no matter how disperse the distribution, in our example 
pooling always seems to occur. This result, however, does not generalize, as another 
numerical example will illustrate. Consider similar simulations (a = 1, 1, 4 and 5.07) but 
with t uniformly distributed on [4, 5]. 

As Figure 5 indicates, once again a reduction in dispersion yields a quality schedule 
closer to the Mussa-Rosen allocation, with pooling for an interval of low types. When a 
becomes large, however, the pooling region vanishes and the optimal allocation is 
monotonic without constraint.30 This suggests that full separation may occur whenever 
type uncertainty is relatively small in a proportional sense (i.e. y = t2/t1 sufficiently small), 
providing that G(u) is disperse.31 

Finally, using the same notation as in Section 3, we can study when the monopoly 
solution involves full separation as a function of three parameters. Recalling that a 
measures the heterogeneity on x, y = t2/ti measures the heterogeneity on t, and SI = I t4 
measures the total gains from trade, we can make the following precise statement. Pro- 
viding that t is uniformly distributed, for all SI and a, full separation always occurs when y 
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30. In this numerical example, the pooling region disappears for all a > 5.07. We thank an anonymous 
referee for pointing out that the extent of the pooling region is not monotonic in a: it is zero both for a = 0 and 

=5 07. 
31. It is tempting to conclude from this proposition that empirically one should expect to find a large 

measure of consumers bunched on the lowest quality offering in some settings. Unfortunately, given that firms 
offer only a finite number of qualities, it is empirically difficult to distinguish pooling from separation without 
knowing the underlying distribution of consumer heterogeneity. 
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is sufficiently small. Moreover, there exists a constant, y * 1 319, such that if y < y 
then full separation occurs when SI /a is sufficiently small.32 

4.3. Duopoly nonlinear pricing with continuous types 

We return to the application of two firms competing on either ends of a market with unit 
length and transportation cost cr. Specifically, in the spirit of Hotelling's linear market 
model, consider some distribution G(., t) of customers on the interval [0, 1] with one firm 
positioned at each end. Each firm simultaneously posts a publicly observable price 
schedule, Pi(qi), after which each consumer decides which firm (if any) to visit and which 
price-quality pair to select. 

Let Gj(xj, t) be firm j's distribution function similar to before, where xj is the con- 
sumer's distance to firm j. We will use j and k subscripts to generically represent the two 
distinct firms. The market share of firm j among consumers of type t can be computed 
easily: 

Mj(uJ, Uk(t)) = Gj in{uj 
I 

+ Ui 
(t) 

UJ (10) a'2 2o j 

This comes from the fact that the marginal consumer of firm j is located at a distance 
that is the minimum of uj(t)/a (which occurs when the total market shares are less than 
one-the local monopoly regime) and ? + (uj - Uk)/20 (which occurs when all the market is 
served the competitive regime). Using again the dual approach, we can write the total 
expected profit of firm i as a functional involving the consumers' rents ui(.) and uj(.) 
taken as the strategic variables of the two firms: 

uj(t) _ max tq -P(q), q 

where Pj is the price schedule chosen by firm j. We obtain: 

Bj(uj, Uk) = J1S(t, qJ(t)) - u(t) }AM(uj(t), Uk(t))dt (11) 
t 

where qi is again related to u1 by the first-order differential equation ii (t) = qj(t). 
We now look for a Nash equilibrium of the normal form game defined by (10) and 

(11), where the strategy spaces of the firms have been restricted to ui consistent with 
nondecreasing quality allocations. The corresponding price schedules will be called duo- 
poly nonlinear prices. This turns out to be a difficult task in general, because of the 
monotonicity conditions (remember that qL(-) and qR(.) have to be non-decreasing). 
However, if we neglect these monotonicity conditions (which can be checked ex post, as 
usual) competitive nonlinear prices can be characterized by a set of Hamiltonian equations 
which are presented in the Appendix (in Proposition 8). 

A numerical example is illustrative. Consider, for example, the case when t is uni- 
formly distributed on [4, 5], which is shown in Figure 6. For ca sufficiently large (i.e. 
c > 14.8) the market shares of the two firms do not adjoin: each firm is in a (local) 
monopoly situation and the quality allocation is exactly the same as in our previously 
analysed monopoly setting.33 Interestingly, when the market shares are adjoining for some 

32. The proof of this result appears in an earlier version of this paper and is available upon request. 
33. This local monopoly solution involves full separation. 
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t (i.e. u1(t) + u2(t) >? A, which occurs at the top of the distribution of types) but not all t 
(which means that ul(tl) + u2(t0) < A) the qualitative pattern of the solution remains 
identical (cf. Figure 6 below for cr = 10). However, when ul (tl) + u2(tl) '/ A (the fully 
competitive regime), it turns out that quality distortions disappear completely (cf., Figure 
6 below, ca < 16/3). In this particular case, the equilibrium pricing schedules are cost-plus- 
fee schedules. 

The next proposition characterizes duopoly pricing in the region of full market 
coverage. 

Proposition 6. If ca is sufficiently small so as to guarantee that every consumer in 
[0, 1] x [tl, t2] purchases, then in the symmetric equilibrium each firm offers a cost-plus-fee 
pricing schedule, Pj(q) = C(q) + F), and each customer consumes the efficient allocation qA(t) 
from one of the two firms. The fixed pricing components, FL and FR, and the marginal 
consumer, x, are jointly determined by 

FL + ax= FR + a(1 -x), 
GL(k) FL 
gL(X) 2 

GR(1 -) FR 
g( R -x) 2 
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Quality choices in the oligopoly equilibrium for three regimes: fully competitive (a < 16/3), mixed (a = 10), and 
local monopoly (a > 14.8). We assume that u is uniform on [0, 1]; t is uniform on [4, 5] 
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Example. Consider a uniform distribution of t and a quadratic distribution of x on 
[0, 1]: GL(X) = x2. Such a distribution which has a median of 1/2 > '-clearly favours 
firm R. Assume that Sl /os is sufficiently large such that the market is competitive for all t 
(SI /a > 1 29 is sufficient). Then the equilibrium outcome is FL = 0.64, FR = 0 * 92, and the 
marginal consumer is located at 0 .64, to the left of the median consumer. In equilibrium, 
firm R captures more than half of the market and uses a higher fixed fee to take advantage 
of the relatively greater number of nearby (i.e. inelastic) consumers. 

The result in Proposition 6 is quite general. As in the two-type setting, fundamentally 
the result relies upon the inverse hazard rate being constant over t in equilibrium for each 
firm, which in turn relies upon market coverage and symmetry in production. More 
generally, we could think about an N-firm oligopoly with a joint distribution of 
(XI, . . ., XN). Formally, let Gi(ul, ... , UN) Prob [ui - ii >! maxj Uj - j] and let the inverse 
hazard rate be given by 

IHI1(U1,..,UN)- Gi(ul,..., UN) 

(a/aui)Gi(ul, . , UN) 

We can state a straightforward extension of our previous no-distortion result. 

Proposition 7. Let Sia(t) represent the surplus generatedfrom efficient consumption of 
quality by consumer of type t from firm i. Let ui(t) = tI^(t)1j represent the vector of utilities 
which arise as an equilibrium outcome of the pricing game in whichfirms are restricted to cost- 
plus-fixed-fee pricing and can only set their fixedfee. Then cost-plus-fixed-fee pricing is an 
equilibrium in the unrestricted game iffor all i and t 

aH1(i) LjSi }(t) = O. (12) au1 dt 

Economically, this condition means that the equilibrium profit margins are constant 
over qualities. An immediate application of the proposition is that when 
(d/du)Hi(u, ... , u) = 0 for all i and u and firms have the same marginal costs (i.e. 
(d/dt)Sj*(t) = (d/dt)S *(t) for all]j) then efficient quality provision supported by cost-plus- 
fixed-fee pricing is an equilibrium outcome. For example, if the xi are distributed 
independently according to the extreme-value distribution and there is no outside option 
of non-purchasing (i.e. the market is covered), then 

Gi(ul., UN) -= ai exp (ui/f) 
Eju) j exp (uj/lo) 

and the inverse hazard rate has the desired property. Hence, cost-plus-fixed-fee pricing is 
an equilibrium if firms have identical marginal costs. In a simpler setting, if oj = ax for allj, 
then in equilibrium the hazard rate reduces to Hi(u, . .. , u) = cr(N/N - 1). The efficiency 
result of the theorem, however, does not apply to the extreme-distribution setting when 
there is an outside option of fixed value; in such a case full market participation never 
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arises and the required equilibrium condition over the hazard rate does not arise.34 
Armstrong and Vickers (2001) have independently found an efficiency result similar to 
Proposition 6, but in a slightly different context: They assume a uniform distribution of x 
(which is not needed here), but allow for multiple goods and more general (higher- 
dimensional) preferences.35,36 

This surprising cost-plus-fixed-fee result (which gives an interesting moti-vation for 
restricting attention to simple price schedules when examining competition between 
multiproduct firms) is not valid in the mixed regime where the market is covered for 
high t but not for low t. As can be seen in Figure 6, the quality choice in the mixed 
regime involves downward distortions everywhere, except at the extremes (t = t1 or t2). 

In Rochet and Stole (1997) we give a complete solution to the duopoly equilibrium in 
the particular case of Mussa-Rosen preferences and a uniform distribution of t and x 
when the conditions of Proposition 6 does not hold. There, we show that (in general) the 
properties of this solution are qualitatively similar to those of the monopoly solution: 
downward distortion of qualities everywhere, except at the top and the bottom. 

5. EXTENSIONS AND CONCLUDING REMARKS 

We take this opportunity to suggest the applicability of our analysis to more general 
problems in economics, beyond the stylized framework of nonlinear pricing. Although the 
methodology we present was initially motivated by a perceived need to further our 
understanding of nonlinear pricing in more general environments, it is easy to see that the 
class of preferences we examine naturally includes other screening environments. 

For example, with a simple change in notation, one can immediately derive results for 
the optimal regulation of a public utility with unknown marginal and fixed costs along the 
lines of Baron and Myerson (1982). Suppose the public utility's variable profits are given 
by 7r = P(q) - tq and total profits are 7r - x; here P(q) is the rate schedule allowed by the 
public utility commission and C(q) = tq + x is the cost of producing q. Now, t is the 
marginal cost of production and x is the fixed cost. The regulator desires to maximize 
consumer surplus, but takes into account the possibility that the firm will refuse to serve an 
area. That is, the public utility commission maximizes 

G(7r)(S(q, t) -)), 

34. As an aside, note that the theorem does not explicitly require coverage, although coverage is typically 
an ingredient in satisfying the required hazard rate condition. To take an example which differs from the setting in 
this paper, suppose that x is exponentially distributed on (-oo, 0] with parameter X and S *(t) <X; then a 
monopoly would not introduce a quality distortion for its served customers, although it would not serve the entire 
market. 

35. Biglaiser and Mezzetti (1999), in a different context, consider the case of auctions for incentive contracts 
of a restricted form. Because sellers have heterogeneity over their ability to provide quality, each seller's objective 
function takes a similar form as the present paper and that of Armstrong and Vickers (2001). Nonetheless, 
because of the structure of preferences and contracts, efficient cost-based pricing only emerges in the limit as 
preferences become homogeneous, but interestingly, the standard DIC constraints do not bind, just as in our 
discrete-type model with market competition. 

36. It is worth remarking that there are also some similarities between the efficiency result and the recent 
work of Inderst (2000) in the setting of matching models of buyer-seller exchange. Here, Inderst demonstrates 
that when the costs of delay enter payoffs additively, in equilibrium the buyer's outside option is equally attractive 
for all types, and an efficient allocation of quality arises even when such delay costs are not small. When delay 
costs are instead modelled as positive discount rates, the relative attractiveness of a buyer's outside option 
depends upon type, and efficiency only arises in the limit as traders become more patient. 
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where 7r(t) =maxq P(q) - tq. Formally, this setting is identical to our nonlinear pricing 
model, and as a consequence, all of the results regarding the reductions in distortion, the 
presence of bunching or efficiency at the bottom, among others readily apply. 

Broader questions of how to regulate an industry in which entry is endogenous (due 
to a distribution of entry costs) present more complicated extensions on our analysis, but 
extensions for which our results can be productively utilized. Likewise, more general 
models of optimal auctions with private valuations and private bid-preparation costs are 
also in this same vein. We leave these and related questions to future research. 

APPENDIX 

Intuition for "Efficiency at the Bottom" 

The intuition is best illustrated in the context of a finite-type setting. Assume that the type space is discrete with N 
components, each of length At = 1/N. In addition, assume without argument that all downward-local incentive 
compatibility constraints are binding: ui+i = ui + qAit and hence ui = ul + AtEj=4lqi. We can rewrite the firm's 
expected profit function as simply 

N ii"Gjl + E=lqi)(S(qi, ti)- Ul + Atlj=Iqi 

Differentiating with respect to qN yields the familiar result that qN is first-best efficient for the well-known reason 
that there is no gain from distorting qN downward in order to extract rents from higher types. The first-order 
condition for u1 (a first-order condition which is notably absent from the standard approach) requires that 

NEi=~l J g(ui)(S(qi, ti) - ui) - G(ui)] = 0. 

This condition is familiar to standard monopoly pricing: the optimal base level of consumer surplus, u1, is found 
by trading off the average gain from increased market share for all types against the average loss of profit from 
reduced rents to inframarginal consumers. Now, consider the first-order condition for qi (multiplied by N). 

AtZN -2[g(u)(S(qi, t)-Ui) - G(ui)] + G(u1)Sq(qi, t1) = 0. 

Using the first-order condition for u1, the first term is -At[g(u1)(S(qi, t1) - u1) - G(ui)], which is of the order 
1/N. As N gets large, the second term must converge to 0, and hence efficiency at t = t1 emerges in the limit. Now 
we can begin to understand the source of the efficiency result. Suppose to the contrary that qi is far from efficient. 
By choosing the base price, P(ql), the firm will still wish to balance market share against profit/customer by 
satisfying the first-order condition for u1. But if qi is sufficiently different from the first-best level, a cheaper way 
to achieve this end is to raise u1 by raising qi. Of course, this begs the question, why not set qi exactly at the first- 
best level when N is finite? To answer, suppose to the contrary that ql was at this first-best level. Then a small 
change will have only second-order consequences on profits, but such a variation will enable the firm to move U2 
from its previous level; the gain from this is that the ideal value of u2 from the firm's point of view satisfies 
AtZY2 [g(u-)(S(q , t1)-ui)-G(ui)] = 0, rather than AtEiv [g(ui)(S(qi, ti) - ui) - G(ui)] = 0, which is the con- 
dition for u1. Hence, the marginal return to U2 is negative, and the ideal u2 is lower than that which emerges from 
the first-order condition for u1, and hence the difference between these two conditions determines the optimal size 
of the distortion for q, in the finite case. 

Proof of Proposition 2. In the class of equilibria in which firms implement symmetric quality allocations 
over types, t, note that each firm will face identically binding IC constraints. Thus we need only consider the 
programme of one firm (the left, for sake of the argument). Define xf = (uL - U/)/2a + 2. Firm L maximizes 

BL = Ei=1,2G(xf)f(ti)(s(gf, ti) - ), 

subject to 

q LAt < UL _-UL <qf At. 
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Let XD (XU) be the multiplier on the downward (upward) IC constraint. The Lagrangian for this programme is 

L = BL + XD(UL -UL -q LAt) + Xu(qf At-uL + uf ). 

First-order necessary conditions include: 

a GL (x1L)f(tl) + 
I 

g(x1 )f(tI)rL - XD +XU 0. au L 2a 

G(x )f(t2) + 2g(X2 )f(t2)ir + XD -iU 0. 
242 

Suppose Xu > 0 and XD = 0. Then in a symmetric-quality equilibrium, 

7rL < 2 G(XL) < Lr2L- 
g(x1l)I 

But following the same argument as in Lemma 1, it must be that when UIC binds, we have 7r2' - rfL < 0, 
generating a contradiction. 

Suppose that Xu = 0 and XD > 0. Then in a symmetric-quality equilibrium, 

rL > 2a( 2) > r2L. g(X4) 

But when DIC binds, it must be that q2 = t2 and ql < tl. Hence, 

7r2 -7T, = AS qIAt=2 -2-qlt2 I =l _2(t2 -tl)>? 

again generating a contradiction. 
To see that an equilibrium exists in which IC constraints are slack, we show that such cost-plus-fixed-fee 

pricing satisfies each finn's relaxed optimization programme. Finn j's first-order condition for the unconstrained 
programme is simply u(t) - 2 _ H( + (Fk - Fj)/2a), when at the candidate equilibrium. The difference in 
indirect utilities is u1,2 - u, = I (t2 + t1)At which lies between t2At and t1 At as required for DIC and UIC. 1 

Preliminary results for proving Propositions 3-5 

The Monopoly control problem. The following Hamiltonian-Lagrangian is defined for the principal's problem: 

L(u, q, z, t, X1, X2, A) =M(u, t)(S(q, t) - u) + X1q + X2Z + AZ, 

where u and q are state variables, XI and X2 are the associated co-state variables, z is a control variable (equal to q) 
and ,u is the Lagrange multiplier associated with the monotonicity constraint. Throughout we restrict attention 
to piecewise continuous controls, z, and so therefore to piecewise smooth quality schedules. Following Seierstad 
and Sydsaeter (1987), we construct necessary conditions for an optimal nonlinear pricing contract in order to 
characterize the optimal pricing schedule. 

The first step is to maximize L: with respect to the only control variable, z. We obtain 
1 * = M(u, t)(S(q, t) - u) + XI q, 

with the auxiliary requirements that u = -X2 > 0, q z _ 0, and ,tz = 0. The second step is to solve the system of 
Hamiltonian equations: 

a8* a 
1 =- B = -~-[M(u, t)(S(q, t) - u)], (13) au au 

= - a =-[M(u, t)Sq(q, t) + X1], (14) 
aq 

together with the boundary conditions: X1 = 2= 0 for t = t1, t2. 
For any open subinterval of [t1, t2], there are two possibilities: full separation or pooling. To provide some 

intuition for the mechanics of the result, we briefly consider the scenario of full separation over the type space 
before turning to the case of pooling. When pooling of types is absent, formally we have z > 0 for all t E [t1, t2]. 
Thus, ,u = X2 = 0 for all t. In such a setting, (14) implies that 

X1(t) = -M(u(t), t)Sq(q(t), t). (15) 
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Using this relationship in (13), we obtain the Euler equation for the firm's programme. Specifically, the solution 
solves (15) above and the following boundary-value problem 

d [M(u(t), t)Sq(q(t), t)] =a[M(u(t), t)(S(q(t), t) -u(t))] (16) 

with q(t) = qfJ(t) for t = t1 and t = t2, and q(t) given by ui(t) = q(t). Following substitution, (16) simplifies to a 
second-order differential equation: 

Mu(u, t)(u -_ 2) + M(u, t)(2 - ii) + Mt(u, t)(t - = 0. 

In the particular case where M(u, t) = G(u/a), we obtain 

- 2 2) + aG(,u)(2 - ii) = 0, 

which establishes (8). 

A useful order-reduction technique:37 

First, by the homogeneity property, we can restrict ourselves to the case a = 1. Second, we make use of the 
following order-reduction technique in order to characterize the optimal contract more fully. Define the auxiliary 
function 

P(u, K) _ U + + G(s)ds (17) 

where K is a given constant. An illustration may prove useful, so we graph the function for the exponential 
distribution with K taking on values of K = 0 5 and K = 1 0 in Figure 7. Define 

K(t) -G(u(t))[ z(t)2 - u(t)]- G(s)ds. 

Then 

dt = t)G(u(t))Qu(t)- 2 G(u(t)) (u(t) -2 

Because iu(t) = q(t) > 0, K(t) is constant over t if and only if (8) is satisfied. Hence, we can restate the Euler 
condition as simply 

u(t)2 = 2P(u(t), K). (18) 

As shown below in Lemma 3, P(u, K) is quasi-convex in u because G is log-concave. This implies several useful 
results. First, for any K we have at most two solutions of (18) to consider. Second, because any solution must have 
q(t) = u(t) increasing in t, we know we must restrict attention to the solutions on the upward-sloping portion of 
P(u, K) as (18) also implies iu = Pu(u, K). Thus, if a convex solution to the Euler equation exists for a given set of 
boundary conditions, it is unique. Third, P(u, K) has a single trough; once u(t) becomes convex (i.e. 
Pj(u(t), K) > 0), it remains convex for all higher t. These results place sufficient structure on the optimal contract 
and we can characterize the monopolist's nonlinear pricing schedule. 

Lemma 3. The function P(u, K) is quasi-convex in u on [0, +oo[. 

Proof of Lemma 3. More precisely we prove that P(u, K) (as given by equation (17)) is single-peaked in u 
over [0, oo) for any K> 0, and P(u, K) is increasing in u over [0, oo[ for any K < 0. To substantiate this claim, 
consider an arbitrary extremum (providing one exists), u, of P(u, K). Note that 

G(P)3 Puu(u, K) = -G(u)2g(p) + [-G(u)g'(u) + 2g(i)2] (K+ G(s)ds). 

37. We are indebted to Serge Resnick for suggesting this technique for reducing the order of our differential 
equation. 
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FIGURE 7 
Graphs of P(u, K) for G(x) = 1 - e-x and K= 0 5, 1.0 

The defining condition for an extremum that Pu(i, K) = 2 - (g(u)/G(p)2)(K + fo G(s)ds) = 0 can be used to 
simplify the above expression: G(p3 Puu(u, K) = -G(u)2g(p) + 2(G(u)/g(I))(2g()2 - G(i)g'(i)). Simplifying 
again, 

Puu(a, K) = G (g(ug)2 + 2(g(u2 - G(u)g'(u))) > 0, 

where the inequality follows from the monotonicity condition on G(u)/g(u). Therefore any extremum of P(u, K) 
must be a minimum. Now consider whether or not an extremum exists. Suppose first that K > 0. At u = 0, 
limu,0 Pu(u, K) = -oo; moreover, limu,? Pu(u, K) = 2 because limu,? g(u) fou G(s)ds < limu,? g(u)u = 0. 
Thus, if K> 0, an extremum must exist, and according to the above argument, it must represent the unique 
minimum. If, however, K < 0, then Pu(O, K) = +oo, Pu(oo, K) = 2 and so no extremum can exist; therefore 
Pu > 0 for all u _0. 11 

Lemma 4. The monopolist's optimal allocation of q will exhibit pooling at most on an interval at the bottom 
of the type space, [t1, t]. 

Proof of Lemma 4. Suppose that there is an interval (t', t") c (t1, t2) over which there is full separation. It 
is straightforward to demonstrate that in such an interval, the same Euler equation as above must be satisfied: 
u(t)2 = 2P(u(t), K). But if the resulting u(t) over this interval is convex (i.e. Pu(u(t), K) ?! 0 for all t E (t', t")), then 
no pooling can occur above this interval because P is quasiconvex; i.e. once Pu(u(t), K) _ 0, it remains so for all 
higher values of u(t). Hence, pooling can only occur for the lower interval of the type space, t E [tl, t], for some 
to _ t2- 11 

Proof of Proposition 3. Using Lemma 4, there can be at most one interval of pooling and such an interval 
must take the form of [t1, t]. Using this result, we demonstrate that the Pontryagin necessary conditions for the 
Hamiltonian-Lagrangian associated with the monopolist's problem imply the conditions of the proposition. 

Because q(t) is piecewise smooth, it follows that z(t) = 4(t) is piecewise continuous, and as such, the 
necessary conditions for an optimum are (see Seierstad and Sydsater (1987), pp. 276-77): 

(a) AIl(t) and X2(t) are continuous and piecewise smooth and ,u(t) is piecewise continuous; 
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(b) X2(t)= -,(t) for all t; 
(c) ,s(t) > 0, 4(t) _ 0 and ,t(t)4(t) = 0 for all t; 
(d) X1(t) = G(u(t)) - g(u(t))(tq(t) - 1q(t)2 -u(t)) virtually everywhere;38 
(e) 2(t) = -G(u(t))(t - q(t)) - X1(t) virtually everywhere; 
(f) Xl(tl) = XI(t2) = X2(t0) = X2(t2) = 0. 

Evaluating using the lemma that a pooling region exists for an interval of types [t1, to], and applying the 
requirements of incentive compatibility (namely ui(t) = q(t)), implies that q(t) = qo and u(t) = tqo - Po = 
u0 - (t- to)qo for t e [t1, to]. 

Consider the non-bunching region [to, t2]. Over this region 4(t) > 0, so ,u(t) = 0. Conditions (a) and (b) 
imply that ,u(t) is piecewise smooth and that we can replace -X2(t) throughout with ,u(t). Hence, X2(to) = 0 and 
integrating condition (e) over [t1, to] implies (19). 

sto 
X2(t.) = f {G(u(s))(s - qo) + XI(s)}ds = 0. (19) 

tj 

In addition, ,(t) =-X2(t) = 0, and as such condition (e) implies that 

G(u(t))(t - q(t)) = -RI (t), Vt E [to, t2]. (20) 

Because X1(to) is given by integrating condition (d) over [t1, to] and using X1(t1) = 0 (condition (f )), the continuity 
of q(t) implies equation (21). 

to 

XI(to) J {G(u(s)) - g(u(s))(S(qo, to) - uo)}ds = -G(uo)(to - q0), (21) 

Because u(t) and q(t) are continuous over t, 4(t) is also continuous, and so this differential equation is defined for 
all t E (to, t2]. The boundary conditions of q(to) qo and u(to) = uo are required by continuity of the state 
variables. Lastly, the condition in (f) that XI(t2) = 0 implies that q(t2) = qfi(t2) = t2. Hence, the fourth condition 
of the proposition must be satisfied. II 

The following lemma is useful for many of the results in the monopoly setting. 

Lemma 5. )q (t) _ Ofor all t E [t1, t2] with equality on the endpoints. Furthermore, if the optimal allocation is 
fully separating, then 2 q(t, )2 = I t2 > u(tl); if the optimal allocation has pooling over [tl, to], then 2 q20 > UO. 

Proof of Lemma 5. Proving X1(t) ?0 is equivalent to proving q(t) _ qfb(t). Over any pooling region [tl,to], 
it is sufficient to show that qo S qfr(tl) = t1. Consider the Pontryagin conditions in the proof of Proposition 3. 
-X2(t) = ,(t) > 0, so X2(t) 0_ for all t. Additionally, XA2(tl) = 0 implies that X2(tl) _ O (to ensure that X2(t) _ 0 in 
the neighbourhood around t = t1). Using condition (e) of the proof, together with X1 (tl) = 0, implies that 
G(u(ti))(t, - qo) > 0. Hence, qo < qjb(tl). 

Over the region (to, t2], q(t) > qfb(t) iff XI(t) > 0 (the multiplier associated with the state variable u(t)) for 
some t > to. Suppose that there exists such a t > to with X1(t) > 0. Because X1 is piecewise smooth, X1(t,) < 0 and 
X I(t2) = 0, if such a point exists, X must have a local maximum for some t* > to such that Xi(t *)=0 and 
X(t *) ? 0. Differentiating XI (t) twice, 

Aj (t) = g(u(t))q(t) -g'(u(t))q(t) (tq(t) - 1q(t)2 -u(t)) -g(u(t))(t -q(t))4(t). 

X1 at t * (i.e. using Xj(t*) = 0), 

XI(t*) = q(t*)(g(u(t*)) -g(u(t*)) G(u(t *)))-g(u(t*))4(t*)(t* -q(t*)) > 0, g(u(t ) 

where the inequality follows from the monotonicity of G(u)/g(u) and the supposition that q(t*) > qfl(t*) = t 
thereby yielding a contradiction. Hence, for all of t E [t1, t2], q(t) < q Jb(t) and X1 (t) _ 0. Suppose that the optimal 
allocation is fully separating. Because X I(tl) = 0, our result implies that )q(tl) < 0. Then from (d) in the proof of 
Proposition 3, 

1(t1j) = G(u(tl)) - g(u(tD))(tIq(tI) - 4q(ti)2 -u(ti )) _ 0, 

38. Following Seierstad and Sydsater's (1977), a property holds virtually everywhere if it is true at all but a 
countable number of points. 
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which in turn implies 

? < G(u(ti)) < t2 -U(ti), 
g(U(tl)) =2 1 

thereby proving I t2 > u(ti) in an optimal separating allocation. Suppose instead that the optimal allocation 
exhibits pooling over the region [tl, to]. Over this region, the firm's profit per customer served is constant, 
7o = toqo -2 _uo, and utility is given by u(t) uo - (to - t)qo. Using (21) from the proof of Proposition 3, we 
have after simplification, 

G(uo) O- = _ G(z)dz + G(u(ti)))Tro > 0, 

thus proving I q2 > u0 in an optimal pooling allocation. jj 

Proof of Proposition 4. The upper bound of q(t) is immediate from Lemma 5. 

Consider the lower bound, q rn(t). Suppose by contradiction that q(t) < qrr(t) for some interval of t, 
(t', t") C [t1, t2], where q(t") = q r(tII). Two possibilities exist. Over a portion of this interval there is pooling or 
there is not. If there is pooling, it must be the case that qo < q r(to). Let 4(to) be the right-defined derivative 
whenever the derivative does not exist. At that point, we have 4(to) < 2 because of (8) and uo < 4 q2 (Lemma 5). 
Now define Aq(t)= q r(t) - q(t). By our above argument, we know that A4(to) > 0; by construction, A4(t") < 0, 
because t" < t2. By continuity, we have an interior extremum, t*, which maximizes the value of Aq(t) and 
therefore satisfies A4(t *) = 0 and A4(t *) ?0. We demonstrate a contradiction by showing at such, A4(t *) > 0. 
Indeed, (8) can be written as 

H(u(t))A4(t) + u(t) - 1 q2(t) = 0. 

Now A4(t *) = 0 implies u(t *) - 1q2(t *). Moreover, differentiating the above equation gives 

Hu(u(t))q(t)A4(t) + H(u(t))A4(t) + q(t) - q(t)4(t) = 0. 

For t = t *, A4(t'*) = 0 and 4(t*) = 2, thus 

H(u(t *))A4(t*) = q(t *) > 0, 

a contradiction. 
The second possibility is that there is full separation over the subinterval (t', t") c [t1, t2], in which 

q(t) < qnr(t). Using a similar argument as in the pooling case, Aq(t') = Aq(t") = 0 and A4(t') > 0 > A4(t"), 
hence there exists an interior maximum over the interval, t *, such that A4(t *)= and A4(t *) 0. But 
A4(t *) > 0, as shown above, yielding a contradiction. Hence q(t) > qrr(t) for all t E [tl, t2]. 11 

Proof of Proposition 5. We begin by demonstrating that a well-defined limit point exists for q,. First, note 
that the class of optimal allocations belongs to a uniformly bounded set, Q. We first establish that this set is 
equicontinuous. Because an optimal allocation is continuous and bounded (e.g. q(t) E [qrr(t), qJb(t)]), it is suf- 
ficient for equicontinuity to establish that 4q(t) < M for all a and t. To this end, note there are two relevant cases: 
(i) it contains a lower interval of pooling, or (ii) the allocation is strictly increasing. 

Case (i). If a lower interval of pooling arises, Lemma 5 holds that -q,(to)2 > u(to). If 4,(t) > 1, this 
inequality remains true, and according to (8), 4q(t) _ 2; if 4p(t) falls below unity, then trivially 4q(t) < 2. 

Case (ii). If full separation occurs, Lemma 5 holds that 2tl =4 qot, > u(tl), and a similar argument 
applies, establishing that Q is equicontinuous for M = 2. 

By the theorem of Arzela-Ascoli the set Q is compact, and therefore any infinite sequence q,(t) as a tends to 
zero has at least one limit point. We arbitrarily select a limit point, q(t) (and associated ui(t) = fot q(s)ds + ui(O)), for 
analysis and demonstrate that it must be identical to the Mussa-Rosen allocation. 

In the region in which q(t) is increasing we have 

K= lim G(f(t)/1) (qu(t)2-u(t)) - G(s/a)ds, 

or K = q(t)2 - 2u(t). Differentiating with respect to t and imposing qc(t2) = t2 establishes that q-(t) = 

2t - t2 = q r(t). 
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What remains to be shown is that to from Proposition 3 converges to t1 as a approaches 0 (i.e. the pooling 
region vanishes in the limit). Integrating (and simplifying) equation (21), using the fact that G(u/a) --*1 for any 
u > 0, yields the relationship 

to1-t + to- q = lim g(u(s)/U)7rods. 

Given that limx?O g(x) = 0, the right-hand side must equal 0, and hence to - t, + to - = 0. Because 
to > t, _ ?1, it must be that t1 = to. i 

An algorithm for numerically calculating optimal nonlinear pricing schedules 

Given (to, qo), the Euler equation (8) from Proposition 3 on [to, t2] and the boundary conditions of iU(to) = qo and 
u(t2) = t2 provide a well-posed boundary-value problem. Using our previous results, we can recast this problem 
more simply: For a given (to, qo), we have to find (uo, u(t2), K) such that 

q = 2P(uo, K), (22) 

t2 = 2P(u(t2), K), (23) 

- U(t2) du 
t2 -to = | '(24) 

Ju. 2P(u, K) 

where P(u, K) is the upward-sloping portion of P. The third equation is obtained by noting that 
= 2P(u(t), K) implies du = N/2P(u, K)dt; separating the variables and integrating yields the equation. The 

result of this programme is a mapping from (to, qo) to a value uo = u(to). This relationship, combined with 
equations (19) and (21) from the proof to Proposition 3 which provide two additional equations to determine 
(to, qo), yields a system of three equations and three unknowns. Upon finding a solution to this system, we can 
uniquely construct the functions u(t) and q(t) (as well as the pricing equation). To check the sufficiency of our 
necessary conditions (equations (19), (21)-(24)), we can then construct X1(t) and X2(t) from q(t) and u(t) and 
numerically check whether the modified Lagrangian of Seierstad and Sydseter (1977) is maximized by (q(t), u(t)) 
for all t E [ti, t2].39 In the fully separating case, to = qo = t1 and the problem reduces to a system of three 
equations (22)-(24) in three unknowns: u1 = uo, u(t2) and K. 

The following result is discussed in the text and is used in the proof of Proposition 6, below. 

Proposition 8. In the absence of bunching, duopoly nonlinear prices can be characterized by the following 
conditions: For all t andj, qj(t) maximizes 

1Cj(t, Uj, Uk, ,j, qj) = (S(qj, t) - uj)Mj(uj, Uk) + lijqj, 

Aj(.) solves the Hamiltonian equation: 

/ij =-a i = Mj(u1, Uk) - (S(qj, t) - uj) aui (u1, Uk) Vt 
E 

(tl, t2), (25) 

Aj(t) =O, for t = ti, t2 (26) 

and qj(*) is given by 

iuj(t) = qj(t). (27) 

Proof of Proposition 8. Follows from application of standard necessary conditions for control-theoretic 
programmes. See Seierstad and Sydseter (1977) for details. 11 

Proof of Proposition 6. We suppose that the market is covered, proving the conditions of the proposition 
comprise an equilibrium. We then demonstrate that for a sufficiently small, the market is indeed covered. 

39. The modified Lagrangian is given by 

C(q, u, t) = G(u)(S(t, q) - u) + {Al(t) + )2(t)}qX,(t)u. 

Seierstad and Sydseter (1977) demonstrate that this condition is sufficient. 
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Ignore monotonicity concerns and consider the Hamiltonian for the duopolist i's problem, taking uj(t) as 
given: 

7i(q, ui, t, A)-Gi(xi(ui, uj(t)))(S(q, t) - u) + Xq, 

where xi = (ui - uj + u)/2u. The necessary conditions are X(tj) = X(t2) = 0, 

i(t) = Gi(xi(ui(t), uj(t))) - gi(xi(ui(t), uj(t))) (2i9 [S(q(t), t) -ui(t)], 

Gi(xi(ui(t), uj(t)))Sq(q(t), t) = -X(t). 

Because the pricing functions Pi(q) = C(q) + Fi implement efficient allocations of quality, q(t) = qfb(t), it must be 
that X(t) = 0 and S(q(t), t) - u(t) = Fi for all t. This in turn requires that A(t) = 0 for all t, and thus 

Gi(xi(ui(t), uj(t))) I F. 
gi(xi(ui(t), uj(t))) 2 " 

Because x and t are independently distributed, the left-hand side of this expression only depends upon t only if 
xi(ui(t), uj(t)) depends upon t at the equilibrium allocations. Because preferences are symmetric and qualities are 
efficient, ui(t) - uj(t) is constant, and therefore xi is constant. Hence, a solution to the three equations and three 
unknowns satisfies the necessary conditions for an optimal allocation. 

These conditions are also sufficient if, following the argument along the lines of Seierstad and Sydsater 
(1977), we further have 

ui(t) = arg muOax) Gi(xi(ui, uj(t))) (max S(q, t) -ui 

But this will be true because Gi is log-concave. 
Finally, we need to demonstrate that for a sufficiently small that indeed the market is covered. To see this, 

note that UL(tl) = UR(tl) > amax {x, 1-x}, so for a sufficiently small, the market will be covered. 11 

Proof of Proposition 7. Consider a Nash equilibrium to the restricted cost-plus-fixed-fee game in which 
each firm is forced to supply first-best qualities and can only choose the fixed fee. In this setting, each firm i can be 
thought of as choosing its optimal gross consumer utility pointwise in t: 

max Gi(ui(t), u-i(t))(S *(t) - ui(t)). 
ui(t) 

In vector notation, the first-order conditions which characterize the Nash equilibrium are given by 

u(t) = S *(t) -H(u(t)), 

where each argument is an n-length vector. Because this relationship is true for all t, we can differentiate to obtain, 

u(t) = S *(t) - DH(u(t))ui(t), 

where DH is the matrix of derivatives of H, evaluated at u(t). 
Now consider the unrestricted pricing game. A necessary and sufficient condition for efficient qualities to 

arise in an equilibrium is that Si`(t) - ui(t) is constant. Hence, an efficient-quality equilibrium arises iff at the 
equilibrium utilities of the restricted game, we have 

DH(a(t))i(t) = 0. 
Using our characterization of the Nash equilibrium, the condition is 

DH(u(t))[I + DH(i(t))]- lS *(t) = 0. 

The condition of the proposition can be restated in vector notation as DH(u(t))S *(t) = 0 for all t, which implies 
the above equation holds. II 
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