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The Economics of Multidimensional
Screening
Jean-Charles Rochet and Lars A. Stole

1. MOTIVATION AND INTRODUCTION

Since the late 1970s, the theory of optimal screening contracts has received
considerable attention. The analysis has been usefully applied to such topics
as optimal taxation, public good provision, nonlinear pricing, imperfect com-
petition in differentiated industries, regulation with information asymmetries,
government procurement, and auctions, to name a few prominent examples.1

The majority of these applications have made the assumption that preferences
can be ordered by a single dimension of private information, largely to facilitate
finding the optimal solution of the design problem. However, in most cases that
we can think of, a multidimensional preference parameterization seems critical
to capturing the basic economics of the environment. For example, consider the
case of duopolists in a market where each firm competes with nonlinear pricing
over its product line. In many examples of nonlinear pricing (e.g., Mussa and
Rosen 1978 and Maskin and Riley 1984), it is natural to think of consumers’
preferences being ordered by the willingness to pay for additional units of
quantity or quality. But, if we believe that competition between duopolists is
imperfect in the horizontal dimension as suggested, for example, by models
such as Hotelling’s (1929), then we need to introduce a form of horizontal
heterogeneity as well. As a consequence, a minimally accurate model of im-
perfect competition between duopolists suggests including two dimensions of
heterogeneity – vertical and horizontal.

There are several additional economic applications that naturally lend them-
selves to multidimensional heterogeneity.

� General models of pricing. In some instances, a firm may offer a
single product overwhich the preferences of the consumermay depend

1 Among the seminal contributions, we can citeMirrlees (1971, 1976) for optimal taxation, Green
and Laffont (1977) for public good provision, Spence (1980) and Goldman, Leland, and Sibley
(1984) for nonlinear pricing,Mussa andRosen (1978) for imperfect competition in differentiated
industries, Baron and Myerson (1982), Baron and Besanko (1984), McAfee and McMillan
(1987), and Laffont and Tirole (1986, 1993) for regulation, and Myerson (1981) for auctions.
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importantly on several dimensions of uncertainty (e.g., tastes,marginal
utility of income, etc.). In other instances, a firmmaybe selling an array
of distinct products, of which consumers may desire any subset of the
total bundle of goods. In this latter case, the dimension of heterogeneity
of consumers’ preferences for the firm’s products will be at least as
large as the number of distinct products.

� Regulation under richer asymmetries of information. As noted in the
seminal article by Baron and Myerson (1982) on regulation under
private information, at least two dimensions of private cost informa-
tion naturally arise – fixed and marginal costs. Another example is
studied by Lewis and Sappington (1988) in which the regulator is si-
multaneously uncertain about cost and demand. If we wish to take the
normative consequences of asymmetric information models of regu-
lation seriously, we should check the robustness of the results to such
reasonable bidimensional private information.

� Income effects and related phenomena. Many times it makes sense to
think of two-dimensional information when privately known budget
constraints or other forms of limited liability are present. For example,
how should a seller design a price schedule when customers have
random valuations and simultaneously random budget constraints?

� Auctions. Similar to the aforementioned problem, we may suppose
that multiple buyers bid for a single item, but their preferences de-
pend on a privately known budget constraint in addition to a private
valuation for the good (as in Che and Gale, 1998, 1999, 2000). Or in
another important auction setting, suppose (as in Jehiel, Moldovanu,
and Stacchetti 1999) that a buyer’s preferences depend not only on his
own valuation of the good, but also on the privately known external-
ity from someone else getting the good instead (e.g., two downstream
firms bid for an exclusive franchise and the loser must compete against
the winner with an inferior product). Although in this paper, we do not
consider the auction literature in depth, the techniques of optimal con-
tract design in multidimensional environments are clearly relevant.2

Unfortunately, the techniques for confronting multidimensional settings are
far less straightforward as in the one-dimensional paradigm. This difficulty
has meant that the bulk of applied theory papers in the self-selection literature
are based on one-dimensional models of heterogeneity. As a consequence, the
results of these economic applications remain uncomfortably restrictive and
possibly inaccurate (or at least nonrobust) in their conclusions. In this sense, we
have been searching under the proverbial street lamp, looking for our lost keys,
not because that is where we believe them to lie, but because it is apparently
the only place where we can see. This survey is an attempt to catalog and

2 Other multidimensional auctions problems are studied by Gal, Landsberger, and Nemirovski
(1999) and Zheng (2000).
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explain the terrain that has been discovered in the brief forays away from the
one-dimensional street lamp – indicating both what we have learned and how
light or dark the night sky actually is.

In Section 2, we review the one-dimensional paradigm, emphasizing those
aspects that will generate problems as we extend the analysis to multiple di-
mensions. In Section 3, the general multidimensional paradigm is explained for
both the discrete and continuous settings. We illustrate the concepts in a simple
two-type “multidimensional” model, explaining how the multidimensionality
of types introduces new economic and mathematical aspects of the screening
problem. In Sections 4–9, we specialize our discussion to specific classes of
multidimensional models that have proven successful in the applied literature.
Section 4 presents results on separation and aggregation that greatly simplify
multidimensional screening. Section 5 considers environments in which there
is a single, nonmonetary contracting variable, but multiple dimensions of type –
a scenario that also frequently gives rise to explicit solutions. Section 6 looks at
a further specialized subset of models (from Section 5) that are economically
important and mathematically tractable: bidimensional private information set-
tings in which one dimension of information enters the agent’s utility function
additively. Section 7 considers a series of multidimensional models that have
been successfully applied to competitive environments. Section 8 considers
a distinct set of multidimensional environments in which information is re-
vealed over time. Finally, Section 9 considers themore subtle problems inherent
in general models of multiple instruments and multidimensional preferences;
here, most papers written to date have considered the scenario of multiprod-
uct monopoly bundling, so we study this model in some detail. Section 10
concludes.

2. A REVIEW OF THE ONE-DIMENSIONAL
PREFERENCE MODEL

Although it is often recognized that agents typically have several characteristics
and that principals typically have several instruments, the screening problemhas
most of the time been examined under the assumption of a single characteristic
and a single instrument (in addition to monetary transfers). In this case, several
qualitative results can be obtained with some generality:

1. When the single-crossing condition is satisfied, only local (first- and
second-order) incentive compatibility constraints can be binding.

2. In most problems, the second-order (local) incentive compatibility
constraints can be ignored, provided that the distribution of types is
not too irregular.

3. If bunching is ruled out, then the principal’s optimal mechanism is
found in two steps:
(a) First, compute the minimum expected rent of the agent as a func-

tion of the allocation of (nonmonetary) goods.
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(b) Second, find the allocation of goods that maximizes the surplus
of the principal, net of the expected rent computed in (a).

To understand the difficulties inherent in designing optimal screening con-
tracts when preferences are multidimensional, it is useful to first review this
basic one-dimensional paradigm. This will serve both as a building block for
the multidimensional extensions and as an illustration of how one-dimensional
preferences generate simplicity and recursion in the optimization program.

We will use a simple nonlinear pricing framework similar to Mussa and
Rosen (1978) as our basic screening environment, elaborating as appropriate.
Suppose that amonopolist sells its products using a nonlinear tariff, P(q), where
q is the amount of quantity chosen by the consumer and P(q) is the associated
price. The population of potential consumers of the firm’s good have preferences
that can be indexed by a single-dimensional parameter, θ ∈  ≡ [θ, θ ], and is
distributed in the population according to the absolutely continuous distribution
function F(θ ), where f (θ ) ≡ F ′(θ ) represents the associated density. Let each
consumer’s preferences for consuming q ∈ Q ≡ [0, q̄] for a price of P be given
by

u = v(q, θ )− P.

Note that preferences are linear in money. To place some additional struc-
ture on the effect of θ , we assume the well-known, single-crossing property
that vqθ has a constant sign; in this paper, we will associate higher types
with higher marginal valuations of consumption; hence, vqθ > 0. This con-
dition makes the one-dimensional assumption restrictive.3 It is worth noting
that this condition has two equivalent implications: (i) the indifference curves
of any two types of consumers cross at most once in price-quantity space, and
(ii) the associated demand curves do not intersect and are completely ordered as
a family of curves given by p = vq (q, θ ). We will begin our focus on the even
simpler linear-quadratic setting in which v(q, θ ) = θq − 1

2q
2. In this case, the

associated demand curves are parallel lines, p = θ − q.
There are two methodologies used to solve one-dimensional screening

problems – what we refer to as the parametric-utility approach and the demand-
profile approach. The former has been more commonly used in the applied the-
ory literature, but the latter provides useful conceptual insights, particularly in
the multidimensional context, that are easily overlooked in the former method-
ology. For completeness, we will briefly present both here.4

3 In a discrete setting, for example, multidimensional types can always be reassigned to a one-
dimensional parameter, but the single-crossing property is not always preserved.

4 Most recent methodological treatments of the screening problem use the parametric-utility
approach, referred to by Wilson (1993a) as the “disaggregated-type” approach. See, for exam-
ple, the article by Guesnerie and Laffont (1984), and the relevant sections in Fudenberg and
Tirole (1991), Myerson (1991), Mas-Colell, Whinston, and Green (1995), and Stole (1997). The
demand-profile approach is thoroughly expounded inWilson (1993a). Brown and Sibley (1986)
and Wilson (1993a) discuss both approaches.
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2.1. The Parametric-Utility Approach

The basic methodology we follow here was initially developed by Mirrlees
(1971), and applied to nonlinear pricing by Mussa and Rosen (1978). The firm
in our setting cares only about expected profit and so seeks to maximize

E[π ] =
∫ θ

θ

[P(q(θ ))− cq(θ )] dF(θ ),

where q(θ ) is a parametric representation of the choice of type θ consumers,
and c is the constant marginal cost of producing q units for a given consumer.

Suppose that our monopolist offers a nonlinear, lower-semi-continuous pric-
ing schedule P(q) defined over the compact domain Q. Then, we can define a
type θ consumer’s indirect utility under this scheme as

u(θ ) ≡ max
q∈Q
{v(q, θ )− P(q)}.

Provided that the derivatives of v are bounded, u(θ ) is absolutely continuous.
Applying the revelation principle, we can reparameterize our problem and

focus on maximizing expected profits over all incentive-compatible and indi-
vidually rational mechanisms, {p(θ ), q(θ )}θ∈ . As is well known, a mecha-
nism in this context is incentive-compatible if and only if, for almost all θ , we
have u̇(θ ) = vθ (q(θ ), θ ) and q(θ ) is nondecreasing.5 The former condition is
equivalent to the local first-order condition and arises as a natural analog of
the envelope condition in Roy’s identity; the latter is equivalent to the local
second-order condition. When preferences satisfy the single-crossing property,
the local second-order condition implies a global condition as well. Hence, our
monopolist firm can maximize expected profits subject to u̇(θ ) = vθ (q(θ ), θ )
and the monotonicity of q .

Given our incentive compatibility conditions are stated in terms of u and q,
it is useful to transform our monopolist’s program from price-quantity space
to the utility-quantity space. Because S(q, θ ) ≡ v(q, θ )− cq represents joint
surplus from producing q units of output to be consumed by a type θ consumer,
the firm’s expected profit can be restated as

E[π ] =
∫ θ

θ

[S(q(θ ), θ )− u(θ )] dF(θ ). (2.1)

Hence, the monopolist maximizes (2.1) over {q(θ ), u(θ )}θ∈ subject to u̇(θ ) =
vθ (q(θ ), θ ), q(θ ) nondecreasing and subject to individual rationality. Note that
this program is entirely defined by the social surplus function S(q, θ ) and the
partial derivative of the consumer’s utility function with respect to θ . For ex-
ample, the setting in which utility over quantity is v(q, θ ) = θq − 1

2q
2 and

cost is cq is formally equivalent to the setting in which a monopolist sells a

5 Throughout, we use the notation ẋ(y) to represent the derivative of x with respect to y.
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product line with various qualities, in which the consumer’s value of consum-
ing one unit of quality q is given by ṽ(q, θ̃ ) = θ̃q and the cost of producing
such a unit is 1

2q
2, where θ̃ = θ − c. Both settings give rise to identical surplus

functions and partial derivatives with respect to type, and hence have identi-
cal optimal price schedules. In this sense, there is little to distinguish the use
of quality [as in Mussa and Rosen’s (1978) seminal paper] from quantity [as
in Maskin and Riley’s (1984) generalization of this model]. Fortunately, in
both cases, the operative instruments begin with the letter q and, as a pleasant
historical accident, we can refer to this second-best allocation as the MR allo-
cation. We will nonetheless focus our attention on the quantity variation of this
model.

As a technical simplification, we use the local first-order condition for truth-
telling to replace u in the firm’s objective via integration by parts. The result
is an objective function that is maximized over {{q(θ )}θ∈ , u( θ )} subject to q
nondecreasing and the individual rationality constraint:

E[π ] =
∫ θ

θ

(
S(q(θ ), θ )− 1− F(θ )

f (θ )
vθ (q(θ ), θ )− u( θ )

)
dF(θ ).

This objective function has been usefully termed the monopolist’s “virtual sur-
plus” function by Myerson (1991); it includes the total surplus generated by
the monopolist’s production less the information rents that must be left to the
consumers as a function of their type.

Because u̇(θ ) = vθ (q, θ ) ≥ 0, individual rationality is equivalent to requir-
ing u( θ ) ≥ 0. Thus, we choose u( θ ) = 0 as a corner solution in this program,
guaranteeing participation at the least possible cost. Note that, in this simple
program, it is never profitable to leave excess rents to consumers. Hence, we
are left with an objective function that can be maximized pointwise in q(θ ) if
we ignore the monotonicity condition. Providing that the virtual surplus

!(q, θ ) ≡ S(q, θ )− 1− F(θ )

f (θ )
vθ (q, θ )

is quasi-concave in q and satisfies a cross-partial condition, !qθ ≥ 0, the
solution {q(θ )}θ∈ , which is defined by the pointwise first-order condition
!q (q(θ ), θ ) = 0, maximizes expected profit and is nondecreasing as required.
This solution satisfies

Sq (q(θ ), θ ) = 1− F(θ )

f (θ )
vθ (q(θ ), θ ) ≥ 0.

Hence, we have the familiar result that q(θ ) is distorted downward relative to
the social optimum, everywhere but at the “top” (i.e., at θ = θ ). If !qθ is not
everywhere nonnegative, it is possible that an ironing procedure needs to be
used to constrain q(θ ) to be nondecreasing.6 Such a procedure typically requires
that we utilize more general control-theoretic techniques and depart from our

6 See, for example, Fudenberg and Tirole (1991) for details.
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simple pointwise maximization program. However, in the single-dimensional
setting, a mild set of regularity conditions on v and F guarantees us the simple
case.7

Note that because profit per customer, π = S − u, is linear in utility, we
are able to use integration by parts to eliminate the utility function from the
objective function, except for the requirement that u( θ ) ≥ 0. This allows us
to maximize profits pointwise in q; i.e., we do not have to concern ourselves
simultaneously with the value of u(θ ). In this sense, the program is block
recursive: first the optimumcan be found for each q(θ ) and for u( θ ) in isolation;
then using the resulting function q(θ ) and u( θ ), u(θ ) can be determined via
integration. The resulting utility schedule can then be combined with q(θ )
to determine the total type-specific transfer, p(θ ) = v(q(θ ), θ )− u(θ ). Given
{p(θ ), q(θ )}θ∈ , the price schedule can be constructed by inverting the function
q(θ ): P(q) = p(θ−1(q)).

A second inherent simplicity in the one-dimensional model is that the incen-
tive compatibility conditions are determined by a simple differential equation
and a monotonicity condition. Whether we use integration by parts or the max-
imum principle to solve the program, in both instances we made important use
of this fact: without it, we also lose the recursive nature of the problem. In the
multidimensional setting, if we are uncertain as to which constraints bind, we
will generally be forced to maximize profits subject to a far larger set of global
constraints.

To this end, it is useful to briefly consider the discrete setting. Suppose
that θ is distributed discretely on θ = θ1 < θ2 < · · · < θI = θ , with respec-
tive probabilities fi > 0, i = 1, . . . , I and cumulative distribution function
Fk ≡

∑k
i=1 fi . A direct mechanism is a menu of I price-quantity pairs, where

the i th indexed pair is given to consumerswho report that they are of the i th type:
{qi , pi }i=1,...,I . Given that the single-crossing property is satisfied, it is straight-
forward to show that, if adjacent incentive compatibility constraints are satisfied,
then global incentive compatibility is satisfied. The adjacent constraints are typ-
ically referred to as the downward local and upward local incentive constraints:

v(qi , θi )− pi ≥ v(qi−1, θi )− pi−1, for i = 2, . . . , I, (ICi,i−1)

v(qi , θi )− pi ≥ v(qi+1, θi )− pi+1, for i = 1, . . . , I−1. (ICi,i+1)

Furthermore, assuming that it is always profitable to transfer rents from the con-
sumer to the firm, one can easily demonstrate that the downward constraints are
binding. In addition, providing that the resulting quantity allocation, {qi }i=1,...,I ,
ismonotonic, one can show that the upward constraintsmust be slack and conse-
quently incentive compatibility is global. This set of results is typically used to
solve the relaxed programwith only the downward constraints. In this sense, the
sequence of binding downward-local incentive constraints (and the difference

7 The commonly made assumptions that preferences are quadratic, and θ has a log-concave
distribution are sufficient for !qθ ≥ 0.
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equation that they imply) are analogous to the ordinary differential equation
u̇(θ ) = vθ (q(θ ), θ ) in the continuous setting. Not surprisingly, the solution to
the relaxed program (ignoring monotonicity constraints) satisfies an analogous
condition:

Sq (qi , θi ) =
(
1− Fi
fi

)
{vq (qi , θi+1)− vq (qi , θi )},

i = 1, . . . , I − 1.

In the discrete setting case, it is perhaps easier to see the importance of focus-
ing on the local constraints, and in particular on the downward-local constraints.
Without such a simplification,wewould have to introduce aLagrangemultiplier
for every type-report pair, (i, j), resulting in I (I − 1) total constraints rather
than simply I − 1. Not only does the single-crossing property in tandem with
a one-dimensional type space allow us to reduce the set of potential constraints
by a factor of I , it also renders these local constraints in an tractable fash-
ion: a simple first-order difference equation. The absence of such a convenient
ordering is the source of much difficulty in the multiple-dimension setting.

2.2. The Demand-Profile Approach

An alternative approach to modeling optimal screening contracts in parametric-
utility space is to work with a less primitive and perhaps more economically
salient structure – demand curves ordered by type and then aggregated into a
demand profile.8 Because demand curves entirely capture consumers’ prefer-
ences, there is no informational loss from restricting our attention to demand
profiles. Given that they are generally easier to estimate empirically, this primi-
tive has arguably more practical appeal. For our purposes, however, the demand
profile approach is useful also in that this method more clearly illustrates the
simplicity and recursiveness of the single-type framework, and also underscores
the aspects of the multiple-type framework that will lead to genuine economic
difficulties rather than merely technical concerns.

Consider first the continuous parameterization of demand curves that we
will index by θ : an individual of type θ has a demand curve given by

p = vq (q, θ ).

The single-crossing property is equivalent to the requirement that these demand
curves do not intersect. In the parametric-utility approach where v(q, θ ) =
θq − 1

2q
2, this generates a simple family of parallel demand curves: p = θ − q.

The primitive object on which we will work, however, is the aggregate demand
profile generated by calculating the measure of consumers who consume q or

8 An interested reader is urged to consult Wilson (1993a) for a wealth of examples and insights
into this approach. Wilson (1993a) builds on the work of Brown and Sibley (1986), who provide
an earlier treatment of this approach.
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more units of output with a price schedule, P(q). Formally, we characterize this
“cumulative” aggregate demand functional as

M[P(·), q] = Prob[θ ∈  | argmax
x
{v(x, θ )− P(x)} ≥ q].

If the consumer’s program is quasi-concave [which is equivalent to the re-
quirement that the marginal price schedule, p(q) ≡ P ′(q), intersects the con-
sumer’s demand curve once from below], then consumer θ will demand q or
more units if and only if vq (q, θ ) is not less than the marginal price, p(q), which
implies that the cumulative aggregative demand functional has a very simple
form:

M[P(·), q] = Prob [vq (q, θ ) ≥ p(q)] ≡ N (p(q), q).

In this case, the problem is fully decomposable: The seller’s program is to
choose optimal marginal prices, p(q), to maximize

N (p, q)[p − c]
pointwise for each q . Assuming that themonopolist’s local first-order necessary
condition is also sufficient, we can characterize the solution by

N (p(q), q)+ ∂N (p(q), q)

∂p
[p(q)− c] = 0,

or in a more familiar inverse-elasticity formula

p(q)− c
p(q)

= 1

η(p(q), q)
, where η(p, q) ≡ −p

N

∂N

∂p
.

Providing that the resulting marginal price schedule, p(q), cuts each parameter-
ized demand curve only once from below, this solution to the relaxed program
will satisfy the agent’s global incentive compatibility constraints. The resulting
nonlinear price schedule in this case is P(q) = P(0)+ ∫ q

0 p(s) ds, where the
fixed fee is chosen optimally to induce participation for all consumers who
generate nonnegative virtual surplus.

When the monopolist’s program is not quasi-concave over p for all q,
the solution is still given by the maximization over p of N (p, q)(p − c),
but the resulting marginal price schedule p(q) may fail to be continuous in
q, which gives rise to kinks in the price function P . This situation corre-
sponds to the cases where!θq < 0 and q(θ ) is not strictly monotonic (bunching
arises). Notice that in this case, also the demand profile approach is less dif-
ficult than the parametric-utility approach, which must resort to an ironing
procedure.

The demand profile approach does not work well when the resulting price
schedule cuts some demand curve twice. In this case the expression of the
aggregated demand function M cannot be simplified, because it depends on
the whole function P . As an illustration, consider the following numerical
example. Suppose that there are three types of consumers with demand curves
for the quantities given in the first three numeric columns (we normalize
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Table 5.1. The demand-profile approach: a numerical example

Unit θ1 θ2 θ3 p(q) N (p(q), q) R(q)

1st 7 9 11 7 3 21
2nd 5 7 9 5 3 15
3rd 3 5 7 5 2 10
4th 1 3 5 3 2 6
5th 0 1 3 3 1 3
6th 0 0 1 1 1 1

Total 56

marginal cost to zero; see Table 5.1): The fourth numeric column represents
the pointwise optimal price p(q), obtained by maximizing revenue pN (p, q)
for the qth unit. The fifth column is the number of consumers purchasing that
quantity (we have normalized the population to an average of one consumer of
each type), and the final column represents the revenue attributed to the particu-
lar quantity level. Total revenue using nonlinear pricing is equal to 56, whereas
a uniform-pricing monopolist would choose a price of 5 per unit, sell 9 units,
and make a total revenue of 45. The simplicity of this method for finding the
optimal price schedule is worth noting.

The local demand-profile representation sometimes falls short, however. If
the zeros in the θ1 type’s demand curve were replaced by 1− 2ε, and the zero
in the θ2 type’s demand curve was replaced by 1− ε, the maximum revenue for
the 6th unit would be obtained by selling to all types, whereas it would still be
optimal to sell the 5th unit only to θ3 types. Thus, we would generate gaps in
consumption choices for types θ1 and θ2 when we maximized p(q) pointwise
by q. Specifically, types θ1 and θ2 would each be directed to choose only units
1–4 and unit 6 (but to skip unit 5), which is not feasible. This candidate solution
represents the failure of the local representation; specifically, the marginal de-
mand profile N (p, q) does not capture the consumer’s true preferences, which
are instead characterized by the full demand profile, M[P(·), q].

3. THE GENERAL MULTIDIMENSIONAL
SCREENING PROGRAM

3.1. A General Discrete Formulation

We begin with the discrete setting, because it is perhaps most easiest to follow,
relying on simple techniques of summation and optimization for the character-
ization of an optimum, unlike its continuous-type counterpart that makes use of
more complex techniques in vector calculus and differential forms. Nonethe-
less, both approaches are closely related, and the conditions in the discrete
setting have smooth analogs in the continuous setting. More importantly for
the purposes of this survey, the rough equivalence between the two settings
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allows us to understand what is difficult about “multiple dimensions.” To be
precise, the problems arise not because of multiple dimensionality itself, but
because of a commonly associated lack of exogenous type-ordering inmultiple-
dimensional environments. This source of the problem is clearest in the discrete
setting, where it makes no sense to speak about dimensionality without simul-
taneously imposing structure on preferences.9

Let us consider now a more general version of the discrete model, where
there are I distinct consumer types, and the monopolist produces n different
goods: q ∈ R

n . Hence, we can speak of there being n available instruments
(i.e., varieties of goods exchanged for money). We make no assumptions on
preferences, except for linearity in money. For the sake of consistency with the
rest of the paper, we still parameterize gross utilities in the form v(q, θi ) (where
θi is the consumer type i = 1, . . . , I ), but we make no assumption on v . By
convention, q = 0 represents “no consumption,” and we normalize utility such
that v(0, θ ) = 0 for all θ . We denote the allocation for consumer θi by the vector
qi = q(θi ) and the associated utility by the scalar ui = u(θi ). We will use q to
denote the n × I matrix (q1, . . . , qI ), and u to denote the I -length row vector
(u1, . . . , uI ).

Using the parametric-utility approach,we represent the firm’s expected profit
as

E[π ] =
I∑

i=1
fi {S(qi , θi )− ui )},

to be maximized under the discrete incentive compatibility constraints, ICi, j ,
as defined previously in the one-dimensional case, and individual rationality
constraints:

∀i ui ≡ v(qi , θi )− P(qi ) ≥ 0. (IRi )

The individual rationality constraints can be considered as a particular case
of incentive compatibility constraints by defining a “dummy”-type θ0, such that
v(q, θ0) ≡ 0, which implies that it will always be optimal to choose q0 = 0 and
P(0) = 0.10 The firm’s problem is thus to maximize its expected profit under
implementability (i.e., IC and IR) constraints:

∀i, j ∈ {0, . . . , I }, ui ≥ v(q j , θi )− P(q j ),

or, equivalently,

∀i, j ∈ {0, . . . , I }, ui − u j ≥ v(q j , θi )− v(q j , θ j ). (ICi j )

9 For example, whether we index preferences using two dimensions, v(q, θ1i , θ2 j ) where i, j =
1, . . . , I/2, or a single dimension, v(q, θk ) with k = 1, . . . , I , is immaterial by itself. Fundamen-
tally, any difficulty in extending single-dimensional models to multidimensional models must
arise from a lack of ordering among the types rather than any primitive notions of dimensionality.

10 This is just a convention. It is compatible with fixed fees, because P can be discontinuous in 0.
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Following Spence (1980), it is natural to decompose the firm’s problem in
two subproblems:

1. Minimize expected utility for fixed q = (q1, . . . , qI ).
2. Choose q to maximize expected surplus minus expected utility.

It is remarkable that the first subproblem has a general solution that can be
found by a relatively simple algorithm. Let us denote by U(q) the set of utility
vectors that implement q. That is,

U(q) = {(u1, . . . , uI )such that ICi j is satisfied

for all i, j = 0, . . . , I and u0 = 0}.
In what follows, it will be useful to consider arbitrary paths in the set  =
{θ1, . . . , θI }.Wewill denote such a path from type θi to θ j by the function γ .We
denote the “length” of γ by "; i.e., " is the number of segments used to connect
θi = γ (0) to θ j = γ ("). Hence, γ is a mapping, γ : {0, 1, . . . , "} →  . Finally,
we say that a path of length " is “closed” if γ (0) = γ ("). With this notation for
discrete paths, the following characterization of U(q) can be stated. A proof is
found in Rochet (1987).

Lemma 3.1. U(q) is nonempty if and only if for every closed "-length path γ

"−1∑
k=0

v(qγ (k), θγ (k+1))− v(qγ (k), θγ (k)) ≤ 0. (3.1)

To provide an intuition for condition (3.1), define the incremental utility
between type i and type j as the difference between the utility of type i and the
utility of type j when consuming the bundle assigned to type j . Condition (3.1)
means that, for all closed paths γ in the set of types, the sum of incremental
utilities along γ is nonpositive. Consider, for example, a closed path of length
k. Incentive compatibility requires

uγ (k+1) − uγ (k) ≥ v(qγ (k), θγ (k+1))− v(qγ (k), θγ (k)).
By summing over these inequalities, we see that condition (3.1) is implied by
incentive compatibility for any closed path. Lemma 3.1 says that the converse
is true: condition (3.1) implies incentive compatibility, as well.11 The proof
is constructive: Lemma 3.2 gives an algorithm for constructing the minimal
element of U(q).

11 The reader versed in vector calculus will recognize this as a discrete variation of the requirement
that vθ (q(θ ), θ ) is a conservative field, where C represents an arbitrary closed path in  :∮

C
vθ (q(θ ), θ ) dθ = 0.
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Lemma 3.2. When (3.1) is satisfied, U(q) has a unique minimal element, u ,
characterized for i = 0, . . . , I by

u i ≡ sup
γ

"−1∑
k=0

v(qγ (k), θγ (k+1))− v(qγ (k), θγ (k)), (3.2)

where the sup is taken over all open paths from 0 to i , and u 0 ≡ 0.

Condition (3.2) means that agent i is guaranteed a utility level, u i , equal
to the sum of the incremental utilities along any path connecting θ0 to θi . We
will refer to this i th element of the minimum of U(q) as the informational rent
of agent i . Note that this rent does not depend on the frequencies { f1, . . . , f I }
of the distribution of types, but only on the support,  = {θ1, . . . , θI }, of this
distribution. Formula (3.2) shows that the informational rent of each agent can
be computed by a recursive algorithm. Intuitively, it is as if each type i chooses
the path from θ0 to θi that maximizes the sum of incremental utilities. Denote
by u"i the maximum of formula (3.2) over all paths of length less than or equal
to " from 0 to i . u"i can be computed recursively by the Bellman-type formula:

u"+1i = max
j

{
u"j + v(q j , θi )− v(q j , θ j )

}
.

Condition (3.1) implies that this algorithm has no cycles. The set of types being
finite, u"i converges to the rent of agent i in a finite number of steps as " is
increased to I .

For any allocation q, the dynamic programming principle implies that if j
belongs to the optimal path γ from 0 to i , the truncation of γ to the path between
0 and j defines the optimal path from 0 to j .

This allows us to define a partial ordering ≺ on types:

j ≺ i ⇐⇒ j belongs to one of the optimal paths from 0 to i .

For generic12 allocations, there is a unique optimal path γ [with γ (0) = 0 and
γ (") = i] from 0 to i , and the rent of i is easily computed:

ui (q,≺) =
"−1∑
k=1

[v(qγ (k), θγ (k+1))− v(qγ (k), θγ (k))].

Graphically, the collection of optimal paths comprises a “tree” (i.e., a con-
nected graphwithout cycles such that, from the “root” vertex 0, there is a unique
path to any other point in the graph); we use # to represent such a tree. We
can therefore represent the binding incentive constraints by such a tree ema-
nating from the type, θ0. One can also define for all i , j , such that i ≺ j , the
“immediate successor” s(i, j) of i in the direction of j by the formula

s(i, j) = min{k | i ≺ k ≺ j, k �= i}.

12 However, the optimal allocation q may be such that there are several optimal paths. We give an
example of such a case in Section 3.3.
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Then, it is easy to see that the agent’s expected rent can be written as13

ER(q,≺) =
I∑

i=1

∑
j!i

f j [v(qi , θs(i, j))− v(qi , θi )].

In the classic one-dimensional casewhen the single-crossingholds, condition
(3.1) reduces to the well-known monotonicity condition q1 ≤ q2 ≤ · · · ≤ qI
and ≺ always consists of the complete ordering: θ1 < θ2 < · · · < θI ; the asso-
ciated tree is a single connected branch. In this case

ER(q,≺) =
I∑

i=1
(1− Fi ) [v(qi , θi+1)− v(qi , θi )] ,

and as previously shown in Section 2, subproblem 2 is easily solved by maxi-
mizing the virtual surplus

!(qi , θi ) = S(qi , θi )− 1− Fi
fi

[v(qi , θi+1)− v(qi , θi )].

In the general case, the binding IC constraints (corresponding to the agent’s
optimal paths defining the tree #) depend on the allocation q, which means
that the virtual surplus does not have in general a simple expression. As will
be illustrated later, the virtual surplus approach works only when one can an-
ticipate a priori the optimal paths γ ∈ #: i.e., which IC constraints will be
binding.

To summarize, from this discussion of the general discrete formulation, two
conclusions emerge that are inherent in all multidimensional problems. First,
and most significantly, multiple-dimension models are difficult precisely when
they give rise to an endogenous ordering over the types of  (i.e., the set of
binding IC constraints is endogenous to the choice of q). Second, and closely
related, the incentive compatibility conditions are frequently binding not only
among local types, and hence the discrete analog of the first-order approach
is not generally valid and a form of an integrability condition, (3.1), must
necessarily be satisfied. We will see a similar structure in the continuous-type
setting.

3.2. The Continuous Case

In the continuous case, the implementability condition (3.1) translates into two
necessary conditions. The first is an integrability condition that requires, for
every closed path γ : [0, 1]→  , that∫ 1

0
vθ (q(γ (s)), γ (s)) dγ (s) = 0. (3.3′)

13 When i is a maximal element, the set { j | j ! i} is empty and ER does not depend on qi .
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This is equivalent to saying that vθ (q(θ ), θ ) is the gradient14 of some function
u(θ ). The second condition is a set of inequalities:

∀θ D2u(θ ) ≥ vθθ (q(θ ), θ ), (3.3′′)

where D2u is the Hessian matrix of any function u such that ∇u = vθ and
the inequality is taken in the sense of matrices (i.e., D2u − vθθ is positive
semidefinite).

The trouble is that these conditions are not sufficient, except when vθθ ≡ 0
(the linear parameterization) in which case (3.3′) and (3.3′′) are necessary and
sufficient for implementability by Fenchel’s duality theorem15 (Rochet, 1987).

The continuous equivalent of Lemma 3.2 is somewhat trivial. This is because
the integrability condition (3.3′) implies that, for any path γ connecting γ (0) =
θ0 to γ (1) = θ , we have

u(θ ) =
∫ 1

0
vθ (q(γ (s)), γ (s)) dγ (s).

Expected surplus can be computed using the divergence theorem:16∫
 

u(θ ) f (θ ) dθ =
∫
 

λ(θ ) · vθ (q(θ ), θ ) f (θ ) dθ

−
∫
∂ 

λ(θ ) · n(θ ) f (θ )u(θ ) dσ (θ ),

where λ is any solution of the partial-differential equation:

div (λ(θ ) f (θ ))+ f (θ ) = 0, (3.4)

where n(θ ) is the outward normal to the boundary ∂ of  , and the notation∫
∂ 
W (θ ) dσ (θ ) represents the integral of some functionW along the boundary

∂ .

14 As noticed by several authors, this is also equivalent to a set of partial differential equations
reminiscent of Slutsky equations:

∀n,m ∂

∂θn

(
∂v

∂θm
(q(θ ), θ )

)
= ∂

∂θm

(
∂v

∂θn
(q(θ ), θ )

)
.

15 McAfee and McMillan (1988) define a Generalized Single-Crossing condition that slightly
generalizes the linear case: it amounts to assuming that, for any nonlinear price, the set of types
who choose the same allocation is a linear subspace. They use it to generalize the results of
Laffont, Maskin, and Rochet (1987). They also find a necessary and sufficient condition for
implementability.

16 The divergence theorem is the multidimensional analog of the integration-by-parts formula. It
asserts that, under regularity conditions,

−
∫
 

u(θ )div[λ(θ ) f (θ )] dθ =
∫
 

λ(θ ) · ∇u(θ ) f (θ ) dθ−
∫
∂ 

λ(θ ) · n(θ )u(θ ) f (θ ) dσ (θ ).
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Now, the expected profit of the firm can be written as

E[π ] =
∫
 

{S(q(θ ), θ )− λ(θ )vθ (q(θ ), θ )} f (θ ) dθ

+
∫
∂ 

λ(θ ) · n(θ )u(θ ) f (θ ) dσ (θ ),

which has to be maximized under the implementability conditions (3.3′) and
(3.3′′). When these constraints are not binding, this problem can, in principle,
be solved by point-wise maximization of virtual surplus:

!(q, θ ) = S(q, θ )− λ(θ )vθ (q, θ ).
The trouble is that, like in the discrete case, λ is not known explicitly. It is

defined as the unique solution of partial differential equation (3.4) that satisfies
the boundary condition

u(θ )[λ(θ ) · n(θ )] = 0 for all θ on ∂ .

It can be proved that the general solution to equation (3.4) can be computed by
integrating the density, f , along arbitrary paths γ :

λ(θ ) =
∫ 1

γ−1(θ )
f (γ (s)) dγ (s).

Therefore, the optimal u is characterized by two objects:

� A partition of the boundary of  into two regions: the “lower bound-
ary” ∂0 , where the participation constraint is binding [u(θ ) = 0] and
the “upper boundary” ∂1 , where λ(θ ) · n(θ ) = 0, which means that
there is no distortion along the normal to the boundary;

� A family of paths connecting the lower boundary [where u(θ ) = 0]
to the upper boundary (where there is no distortion). This is the con-
tinuous equivalent of the pattern found in the discrete case: a partial
ordering of types along paths connecting the region where the partic-
ipation constraint binds to the region where there is no distortion.

As in the discrete setting, again two ideas emerge that are distinct to the
multidimensional case: (i) the set of paths connecting the lower and upper
boundaries of  are endogenous to the choice of allocation {q(θ )}θ∈ , and (ii)
an integrability condition must necessarily be satisfied.

3.3. Tractable Discrete Models

To illustrate the different patterns that can arise in multidimensional screening
models and how our conclusions affect our results, we consider here a very
simple example of nonlinear pricing problems, inspired by Sibley and Srinagesh
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(1997) and Armstrong and Rochet (1999).17 In those examples, a monopolist
firm produces two goods j = 1, 2 at a constant marginal cost (normalized to
zero). There are two types of consumers, characterized by independent linear
inverse demands

pi j (qi j ) = θi j − qi j , j = 1, 2, i = 1, 2.

Thus types are bidimensional θi = (θi1, θi2), i = 1, 2. Linear demands are
equivalent to quadratic utilities:

v(θi , qi ) =
2∑
j=1

{
θi j qi j − 1

2
q2
i j

}
,

where qi is the vector qi = (qi1, qi2). The first-best efficient allocation is char-
acterized by the vector q∗i = θi and surplus by the scalar S∗i = 1

2 (θ
2
i1 + θ2i2).

Following lemma 3.1, the implementability condition reduces to18

(θ1 − θ2) · q2 + (θ2 − θ1) · q1 ≤ 0. (3.5)

Providing this condition is satisfied, lemma 3.2 implies that, at the optimum,
the rents to the types are given by

u1 = max(0, (θ1 − θ2) · q2),
u2 = max(0, (θ2 − θ1) · q1).

The implementability condition then implies that either u1 or u2 equals 0 (i.e.,
the IR constraint binds somewhere). To fix ideas, we assume that S∗1 < S∗2 . By
analogy with the unidimensional case, one may conjecture that the second-best
allocation is then characterized by u1 = 0 (binding IR “at the bottom”) and
q2 = q∗2 (efficiency “at the top”). This is indeed one possible regime, illustrated
by Figure 5.1.

In this first case,

u2 = (θ2 − θ1) · q1
and

q1 = θ1 − f2
f1
(θ2 − θ1).

This allocation can be implemented by a menu of two-part tariffs: tariff 1 has a
low fixed fee T1 = 1

2q
2
1 and a unit price vector p1 = f2/ f1(θ2 − θ1); tariff 2 has

a high fixed fee T2 = S∗2 − u2 and a zero unit price vector. Note that unit prices
are not necessarily above marginal costs (which have been normalized to zero),
because we did not assume19 θ2 > θ1. Apart from this feature the completely

17 Dana (1992) and Armstrong (1999a) also provide related examples of tractable discrete-type
models.

18 The only relevant closed path to consider is the cycle from θ1 to θ2.
19 The case θ2 > θ1 corresponds towhat Sibley andSrinagesh (1997) have called uniformly ordered

demands.
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Figure 5.1. First-regime – the completely ordered case. Arrows indicate the
direction of the binding incentive constraints; e.g., an arrow from θ2 to θ1
represents type θ2’s indifference between their own allocation and that meant
for θ1.

ordered case is analogous to the unidimensional case. It corresponds to the
solution of the monopoly problem whenever

u2 = (θ2 − θ1) · q1 ≥ 0 = u1 ≥ (θ1 − θ2) · q2.
The second inequality is implied by the first, given the implementability con-
dition in (3.5), whereas the first inequality is equivalent to

f1(θ2 − θ1) · θ1 ≥ f2(θ2 − θ1)2,
or

θ1 · θ2 ≥ θ
2
1 + f2θ22
1+ f2

. (3.6)

When this condition is not satisfied, a second possible regime corresponds
to the case where there is no interaction between types; we call it the separable
case (see Figure 5.2).

In this second case, there are no distortions:

q1 = θ1 and q2 = θ2,

✘✘✘✘✘✘✘✘✘✘✘✘�
�
�
�
�
�
�
�
�
�

✘✘✘✘✘✘✾

✢

θ2

θ1

θ0

Figure 5.2. Second regime – the separable case.
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Figure 5.3. Third regime – the mixed case.

and all the surplus is captured by the seller:

u1 = u2 = 0.

Following (3.5), this allocation is implementable if and only if

(θ2 − θ1) · θ1 ≤ 0, (θ1 − θ2) · θ2 ≤ 0.

Given our assumption that θ21 ≤ θ22 , this is equivalent to
θ1 · θ2 ≥ θ21 . (3.7)

Finally, when neither (3.6) nor (3.7) is satisfied, there is an intermediate case
that combines the features of the two regimes (see Figure 5.3).

In this third and final case, the firm is still able to capture all the surplus, but
this is at the cost of a distortion on q1, designed in such a way that type θ2 is
just indifferent between the efficient bundle q2 = θ2 at a total tariff T2 = S∗2 and
bundle q1 at tariff T1 = 1

2q
2
1 . Notice that there are two optimal paths connecting

θ2 to θ0, corresponding to two different trees, #1 and #2. The weight µ21 put
on this second path is determined by this indifference condition:

u2 = 0 = (θ2 − θ1)q1,
where

q1 = θ1 − µ21

f1
(θ2 − θ1).

This gives

µ21 = f1
(θ2 − θ1) · θ1
(θ2 − θ1)2 ,

which has to be between 0 and f2. These conditions determine the boundary of
this regime in the parameter space:

0 ≤ (θ2 − θ1) · θ1 ≤ f2(θ2 − θ1) · θ2,
or

θ21 ≤ θ1 · θ2 ≤
θ21 + f2θ22
1+ f2

.
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Notice that, in this case, we have that u1 = u2 = 0 but q1 �= q2, which cannot
arise in dimension 1.

The three cases (completely ordered, separable, and mixed) illustrate the
three settings that generally arise in multidimensional models. When we place
significant restrictions on preferences and heterogeneity, we can frequently
obtain simpler solutions that correspond to the first two cases. We discuss
these in the following section, and then consider variations on these themes in
Sections 5–8. The mixed case corresponds to the more general and difficult
setting we discuss in Section 9.

4. AGGREGATION AND SEPARABILITY

In this section, we explore two cases where multidimensional problems can be
effectively reduced to unidimensional problems: the case of aggregation, where
aone-dimensional sufficient statistic canbe found for representingunobservable
preference heterogeneity, and the case of separability, where the set of types
can be partitioned a priori into one-dimensional subsets. In the former setting,
the binding IC constraints necessarily lie in a completely ordered graph,which is
known a priori and corresponds to the completely ordered case, discussed in the
previous section. In the latter setting, the incentive constraints can be partitioned
into an exogenously given tree that is known a priori, which corresponds to the
separable case.

4.1. Aggregation

A family of multidimensional screening problems that effectively reduces to
one-dimensional problems are characterized by the existence of a sufficient
statistic of dimension 1 that summarizes all relevant information on unobserv-
able heterogeneity of types and that has an exogenously given distribution. Let
us start with a trivial example where the sufficient statistics can be found imme-
diately. Suppose that only one good is sold (n = 1), but types are bidimensional
(m = 2) and social surplus is given by

S(θ, q) = (θ1 + θ2)q − 1

2
q2.

It is then obvious that θ̂ ≡ θ1 + θ2 is a one-dimensional sufficient statistic for
the consumer’s preferences, and the monopolist’s can be solved by applying
the usual techniques to the distribution of θ̂ .

Even in this simple transformable setting, however, we can see that ev-
erything is not the same as in the canonical one-dimensional model. The pri-
mary difference is the exclusion property discovered by Armstrong (1996).
Suppose, indeed, that θ = (θ1, θ2) has a bounded density on R

2
+, or on a rec-

tangle [ θ1, θ̄1]× [ θ2, θ̄2] (or any domain with a “southwest” corner). Then, it
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is easy to see that the density of θ̂ , obtained by convolution of the marginals20

of θ1 and θ2 tends to zero when θ̂ tends to the lower bound of its support. As a
result, the inverse hazard rate tends to infinity, which implies the existence of
an exclusion region at the bottom that would not necessarily emerge if either
θ1 or θ2 was observable and contractible. There is an associated intuition that
relates to the envelope theorem: raising prices by ε raises revenues from infra-
marginal buyers by a first-order amount at a loss of a second-order measure
of consumers in the southwest corner of the support of types, ε2. We will see
this insight extends to more general settings; for example, Armstrong (1996)
originally demonstrates this result for the separable setting discussed in the
following section.21

It is worth noting that, whereas the aggregation technique appears trivial
in our toy example, it is often more subtle and arises from a property of the
market setting. For example, Biais, Martimort, and Rochet (2000) consider a
market maker who sells a risky asset to a population of potential investors,
characterized by two dimensions of adverse selection, θ = (θ1, θ2) (using our
notation): θ1 corresponds to the investor’s fundamental information; i.e., his
evaluation of the asset’s liquidation value [the true liquidation value is θ1 + ε̃,
where ε̃ is N (0, σ 2) and independent of θ2]; θ2 corresponds to a sort of personal
taste variable – namely, the initial position of the investor in the risky asset
(his hedging needs). If he buys q units of the asset for a total price P(q), the
investor’s final wealth is

W̃ (q) = W0 − P(q)+ (θ1 + ε̃)(θ2 + q),
where W0 denotes his initial endowment of money. Assuming that the investor
has constant absolute risk aversion preferences [u(W ) = −e−ρW ], the certainty
equivalent of trading q units is

V (q) = W0 − P(q)+ θ1(θ2 + q)− 1

2
ρσ 2(θ2 + q)2.

Thus, the net utility of trading q is given by

U = V (q)− V (0) = (θ1 − σ 2θ2)q − 1

2
ρσ 2q2 − P(q).

Even though the initial screening problem is bidimensional, the simplified

20 As noticed by Miravete (1996), the monotone hazard-rate property is preserved by convolution.
21 Armstrong (1996) shows that the exclusion property is also true when  is strictly convex.

However, suppose that θ is uniformly distributed on a rectangle that has been rotated 45 degrees:

 = {θ ∈ R
2, θ ≥ θ1 + θ2 ≥ θ̄ ,−d ≤ θ1 − θ2 ≤ d}.

Then, it is easy to see that θ̂ has a uniform distribution on [ θ, θ̄ ], which implies that q∗(θ ) =
2θ̂ − θ̄ and that the exclusion region vanishes when 2θ > θ̄ . This shows that the exclusion
property discovered by Armstrong (1996) is not intrinsically related to multidimensionality, but
rather to the properties of the distribution of types.
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version of the problem reduces to a one-dimensional screening problem with a
sufficient statistic θ̂ = θ1 − ρσ 2θ2 that aggregates the two motives for trade.

Other examples of this sort appear in Laffont and Tirole (1993) and Ivaldi
and Martimort (1994). Ivaldi and Martimort (1994) study a model of com-
petition with two dimensions of preference heterogeneity, which, given their
assumptions about distributions and preferences, aggregates into a model with
a one-dimensional statistic. Laffont and Tirole (1993) study regulation of mul-
tidimensional firms in a model combining adverse selection and moral hazard.
By assuming that costs are observable to the regulator, they effectively trans-
form their problem into a pure screening model, amenable to the technique
presented here. In particular, when the unobservable technological parameters
of the firms (their “types”) are multidimensional, Laffont and Tirole find condi-
tions, inspired by the aggregation theorems of Blackorby and Schworm (1984),
under which the type vectors can be aggregated into a single number.

4.2. Separability

Wilson (1993a, 1993b) and Armstrong (1996) were the first to provide closed-
form solutions to multidimensional screeningmodels. These solutions are all of
the separable type. An illustration can be given in our framework by assuming
linear parametrization of surplus with respect to types S(θ, q) = θ · q −W (q),
whereW is convex such that∇W (0) = 0, and a density f of types that depends
only on ‖θ‖. Consider, for example, the casewhere there are two goods (m = 2),
and f is the density of a truncated normal on a quarter of a circle of center 0
and radius R > 1.

Wilson (1993a) and Armstrong (1996) find conditions under which the solu-
tion to the monopolist problem depends only on the distribution of types along
the “rays” (i.e., the straight lines through the origin). In other words, they look
for cases where the only binding IC constraints are “radial” (see the Figure 5.4).

“radial IC constraints”
✲

✻

θ2

θ1
✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟

✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁✁

✟✟✟✙✟✟✟✙✟✟✟✙

✁
✁☛

✁
✁☛

✁
✁☛

Figure 5.4. Radial incentive compatibility constraints.
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If this is the case, the solution can be determined by computing the con-
ditional distribution of types along the rays. This is done by introducing the
change of variable θ = t

(
cosα
sinα

)
, with t ∈ [0, R] and α ∈ [0, π/2]. The change

of variable formula formultivariate densities gives the conditional density along
the rays:

g(t) = t exp− t
2

2
,

which does not depend on α. The virtual surplus is easily computed as

!(θ, q) = S(θ, q)− 1− G(t)

g(t)

θ

‖θ‖ · q,

which gives, after easy computations:

!(θ, q) =
(
1− 1

‖θ‖2
)
θq −W (q).

This virtual surplus is maximized for q∗(θ ) defined implicitly by ∇W (q) =
(1− 1/‖θ‖2)θ for ‖θ‖ ≥ 1, and q = 0 for ‖θ‖ < 1. If we use the indirect
surplus function S∗(θ ) = maxq{θ · q −W (q)}, this is equivalent to: q∗(θ ) =
∇S∗([1− 1/‖θ‖2]+ · θ ), where [x]+ denotes max(0, x).

We now have to check whether this function q∗ satisfies the necessary
conditions of the monopoly problem, namely boundary conditions and im-
plementability conditions. The boundary conditions require that the boundary
of  = R

2
+ be partitioned into two regions:

� ∂0 , where u(θ ) ≡ 0 (no rent)
� ∂1 , where the gradient of the surplus is tangent to the boundary (no
distortion at the boundary).

These two regions are represented in Figure 5.5.
Notice that the boundary condition is satisfied in ∂1 only because the

extreme rays are tangent to the boundary. This property would not be satisfied
if the support of θ was shifted by an arbitrarily small vector. This more complex
case is discussed inSection9.2.On the other hand,Armstrong (1996) discovered
a robust property of the solution, namely the existence of an exclusion region
(where u ≡ 0): in our example, it corresponds to the region ‖θ‖ ≤ 1. This is
explained by the fact that, for “regular” distributions on R

2
+ (similar properties

hold for many other domains), the conditional densities along the rays tend to
zero when ‖θ‖ tends to zero, which implies that inverse hazard rates tend to
infinity, as discussed in Section 4.1.

It remains to check that implementability conditions are satisfied. Due to the
linearity of preferences with respect to θ , these implementability conditions are
equivalent to saying that q∗ is the gradient of a convex function (i.e., that Dq∗ is
a symmetric, positive definite matrix). Easy computations show that symmetry
is equivalent to saying that S∗(θ ) depends only on ‖θ‖; that is, it possesses the
same type of symmetry as the density of types. If this property is satisfied, the
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Figure 5.5. Exclusion region and boundaries.

second-order conditions for implementability (i.e., the fact that Dq∗ is positive
definite) will be automatically satisfied. When this is not the case, the solution
is much more complex to characterize, because bunching necessarily appears.
We study such an example in Section 9.2.

5. ENVIRONMENTS WITH ONE-DIMENSIONAL
INSTRUMENTS

In many multidimensional screening problems, there are more dimensions of
heterogeneity than instruments available to the principal (n < m). Here, we
turn attention to the case of screening problems with one instrument (n = 1),
but several parameters of adverse selection (m > 1) in which, even though a
univariate sufficient statistic exists, its distribution is endogenous, depending
on the pricing schedule chosen by the firm.

Typically, the set of instruments may be limited either by exogenous reasons
[see, e.g., the justifications given by Rochet and Stole (2002) for ruling out
stochastic contracts] or because the principal restricts herself to a subclass of
all possible instruments. For example, Armstrong (1996) focuses on cost-based
tariffs in his search of optimal nonlinear prices for a monopolist.22 Using our
notation, the monopolist problem in Armstrong (1996) can then be simplified

22 Similarly, several authors e.g., Zheng (2000) and Che and Gale (1996a, 1996b), have studied
score auctions, a particular subclass of multidimensional auctions in which the auctioneer ag-
gregates bids using a prespecified scoring rule. As another example, Armstrong and Vickers
(2000) consider price-cap regulation under the restriction of no lump-sum transfers.
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by computing indirect utilities

V (y, θ ) = max
q
{v(q, θ ) | C(q) ≤ y}

representing the maximum utility attained by a consumer of type θ who gets a
bundle of total cost less than or equal to y. The problem reduces then to find the
best one-dimensional schedule T (y) (n = 1) for screening a multidimensional
distribution of buyers (m > 1).

As in the one-dimensional case, there are two approaches available for this
class of problems: the parametric-utility approach and the demand-profile ap-
proach. The demand-profile approach is typically far easier to implement, pro-
vided that the consumer’s preferences can be accurately summarized by a de-
mand profile that depends only on the marginal prices.

Laffont, Maskin, and Rochet (1987) solved such a problem using the
parametric-utility approach. Consider the scenario in which a monopolist sells
only one good (n = 1) to buyers differing by two characteristics: the intercept θ1
and the slope−θ2 of their (individual) inverse demand curves. This corresponds
to the following parameterization of preferences:

v(q, θ ) = θ1q − 1

2
θ2q

2.

If we want to apply the parametric-utility methodology, we are confronted
with the problem that implementability of an indirect utility function u(·) is
more complex to characterize. Indeed, let P(q) be a given price schedule. The
corresponding indirect utility u and allocation rule q satisfy

u(θ ) = max
q

{
θ1q − 1

2
θ2q

2 − P(q)

}
,

where the maximum is attained for q = q(θ ). By the envelope principle, we
have that u is again a convex function such that

∇u(θ ) =
(

q(θ )

− 1
2q

2(θ )

)
for a.e. θ.

This shows that u necessarily satisfies a nonlinear partial-differential equation

∂u

∂θ2
+ 1

2

(
∂u

∂θ1

)2

= 0. (5.1)

The monopolist’s problem can then be transformed as before into a calculus
of variations problem in u and ∇u, but with the additional constraint (5.1) that
makes the program difficult.

Interestingly,Wilson’s demand-profile approachworks verywell in this case.
Let us define the demand profile for quantity q at marginal price p as

N (p, q) = Prob[vq (q, θ ) ≥ p] = Prob[θ1 − θ2q ≥ p].

Assuming a constant marginal cost c, the optimal marginal price p(q) =
P ′(q) can be obtained by maximizing (p − c)N (p, q) with respect to p. If θ1
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and θ2 are distributed independently according to cumulative distributions F1

and F2 (and densities f1 and f2), we obtain

N (p, q) =
∫ +∞
0
{1− F1(p + θ2q)} f2(θ2) dθ2.

The optimal marginal price is defined implicitly by

p(q) = c − N (p(q), q)

Np(p(q), q)
= c +

∫ +∞
0
{1− F1(p(q)+ θ2q)} f2(θ2) dθ2∫ +∞

0
f1(p(q)+ θ2q) f2(θ2) dθ2

,

which generalizes the classical formula obtained when θ2 is nonstochastic:

p(q) = c + 1− F1

f1
(p(q)+ θ2q).

For example, when θ1 is exponentially distributed (i.e., f1(θ1) = λ1e−λ1θ1 ),
the mark-up is constant and the two formulas coincide: p(q) = c + 1/λ1.

Notice also that θ̂ = θ1 − θ2q(θ ) is a univariate sufficient statistic, but unlike
the case considered in Section 4.1, its distribution depends on q(θ ) and thus on
the price schedule chosen by the monopolist.

We now turn to a subset of these models with a single instrument, in which
one dimension of type enters utilities additively.

6. ENVIRONMENTS WITH RANDOM
PARTICIPATION

6.1. A General Framework

We consider a class of environments in which n = 1, but in which a particular
additivity assumption provides sufficient structure to produce some general
economic conclusions. Specifically, suppose that n = 1 and m = 2, but utility
of the agent is restricted to the form

u = v(q, θ1)− θ2 − P,

where  1 = [ θ1, θ1] and  2 = R+.
Several interesting economic settings can be studied within this model. First,

we can think of the θ2 parameter as capturing a type-dependent participation
constraint. Previous work on type-dependent participation has assumed that
θ2 is a deterministic function of θ1 (e.g., they are perfectly correlated).23 In
this sense, the framework generalizes the previous one-dimensional literature,
although many of the more interesting results rely on independent distributions
of θ1 and θ2.

23 See, for example, Maggi and Rodriguez-Clare (1995), Lewis and Sappington (1989a, 1989b),
and Jullien (2000).
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Second, one can think of θ2 as capturing a “locational cost” in a discrete-
choice model of consumer behavior.24 This allows one to extend the nonlinear
pricing model of Mussa and Rosen (1978) to a more general setting, which
may be important to obtain a more realistic model of consumer behavior. As
an illustration, consider the predicted consumer behavior of the standard, one-
dimensional model following a uniform price increase from P(q) to P(q)+ δ:
the units sold at every quality level except the lowest should remain unchanged.
This is because a shift in P(q) has no effect on any of the incentive com-
patibility conditions, since the shift occurs on both sides of the constraints.
By adding the stochastic utility effect of θ2, predicted market shares would
smoothly change for all types, although perhaps more dramatically for lower
types.

Third, consider the regulatory setting first discussed in Baron and Myerson
(1982). There, a regulator designs an optimal mechanism for regulating a
monopoly with unknown marginal cost. Suppose that, in addition, fixed costs
are also private information: i.e., C(q) = θ1q + θ2. Profit for the regulated firm
that receives T (q) as a transfer from the regulator for producing q units is
π = T (q)− θ1q + θ2, that has a one-to-one correspondence with the previous
monopoly setting.25

Other closely related examples that we discuss in more detail include selling
to liquidity-constrained buyers, where θ2 captures the buyer’s available budget,
regulation of a firm in an environment with demand and cost heterogeneity,
competition between oligopolists selling differentiated products with nonlinear
pricing, and competition among sellers providing goods via auctions.

The key simplifications in all of these settings are twofold. First, one dimen-
sion of information enters additively. As such, q is unavailable for direct screen-
ing on this additive attribute. Second, attention is limited to deterministic26 price
schedules, P(q).

24 See Anderson, de Palma, and Thisse (1992) for a review of this large literature, and Berry,
Levinsohn, and Pakes (1995) for an econometric justification of the additive specification.

25 Rochet (1984) first solved this problem on an example with general mechanisms that rely on
randomization. Applying Rochet and Stole’s (2002) results to this context is appropriate in the
restricted setting in which the price schedule is deterministic. In this case, Rochet and Stole
(2002) show that the presence of uncertainty over fixed costs causes the optimal regulation to
reduce the extent of the production distortion.

26 Given the relevance of deterministic contracts, this may seem a reasonable restriction, a priori.
In general, however, the principal may be able to do better by introducing a second screening
instrument, φ, which represents the probability that the agent is turned away with q = 0. In
this case, utility becomes φ(v(q, θ1)− θ2 − P) and φ can be used to screen different values
of θ2. On the other hand, it is without loss of generality to rule out such random mechanisms
when either (i) the value θ2 is lost by participating in the mechanism (i.e., even if φ = 0), which
eliminates the possibility to screen over θ2; alternatively, (ii) if the agent can anonymously return
to the principal until φ = 1 is realized, the problem is stationary and the agent will continue to
return until q > 0, and so there is no benefit to the randomization. We leave the discussion of
stochastic mechanisms unresolved and simply restrict attention to deterministic price schedules
remaining agnostic about the reasons.
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We take the joint density to be f (θ1, θ2) > 0 on  1 × 2, the marginal
distribution of θ1 as f1(θ1), and the conditional cumulative distribution function
for θ2 as G(θ2 | θ1) ≡

∫ θ2
θ 2

f (θ1, t) dt. Define the indirect utility function

u(θ1) ≡ max
q∈Q

v(q, θ1)− P(q).

This indirect utility is independent of the additive component, θ2, because it
does not affect the optimal choice of q , conditional on q > 0. Net utility is
given by u(θ1)− θ2. Note that the agent’s participation contains an additional
random component: i.e., the agent participates iff u(θ1) ≥ θ2. Hence, an agent
with type θ1 participates with probability G(u(θ1) | θ1), and the expected profit
of a mechanism that generates {q(θ1), u(θ1)} for all participating agents is∫

 1

G(u(θ1) | θ1) (S(q(θ1), θ1)− u(θ1)) f (θ1) dθ1.

This is maximized subject to the standard one-dimensional incentive compati-
bility conditions: u̇(θ1) = vθ1 (q(θ1), θ1) and q(θ1) nondecreasing. In short, we
have removed the typical corner condition that would require the utility of the
lowest type – which we denote u ≡ u( θ1)− to be zero, and instead introduced
an endogenous determination of u.

The endogeneity of u poses some difficulties that were not present in the one-
dimensional setting. First and foremost, part of the block-recursive structure is
now lost: There is a nonrecursive aspect to the problem as the entire function
q(θ1) and the initial condition u( θ1) must be jointly determined. Given that a
purchasing consumer’s preferences are ordered by a single-crossing property
in (θ1, q), the general problem of global vs. local incentive constraints is not
present; incentive constraints are still recursive in their structure, although we
mayhave to restrictq to a nondecreasing allocation. The problem is that the first-
order condition determining the optimal utility for the lowest-type u depends on
the optimal quantity schedule, {q(θ1)}θ1∈ 1 , and the first-order equation for the
latter (specifically, the Euler equation) depends on the value of the former. Thus,
although the resulting system of equations is not a system of partial differential
equations as is common in thegeneralmultidimensional continuous type setting,
but rather a second-order boundary-value problem, it is still more complicated
than the standard initial-value first-order problem that arises in the canonical
class of one-dimensional models.

Finding general characteristics of the solution is difficult without impos-
ing some additional structure. A convenient restriction used in Rochet and
Stole (2002) is to focus attention on independent distributions of θ1 and θ2,
requiring that the former is distributed uniformly on  1 and that the latter
have a log-concave conditional cumulative distribution function.27 Even with
these distributional simplifications, the additional effect on market share still

27 In Rochet and Stole (2002), some general results are nonetheless available in the two-type
setting, providing that G(θ2 | θ1) is log-concave in θ2.

Cambridge Collections Online © Cambridge University Press, 2006



178 Rochet and Stole

provides substantial difficulty. The primary cause of the difficulties is that the re-
laxed program (without monotonicity imposed) frequently generates nonmono-
tonic solutions. Hence, pooling occurs even with nonpathological distributions.
Nonetheless, as a first result, one can show that if pooling occurs, it occurs only
for a lower interval on 1 and that otherwise efficiency occurs on the boundaries
of 1. This already is a substantial departure from the one-dimensional setting,
and shares many similarities with the work of Rochet and Choné (1998) (see
Section 9.2), especially the general presence of bunching and the efficiency on
the boundaries.

Several results emerge beyond pooling or efficiency at the bottom. First, as
the distribution on  2 converges to an atom at θ2 = 0, the optimal allocation
converges to that of the standard one-dimensional setting. Second, one can
demonstrate that the optimal solution is always bounded above by the first-best
allocation and below by theMR allocation. This last result has a clear economic
intuition behind it. Under the standard one-dimensional setting, there is no
reason not to extract the maximal amount of rent from the agents. This is the
reason for distorting output downward; it allows the principal to extract greater
rents from the higher types without completely shutting off the lower types
from the market. When participation depends monotonically on the amount of
rent left to the agent, it seems natural to leave more rents to the agent on the
margin, and therefore to reduce the magnitude of the distortions. The argument
is a bit more involved than this, because the presence of pooling eliminates
these simple envelope-style arguments.

These results can be illustrated with a numerical example. Suppose that
 1 = [4, 5] and G(θ2) = 1− e−θ2/σ . Here, we use σ as a crude measure of
the amount of noise in the participation constraint. As σ goes to zero, the
exponential distribution converges to an atom on zero. In the example, as
σ becomes small, the optimal allocation converges pointwise to the MR
allocation, although pooling emerges at the bottom. For σ sufficiently large,
the allocation becomes efficient on the boundaries of  1 (see Figure 5.6).

Returning to our previous discussion of other applications, it should be clear
that these results immediately extend to the regulatory environment of Baron
and Myerson (1982), where marginal and fixed costs are represented by θ1
and θ2, respectively, and the regulator is restricted to offering a deterministic,
nonlinear transfer schedule.

Other settings fit into this class of models in a less obvious manner. For ex-
ample, consider the papers of Lewis and Sappington (1988) and Armstrong
(1999a), which look at regulation of a firm in an environment of two-
dimensional private information: demand is q = x − p, marginal cost is c,
and the firm’s private information is (x, c). The regulator observes only the
price of the firm’s output and offers a transfer that depends on price, T (p). The
firm’s payoff is u = (x − p)(p − c)+ T (p); the regulatormaximizes consumer
surplus less transfer, W = 1

2 (x − p)2 − T (p).
Redefine the private information as θ1 = x + c and θ2 = xc. Following simi-

lar arguments as previously described after substituting for the demand function,
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Figure 5.6. The monopoly solution with a uniform distribution of θ1 on [4, 5]
and an exponential distribution of θ2: G(u) = 1− e−u .

we can define u(θ1) ≡ maxp θ1 p − p2 + T (p) and p(θ1) to be the correspond-
ingmaximizer.Note that the local IC constraint requires that u̇(θ1) = p(θ1) ≥ 0;
second-order conditions require that u is convex in θ1 (i.e., p is nondecreasing in
θ1). The firm will participate if and only if u(θ1) ≥ θ2. The regulator’s program
can then be written as

max
{p(θ1),u(θ1)}

∫
 1

G(u(θ1) | θ1)

×
[
γ1(θ1, u(θ1))+ p(θ1)γ2(θ1, u(θ1))− 1

2
p(θ1)

2 − u(θ1)
]
dθ1,

subject to u̇(θ1) = p(θ1) and ü(θ1) ≥ 0, where γ1(θ1, θ2) = E[ 12 x
2 | θ1, θ̃2 ≤

θ2] and γ2(θ1, θ2) = E[c | θ1, θ̃2 ≤ θ2].
As another example, the work on optimal taxation is frequently concerned

about leaving rents to agents that is characterized as part of the principal’s
objective function. Here, there is a natural connection to this class of models.

As a last example, it is worth noting the recent work of Che and Gale (2000)
on two-dimensional screening when one of the dimensions is the budget con-
straint of the buyer. In their framework, the monopolist is selling a good to a
consumer with preferences u = θ1q − P , but with a budget constraint given by
θ2. Hence, the indirect utility function is necessarily two-dimensional:

u(θ1, θ2) ≡ max
{q|P(q)≤θ2}

θ1q − P(q).
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This is a departure from the basicmodel presented in that θ2 does not enter utility
linearly, and monetary payments can be directly informative about the buyer’s
budget θ2, because a buyer cannot pay more than he has available. Although
this problem looks more complicated than the previous setting, the authors
demonstrate that an optimal nonlinear pricing schedule is increasing, convex,
and goes through the origin. This pins down the utility of the lowest type,
u; efficiency at the top determines the other boundary. Although the resulting
Euler equation generates a second-order differential equation, the solution can
be found analytically in many simple examples. Formally, this setting differs
from the previous in that the variable θ2 represents dissipated surplus in the case
of Rochet and Stole (2002), but θ2 represents a constraint on how much money
can be transferred to the principal in Che andGale (2000). Thisminor difference
nonetheless translates into a significant effect on the nature of the solution: in
Rochet and Stole (2002) the determination of the participation region is more
difficult than in Che and Gale’s (2000) setting, where the latter are able to
demonstrate that the optimal tariff goes through the origin and generates full
participation, albeit with distorted consumption.28

Finally, it is worth pointing out that the general class of problems contained
in this section are closely related to models of nonlinear pricing with income
effects. AsWilson (1993a) has noted in his discussion of income effects (i.e., in
models in which the marginal utility of money is not constant, but varies either
with wealth levels or with some related parameterization), in general the Euler
conditions for optimality will consist of second-order differential equations
(rather than first-order in the canonical case) and fixed fees may be part of an
optimal pricing schedule. Using the demand-profile approach, suppose that the
income effect is modeled by a nonlinearity in money:

N [P, p, q] = Prob[θ ∈  | MRS(q, I − P(q), θ ) ≥ p(q)].

28 One may be tempted to solve the budget-constrained class of problems in Che and Gale (2000)
by appealing to the aggregation results presented earlier. In particular, a natural candidate for
a sufficient statistic when there are unit demands, q ∈ [0, 1], is θ = min{θ1, θ2}. This line of
reasoning is flawed because min{θ1, θ2} is not a sufficient statistic for the consumer’s marginal
rate of substitution between money and q. A simple example from Che and Gale (2000) demon-
strates this most clearly. Suppose first that the consumer’s valuation for the good is distributed
uniformly on 1 = [0, 1] and the consumer’s wealth is nonstochastic and equal to θ2 = 2. The
revenue-maximizing unit price is P(1) = 1

2 and expected revenues are 1
4 . Utilizing a price-

quantity schedule cannot further increase revenues. Now, suppose instead that the consumer’s
valuation is fixed at θ1 = 2, butwealth is a randomvariable distributed uniformly on 2 = [0, 1].
In this case, min{θ1, θ2} is identical as in the former setting, but now the monopolist can raise
expected revenues by charging the price schedule P(q) = 2q for q ∈ [0, 1]. Each consumer of
type θ2 purchases the fraction q = θ2/2, and expected revenues are 1

2 . Aggregation fails because
the marginal rates of substitution differ across the two settings and are not functions of the same
aggregate statistic. In the first, the marginal rate of substitution of q for money is θ1 if the total
purchase price is less than or equal to 2 and 0 if the total price is greater than 2. In the second
setting, the marginal rate of substitution is 2 if the total price is less than or equal to θ2, and 0
otherwise.
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Here, I represents income and the demand profile depends on the marginal
price, p(q), and the total price level, P(q), since the latter affects the marginal
rate of substitution of q for money. The Euler equation is

∂N

∂P
[p(q)− C ′(q)]− d

dq

{
N + ∂N

∂p
[p(q)− C ′(q)]

}
= 0.

Because the second component is totally differentiated by q, a second-order
differential equation arises.

The problem loses much of its tractability because N now depends on the
total price level P as well as marginal price, p. Economically, the problem is
complicated because the choice of a marginal price for some q will shift the
consumer’s demand curve via an income effect, which will affect the optimality
of other marginal prices. Hence, the program is no longer block-recursive in
structure as in Rochet and Stole (2002). As one raises the marginal price of a
given level of output, one also lowers the participation rate for all consumers
who consume that margin or greater. It is not a coincidence that, in somemodels
of self-selection, private information over income, and exponential utility, the
nature of the optimal allocation resembles that of the allocations in the nonlinear
pricing context with random participation, as in Salanié (1990) and Laffont and
Rochet (1998).

7. COMPETITIVE ENVIRONMENTS

This section builds on the previous sections by applying variousmodels to study
the effects of competition on the design of screening contracts. There have been
some limited attempts tomodel imperfect competition betweenfirms competing
with nonlinear prices within a one-dimensional framework. This, for example,
is the approach taken in the papers by Spulber (1989), Ivaldi and Martimort
(1994), and Stole (1995). Similarly, in most work on common agency in screen-
ing environments (e.g., Stole 1991 and Martimort 1992, 1996), the agent’s
private information is of one dimension. Unfortunately, as argued previously,
competitive models naturally suggest at least two dimensions of heterogeneity;
so, the robustness of these approaches may be called into question.

Several papers have considered competitive nonlinear pricing using a variety
of methodologies. We briefly survey a few papers using the demand-profile
methodology with some limited success. We then present a specific form of
bidimensional heterogeneity that has been successful in applied work.

7.1. A Variety of Demand-Profile Approaches

Wilson (1993a, Chapter 12) surveys the basic economics of firms competing
with nonlinear prices, outlining twogeneral classes ofmodels. Thefirst category
supposes that there is some product differentiation between the firms.As before,
an aggregate demand profile can be constructed that measures the proportion
of consumers who buy from firm i at least q units when the marginal price is p;
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this demand profile obviously depends on the nonlinear price schedules offered
by the other firms. The first-order conditions for optimality now include terms
capturing the flux of consumer purchases on the boundaries, but also isolate a
competitive externality. Wilson numerically solves two models of this sort.

A second category of models discussed by Wilson (1993a) assumes that
products are homogeneous. Now, to avoid the outcome of zero-profit, marginal-
cost pricing between the competing firms, one has to assume some sort of
extensive form game (e.g., a Cournot game where output is brought to market
and then is subsequently priced with nonlinear price schedules, etc.). Several
games are considered with a variety of strategic restrictions and results in Oren,
Smith, and Wilson (1982) using the demand-profile approach.

7.2. A Specific Approach: Location Models (Hotelling Type)

The third, more recent, approach has been to model competition in multidi-
mensional environments in which simple aggregation is not available by in-
troducing one dimension of uncertainty to handle the differentiation between
firms (e.g., brand location and, more generally, “horizontal” heterogeneity) and
another dimension to capture important characteristics of consumer tastes that
may be similar in effect across all firms (e.g., marginal willingness to pay for
quantity/quality and, more generally, “vertical” heterogeneity). Recent papers
that take this approach include Armstrong and Vickers (1999), Biglaiser and
Mezzetti (1999), Rochet and Stole (2002), and Schmidt-Mohr and Villas-Boas
(1999), among others. We briefly survey the model and results in Rochet and
Stole (1997, 2002) before remarking on the similar treatments by other authors.

As we suggest, this framework for modeling oligopoly markets is quite gen-
eral; we need only posit some distribution of horizontal preferences.29 What
is fundamental is that our proposed model affords both a vertical preference
parameter along the lines of Mussa and Rosen (1978), while also incorporating
a measure of imperfect competition by allowing for distinct horizontal prefer-
ences.30

For simplicity, consider the case of two firms competing on either ends of a
marketwith unit length and transportation costσ .Wewill let θ L2 ≡ θ2 denote the
distance from a consumer located at θ2 to the left firm and θ R2 ≡ 1− θ2 denote
the distance from the same consumer to the right firm. Preferences are as before:
For a consumer of type (θ1, θ2) consuming from firm j , an amount q j at a price

29 Such a framework has been usefully employed recently by Laffont, Rey, and Tirole (1998a,
1998b) and Dessein (1999) for studying competition between telecommunications networks.

30 This modeling of competition is in the spirit of some recent empirical work on price discrimina-
tion. Leslie (1999), for example, in his study of Broadway theater ticket pricing finds it useful to
incorporate heterogeneousvaluations of outside alternatives to capture thepresenceof competing
firms while maintaining a distinct form of vertical heterogeneity (in this case, income) to capture
variation in preferences over quality. Because Leslie (1999) takes the quality of theater seats as
fixed, he does not solve for the optimal quality-price schedule. Similarly, Ginsburgh and Weber
(1996) use a Hotelling-type model to study price discrimination in the European car market.

Cambridge Collections Online © Cambridge University Press, 2006



Multidimensional Screening 183

of Pj , the consumer obtains utility of θ1q j − θ j2 − Pj . We further assume that
θ1 is distributed independently of θ2, with F(θ1) and G(θ2) representing the
distribution of types, respectively. Each firm simultaneously posts a publicly
observable price schedule, Pi (qi ), after which each consumer decides which
firm (if any) to visit and which price-quality pair to select. The market share of
firm j among consumers of type (θ1, θ2) can be computed easily:

Mj (u j , uk) = G j

(
min

{
u j
σ
,
1

2
+ u j − uk

2σ

})
. (7.1)

This comes from the fact that the marginal consumer of firm j is located at a
distance that is the minimum of u j (θ1)/σ (which occurs when the total market
shares are less than one – the local monopoly regime) and 1

2 + (u j − uk)/2σ
(which occurs when all the market is served – the competitive regime). Again,
using the dual approach, we can write the total expected profit of firm i as a
functional involving the consumers’ rents ui (·) and u j (·) taken as the strategic
variables of the two firms:

u j (θ1) ≡ max
q
θ1q − Pj (q),

where Pj is the price schedule chosen by firm j . We obtain

Bj (u j , uk) =
∫ θ̄1

θ1

{S(t, q j (t))− u j (t)}Mj (u j (t), uk(t)) dt, (7.2)

where qi is again related to ui by the first-order differential equation u̇ j (θ1) =
q j (θ1).

We now look for a Nash equilibrium of the normal form game defined by
(7.1) and (7.2), where the strategy spaces of the firms have been restricted to ui
consistent with nondecreasing quality allocations. This turns out to be a difficult
task in general, because of the monotonicity conditions [remember that qL (·)
and qR(·) have to be nondecreasing]. However, if we neglect thesemonotonicity
conditions (which can be checked ex post), competitive nonlinear prices can be
characterized by a straightforward set of Hamiltonian equations.

A numerical example is illustrative. Consider, for example, the case when
θ1 is uniformly distributed on [4, 5], which is shown in Figure 5.7. For σ
sufficiently large (i.e., σ > 14.8), the market shares of the two firms do not
adjoin: each firm is in a (local) monopoly situation and the quality allocation is
exactly the sameas inour previously analyzedmonopoly setting.31 Interestingly,
when the market shares are adjoining for high θ1 (i.e., uL (θ1)+ uR(θ1) ≥ σ ),
but not all θ1 (i.e, uL (θ1)+ uR(θ1) < σ ), the qualitative pattern of the solution
remains identical (cf. Figure 5.7 below for σ = 10). However, when uL ( θ1)+
uR( θ1) ≥ σ (the fully competitive regime), it turns out that quality distortions
disappear completely (cf. Figure 5.7 below, σ < 16/3). In this particular case,
the equilibrium pricing schedules are cost-plus-fee schedules.

31 It can be proved that this local monopoly solution involves full separation.
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Figure 5.7. Quality choices in the oligopoly equilibrium for three regimes:
fully competitive (σ < 16/3), mixed (σ = 10), and local monopoly
(σ > 14.8). We assume that θ2 is uniform on [0, 1]; θ1 is uniform on [4, 5].

As demonstrated by Armstrong and Vickers (1999) and Rochet and Stole
(2002), the result that efficiency in q emerges for a fully covered market is
somewhat general, extending well beyond this simple example. Formally, if
σ is sufficiently small so as to guarantee that every consumer in  1 × 2

purchases, in equilibrium each firm offers a cost-plus-fee pricing schedule,
Pj (q) = C(q)+ Fj , and each customer consumes the efficient allocation q f b(t)
from one of the two firms.

Fundamentally, this result relies on full coverage and the requirement that
the inverse hazard rate is constant over θ1 in equilibrium for each firm. More
generally, we could think about an N -firm oligopoly with a joint distribution of
(θ12 , . . . , θ

N
2 ). Formally, let Gi (u1, . . . , uN ) ≡ Prob[ui − θ i2 ≥ max j �=i (u j −

θ
j
2 )], and let the inverse hazard rate be given by

Hi (u1, . . . , uN ) = Gi (u1, . . . , uN )
∂
∂ui
Gi (u1, . . . , uN )

.

Then, if d/duHi (u, . . . , u) = 0, for each i , cost-plus-fixed-fee pricing is an
equilibrium outcome.

Biglaiser and Mezzetti (1999), in a different context, consider the case of
auctions for incentive contracts of a restricted form. Because sellers have het-
erogeneity over their ability to provide quality, each seller’s objective function
takes a similar form as in Armstrong and Vickers (1999) and Rochet and Stole
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(2002). Nonetheless, because of the structure of preferences and contracts,
efficient cost-based pricing emerges only in the limit as preferences become
homogeneous.

8. SEQUENTIAL SCREENING MODELS

A common setting in which multidimensional screening is particularly impor-
tant is when information evolves over time. For example, an important paper by
Baron and Besanko (1984) considers the environment in which a regulated firm
learns information about itsmarginal cost over time, and the regulator sets prices
over time as a function of the firm’s sequential choices.32 As another example,
consider the problem of refund pricing studied by Courty and Li (2000). Here,
a consumer purchases an airline ticket knowing that, with some probability, the
value of the trip may change. The initial purchase price may depend on the
refund price, particularly when marginal return to the ticket may be positively
correlated with the likelihood of a change in plans or a high second-period val-
uation. As a third important example, Clay, Sibley, and Srinagesh (1992) and
Miravete (1997) provide convincing evidence that individuals choose a variety
of purchase plans, such as telephone services and electricity, which turns out
ex post to be suboptimal, suggesting that the consumer is uncertain about his
final needs at the time of contracting. Miravete (1997) goes on to analyze this
optimal two-stage tariff problem theoretically.

In these settings, the agent learns at t = 1 an initial one-dimensional type pa-
rameter, θ1, distributed according to F1(θ1) on 1, and enters into a contractual
relationship with this private information. Making an appeal to the revelation
principle, without loss of generality it is assumed that the firm offers a menu
of nonlinear price schedules, {P(q, θ̂1)}θ1∈ 1 , which we index by first-period
report, θ̂1. Later, at t = 2, additional information is revealed to the agent that
is economically relevant and that affects the agent’s marginal utility of the con-
tractual activity in the final period. We denote this second-period information
as θ2, which is conditionally distributed according to F2(θ2 | θ1) on  2 with
density f (θ2 | θ1). After the realization of θ2, the consumer chooses a particular
quantity from the schedule. Assume that the consumer’s final utility is given
by33

u = θ2q − 1

2
q2 − P.

32 Baron and Besanko (1984) also address issues of moral hazard and optimal production choice
over time in the context of their model.

33 Note that θ2 can directly depend on θ1 in this setting. For example, it can be the case that
θ2 = θ1 + x , where x is independently distributed from θ1 and is learned at t = 2; this is the
setting studied in Miravete (1996). For conciseness, we do, however, require that the support
 2 is independent of θ1.
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Given the specific utility of the agent in this setting, we know that θ2 would
be a sufficient statistic for the agent’s preferences, and therefore at date t = 2, in
absence of a prior contract, there would be a simple one-dimensional problem
to solve – θ1 is payoff irrelevant conditional on θ2.34

This class of models differs from previous formulations of the multidimen-
sional problem in that the sequential nature of the information revelation re-
stricts the agent’s ability to lie. Nonetheless, the recurring theme of this survey –
that multidimensional models generally pose difficulties in determining the
“tree” of binding incentive constraints – reappears in the sequential context as
the single-crossing property is once again endogenous. Although the papers
written to date on sequential screening have typically imposed sufficient condi-
tions to guarantee a complete ordering (i.e., the single-crossing condition), the
source of the problem is still the familiar one.

To see this clearly, consider the second stage of the relationship: incentive
compatibility for any given schedule chosen at t = 1 is guaranteed by the stan-
dard methods. Specifically, defining second-period indirect utility and optimal
choice by

u(θ̂1, θ2) ≡ max
q∈Q

θ2q − 1

2
q2 − P(q | θ̂1),

q(θ̂1, θ2) ≡ argmax
q∈Q

θ2q − 1

2
q2 − P(q | θ̂1),

second-period incentive compatibility is equivalent to ∂u(θ1, θ2)/∂θ2 =
q(θ1, θ2) and q(θ1, θ2) nondecreasing in θ2. The approach is standard because
preferences satisfy a single-crossing property in the second period. First-period
incentive compatibility is more difficult to address because single crossing in
(q, θ1) is not exogenously given. Assuming second-period incentive compati-
bility, first-period indirect utility as a function of true type θ1 and reported type
θ̂1 can be defined as

ũ(θ̂1 | θ1) ≡
∫ θ2

θ 2

u(θ̂1, θ2) f2(θ2 | θ1) dθ2.

The relevant first-order local condition for truth-telling at t = 1 requires that

d

dθ1
ũ(θ1 | θ1) =

∫ θ2

θ 2

u(θ̂1, θ2)
∂ f2(θ2 | θ1)
∂θ1

dθ2.

In the standard setting, the local second-order condition ∂2ũ(θ1 | θ1)/∂θ1∂θ̂1 ≥
0, in tandem with a monotonicity condition, yields a sufficient condition for

34 With more general preferences, however, we could remove the presence of a one-dimensional
aggregate and still find that the sequential mechanism restricts the manner in which the agent
can misreport, thereby simplifying the set of binding incentive constraints.
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global incentive compatibility – the global single-crossing property:

∂2ũ(θ1 | θ̂1)/∂θ1∂θ̂1 ≥ 0 ∀θ1, θ̂1 ∈  1. (scp)

In the present setting, this argument is not available. Instead, the focus is on
maximizing the relaxed program (i.e., the program with only local first-order
incentive conditions imposed), and then checking ex post that the second-order
conditions are satisfied.

Substituting the agent’s first-order condition into the principal’s program
and integrating by parts twice, we obtain the following virtual surplus for the
sequential design program:

!(q, θ1, θ2) = θ2q − 1

2
q2 + α(θ1, θ2)q − ũ( θ1 | θ1),

where

α(θ1, θ2) ≡
(
∂F2(θ2 | θ1)/∂θ1

f2(θ2 | θ1)
) (

1− F1(θ1)

f1(θ1)

)
.

Given that expected profit is Eθ1,θ2 [!(q, θ1, θ2)] and the IR constraint binds only
for the lowest type θ1 = θ1, profit is maximized by choosing q to maximize
!(q, θ1, θ2) pointwise over  1 × 2. In general, the nature of the distortion
will depend on the nature of the conditional distribution, F2(θ2 | θ1).

Baron and Besanko (1984) and Courty and Li (2000) consider the case of
first-order stochastic dominance (FSD): i.e., θ1 represents a first-order FSD shift
in the distribution of θ2. Both demonstrate that, under FSD, the IR constraint
will bind for the lowest type because: (i) utility in the second period is nonde-
creasing in θ2, and (ii) θ1 shifts the distribution toward higher types. Hence, this
relaxed program is cast in the appropriate form, and the principal will choose
ũ( θ1, θ1) = 0. Examining the relaxed program, we see that in the FSD case,
α < 0, and the distortion in q is downward, away from the full-information
solution. The intuition is by now familiar: By distorting consumption down-
ward by a small amount, �q , only a second-order loss in surplus arises, but a
first-order gain in rent reduction is obtained as captured by −α�q. The differ-
ence in the sequential screening FSD model is that the dependence of future
rents on θ1 depends on the informativeness function, α. Baron and Besanko
(1984) note the importance of commitment in this context, because the second-
period allocation will be constrained efficient only if α(θ1, θ2) happens to equal
1− F2(θ2 | θ1)/ f2(θ2 | θ1).

When are the global incentive constraints satisfied by the q that solves the
relaxed program? Baron and Besanko (1984) are silent on the sufficient condi-
tions for global incentive compatibility, providing instead an example in which
the global constraints are satisfied. Courty and Li (2000) demonstrate that if the
resulting q(θ1, θ2) allocation is nondecreasing in both arguments, then a price
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schedule exists that implements the allocation and satisfies global incentive
compatibility.35

Courty and Li (2000) also consider the case in which θ1 parameterizes the
distribution of θ2 in terms of a mean-preserving spread. Again, they demon-
strate that the IR constraint will bind only for the lowest type, so the relaxed
program is appropriate.36 Global incentive compatibility in the first stage is
again difficult to assess, but Courty and Li provide a useful sufficient condition
to this end.37 Interestingly, this incentive problem shares many similarities with
the one-dimensional problem in which the sign of the cross-partial of expected
utility with respect to q and θ1 changes sign as one varies (q, θ1) ∈ Q× 1;
see Araujo and Moreira (2000) for a discussion.38 Taking the distributional
assumption of Courty and Li, the solution to the relaxed program has a simple
economic description. For all stage-one types, θ1 < θ1, the principal introduces
a distortion in the second-period adjustment. One can think of the final price as a
markup over cost that depends on the difference between the final consumption
and its expected value. The lower the initial type (i.e., the lower the noise in the
second-stage marginal utility of consumption), the less valuable is the option
to change consumption plans in the future. Note that variability creates higher
value in expected consumption (which is why the IR constraint binds only for
the lowest type, θ1) and hence the monopolist will offer a lower price to this less
consumption-valuing segment. The high types have high variability and also

35 This follows immediately from the global sufficient condition for incentive compatibility,

∂2ũ(θ1 | θ̂1)
∂θ1∂θ̂1

=
∫ θ2

θ2

∂u(θ̂1, θ2)

∂θ̂1

∂ f2(θ2 | θ1)
∂θ1

dθ2 ≥ 0.

Given that q(θ1, θ2) is nondecreasing in the first argument, the first term in the integrand is a
nondecreasing function of θ2. Because θ1 represents an FSD improvement in θ2, this integral
must be nonnegative. Moreover, the fact that q(θ1, θ2) is nondecreasing in its second argument
guarantees second-period global incentive compatibility. Because global incentive compatibility
does not require that q(θ1, θ 2) be nondecreasing in the first argument, when the relaxed solution
is neither monotone nor globally incentive compatible, the solution to the unrelaxed program is
more complex than simply using an ironing procedure on q in the relaxed program.

36 This follows from the necessary condition for second-stage incentive compatibility: q(θ1, θ2) is
nondecreasing in θ2. This (with the local first-order condition) implies that u(θ1, θ2) is convex
in θ2, and hence a mean-preserving spread must increase utility; hence the IR constraint can
bind only for the lowest type, θ1.

37 One useful simplifying assumption used by Courty and Li is that the class of distribution func-
tions passes through the same point θ2 = z for all θ1. This assumption guarantees thatα(θ1, θ2) is
negative (positive) for all θ2 < z (resp., θ2 > z). Providing that the resulting allocation q(θ1, θ2)
from the relaxed program is nondecreasing in each argument, global incentive compatibility is
satisfied at both stages. This will be the case, for example, whenever (∂F2/∂θ1)/ f2 does not
vary much in θ1.

38 Araujo and Moreira (2000) study a one-dimensional screening model where the single-crossing
condition is relaxed. As a result, nonlocal incentive constraints can be binding. They derive
optimal contracts within the set of piecewise continuous contracts, and apply their techniques
to bidimensional models with (perfect) negative correlation between the two dimensions of
individual heterogeneity.
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high option value from altering future consumption. Hence, the firm can screen
these customers from the low types by charging a premium for the initial ticket,
but allowing a low-cost variation in the level of final consumption. It is also
the case that any θ1 type that draws θ2 = z in the second period will consume
the efficient allocation; in our present setting, this is q = θ2 = z. The actual
allocation will rotate through this point, departing from the first-best allocation
q = θ2 increasingly as θ1 decreases. Although the final allocation may have
some individuals consuming above the first-best level of output, this should not
be considered an upward distortion. Rather, the distortion is in the amount of
allowed stage-two adjustment; the principal optimally distorts this adjustment
downward from the efficient level.39

9. PRODUCT BUNDLING

In the previous discussions, we have largely focused on a variety of models
that are tractable at some expense in generality. Providing, for example, that
either simple aggregation or separability exists, the type space is small and
discrete, or n = 1, we can deal with multidimensional environments with some
success. We now turn to a set of models in which multidimensional screening
poses the most difficult problems: n > 1 and m > 1 with nonseparable and
nonaggregatable preferences. The most well-studied version of this problem
is the problem of commodity bundling by a multiproduct monopolist. We will
consider the papers in the literature in this context.

9.1. Some Simple Bundling Environments

We begin with the simplest linear n-product monopolist bundling environment,
where m = n. Consumer preferences are given by

u =
n∑
i=1
θi qi − P,

where each θi is independently and identically distributed according to the
distribution function F(θi ) on  i . (Below, we extend this model to quadratic
preferences.) The cost of production is assumed to be zero, but demands are for
at most one unit of each product; hence without loss of generality qi ∈ [0, 1].

The monopolist’s space of contracts is assumed to be a price schedule
P(q1, . . . , qn) defined on the domain [0, 1]n . Given that preferences are linear
in money and consumption, we can think of qi ∈ (0, 1) as representing either
a lottery over unit consumption or partial (but deterministic) consumption. We
seek to find the optimal price schedule. Nonetheless, even in this simplified
setting, we are still looking for a collection of 2n − 1 prices.

39 This effect is similar to that which arises in signaling models in which agents desire to signal
variance to the market. See, e.g., Prendergast and Stole (1996).
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Unlike the full one-dimensional (n = m = 1) setting inwhich the economics
of the downward distortion iswell understood, it is difficult to see the economics
behind the optimal screening contract in multidimensional environments. This
is in part because the multidimensional bundling environment is mathemati-
cally more complex, but also because there are at least two distinct economic
effects. The first is a familiar sorting effect in which consumption is distorted
downward to reduce the rents to “higher” types; the second effect arises because
if demand parameters are independently distributed, a law-of-large-numbers
argument shows that multigoods have a “homogenizing” effect on consumer
heterogeneity. To illustrate these effects, we will present two extreme forms of
this model: when n = 2 and when n→∞.

9.1.1. The Case of n = m = 2: Similarities with
the One-Dimensional Paradigm

When n = 2, given the symmetry of the problem, we are looking for two
marginal prices, p(1) and p(2); i.e., the price for one good, and the price
for a second good, having already purchased the first good. The key insight
is that even though the marginal values are independently distributed, the order
statistics are positively correlated. This positive correlationmakes the bundling
environment akin to the classic one-dimensional paradigm. In short, provided
that the first-order statistic of one consumer is greater than the first-order statistic
of another, it is more likely than not that the second-order statistics are sim-
ilarly ordered. Hence, it is probable that the two-good demand curves of any
two consumers are nested. In this sense, a single-crossing property is present
in a stochastic fashion.

To demonstrate this more precisely, denote consumer θ ’s first- and second-
order statistics as θ (1) and θ (2), and refer to the corresponding first and second
units of consumption as q (1) and q (2). Considering that it is physically possible
to consume the second unit only after having consumed the first unit, the firm
could think of this as a simple one-dimensional problem and construct the
demand profile as follows:

N (p, q (i)) = Prob[θ (i) ≥ p].

One could then apply the one-dimensional paradigm for the demand profile to
this function to obtain the optimal marginal prices. This procedure, although
possibly profitable, will not obtain the maximum possible revenue. The reason
why it maywork in a crude sense is that a large subset of the type spacewill have
nested demand curves (hence the one-dimensional single-crossing propertywill
hold). Because not all types are so ordered, however, this procedure will fail to
maximize revenue.

To return to the intuition for why a large subset of types are ordered as if
they had one dimension, think about two consumers, where consumer A has
a higher first-order statistic than consumer B. Conditional on this fact, it is
also likely that consumer A will have a higher second-order statistic than B. In
the case of uniformly distributed types on  i = [0, 1], there is a three-fourths
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probability that such a nesting of demand curves will emerge between any two
consumers. If the typeswere perfectly positively correlated, then demand curves
over {q (1), q (2)} would always be nested, and we would be in the equivalent of
a one-dimensional world. Because some types will have nonnested demand, a
one-dimensional single-crossing property will not hold, and hence the simple
demand-profile procedure will not maximize profits. Mathematically, the firm
needs to account for the possibility of nonnested curves, and this alters the
optimal price.Afirm following the simple demand-profile procedure incorrectly
perceives its profit to be

π = p(1)Prob[θ (1) ≥ p(1)]+ p(2)Prob[θ (2) ≥ p(2)],

when in fact its profit is given by

π = p(1)(Prob[θ (1) ≥ p(1)]+ Prob[θ (1)< p(1) & θ (1)

+ θ (2)> p(1) + p(2)])+ p(2)(Prob[θ (2)≥ p(2)]

− Prob[θ (2) ≥ p(2) & θ (1) + θ (2)< p(1) + p(2)]).

There is an adjustment that must be made to the demand for each product that
is not noted by the naive seller. Nonetheless, to the extent that these second
terms are small, the naive one-dimensional screening approach does well in
approximating the optimal solution.

This simple example makes two points. First, the well-known economic
principle behind nonlinear pricing in the one-dimensional model is still present
in the two-dimensional model, albeit obscured. Second, as n becomes large, the
likelihood that any two consumers will have ordered demand curves decreases
to zero, suggesting that the one-dimensional intuition begins to wane as n
increases. Although it is difficult to make this second idea precise, we will see
that a homogenizing effect along the lines of the law of large numbers removes
most of the value for sorting as n increases, suggesting that the one-dimensional
intuition is less appropriate for larger n.

9.1.2. The Case of n = m →∞: The Homogenizing Effect of the Law
of Large Numbers

It has been noted in a few papers that an increase in n with independently dis-
tributed types has the effect of allowing a firm to capture most of the consumer
surplus.40 The idea is simple: selling a single aggregate bundle (again assuming
marginal cost is zero) can extract most of the consumer’s rents, because as n
becomes large the per-unit value of this bundle converges to the sample mean.
Using the argument in Armstrong (1999b), let si (θi ) ≡ θi q∗i (θi )− C(q∗i (θi ))
represent the social surplus generated by a consumer of type θ who con-
sumes the full-information efficient allocation, q∗i (θi ). Suppose that the dis-
tribution of si (θi ) [derived from F(θi )] has mean µ and standard deviation σ .
Then, a firm that offers cost-plus-fee pricing, P(q) = (1− ε)µ+ C(q), where

40 Schmalensee (1984), Armstrong (1999b), and Bakos and Brynjolfsson (1996).
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ε = 2
1
3 (σ/µ)

2
3 , will obtain expected profits that converge to the full-information

profit level as n approaches infinity.41 Armstrong demonstrates that this result
easily extends to a setting with a particular form of positive correlation:

u = θ0
n∑
i=1
θi qi − P.

Now, θ0 is a multiplicative shock, common to all n products, but independently
distributed across consumers. Armstrong shows that as n increases, the firm’s
profit approaches that of a monopolist with uncertainty only over the common
component.

9.2. General Results on Product Bundling

In this section [based on Rochet and Choné (1998)], we generalize the bundling
model presented to allow for multiple units demands. We come back to the
general framework of nonlinear pricing by a multiproduct monopolist already
studied by Wilson (1993a, 1993b) and Armstrong (1996) and presented in our
Section 3.2. However, we do not assume the particular homogeneity properties
of costs and types distributions that have allowed these authors to find explicit
solutions using the separability property. In other words, we consider the most
general multidimensional screening model in which binding IC constraints are
unknown a priori. For simplicity, we assume linear-quadratic preferences:

u =
n∑
i=1

{
θi qi − 1

2
q2
i

}
− P.

Like before, production costs are assumed to be constant and normalized to
zero, but contrary to the simple bundling model presented previously, demands
for each good are not restricted to be 0 or 1. Types θ are distributed on some con-
vex domain , in accord with a continuous and positive density f (θ ).Building
on our previous discussions, we want to characterize the optimal pricing policy
of a monopolist, using the parametric-utility approach. The problem is thus to
find the function u∗ that maximizes expected profit

E[π ] =
∫
{S(θ,∇u(θ ))− u(θ )} f (θ ) dθ,

over all convex, nonnegative functions u.
When the second-order condition is not binding (i.e., when u∗ is strictly

convex), we already saw that u∗ is characterized by two elements:

1. a partition of the boundary ∂ of  into two subsets:
� ∂0 , where u∗ = 0 (binding participation constraint), and

41 More specifically, as shown in Armstrong (1999b), let π∗ be the full-information expected
profit level and let π̃ be the expected profit from the cost-plus-fee price schedule. Then, π̃/π∗
converges to 1 at speed n−1/3.
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� ∂1 , where ∂/∂qS(θ,∇u(θ )) is orthogonal to the boundary of  
(no distortion along the boundary)

2. a set of paths γ connecting ∂0 to ∂1 , along which u∗ is computed
by integrating q∗(θ ) = ∇u∗(θ ).

As proved by Armstrong (1996), the nonparticipation region  0 (where
u∗ = 0) typically has a nonempty interior, and u∗ can be computed numerically
by solving a free-boundary problem; that is, finding the curve�0 that partitions
 into two regions: 0 (where u∗ = 0), and 1,where u∗ > 0, and, in the latter
region, u∗ satisfies the Euler equation:

div

[
∂

∂q
S(θ,∇u(θ ) · f (θ )

]
= − f (θ ),

together with the boundary condition stated previously.
The problem is that, for most distributions of types [for details, see Rochet

and Choné (1998)], the solution of this free-boundary problem violates the
second-order conditions. The economic intuition behind this result is the pres-
ence of a strong conflict between the desire of the monopolist to limit the
nonparticipation region (by pushing �0 toward the lower boundary of  ) and
“transverse” incentive compatibility constraints (that force  0 and thus �0 to
be convex). By trading off these two effects, the typical shape of �0 will be
linear, which means that, in the region immediately above it, u∗ will depend
only on a linear combination of θ1 and θ2.

This is a robust property of multidimensional screening problems: even with
log concave distributions of types, bunching cannot be ruled out, and typically
occurs in the “southwest” part of (i.e., for consumerswith lowvaluations in all
dimensions). From an economic viewpoint, it means that “pure bundling” (i.e.,
an inefficient limitation of the choice set of consumers with low valuations) is a
general pattern. Rochet and Choné (1998) consider, for example, the case where
θ is exponentially distributed on [a,+∞)2 : with f (θ ) = exp(2a − θ1 − θ2)
and a > 1. Because θ1 and θ2 are independently distributed and demands are
separable, a natural candidate for the optimal price schedule is the best separable
price, which can easily be computed:

P(q1, q2) = q1 + q2 + (a − 1)2,

giving rise to demands qi (θ ) = θi − 1, i = 1, 2.
However, this cannot be the solution, because the nonparticipation region

would be empty. In fact, the true solution has the characteristic pattern of mul-
tidimensional screening models, whereby  is partitioned into three regions:

� the nonparticipation region  0, delimited by a first boundary �0 (of
equation θ1 + θ2 = τ0) in which u∗ = 0,

� the pure bundling region  1, delimited by a second boundary �1

(of equation θ1 + θ2 = τ1) in which consumers are forced to buy a
bundle with identical quantities of the two goods (thus u∗ is not strictly
convex, because it depends only on θ1 + θ2), and finally

Cambridge Collections Online © Cambridge University Press, 2006



194 Rochet and Stole

� the fully separating region, where consumers have a complete choice
and u∗ can only be determined numerically.

Rochet and Choné (1998) design a specific technique, the sweeping proce-
dure, which generalizes the ironing procedure of Mussa and Rosen (1978) for
dealing with this new form of bunching, that is specific to multidimensional
screening problems.

10. CONCLUDING REMARKS

In this survey, we have emphasized one general theme – that in models with
multidimensional heterogeneity over preferences, the ordering of the binding
incentive constraints is endogenous. Because the resulting endogenous ordering
also is a source of our economic predictions, the difficulty in finding general,
tractable mathematical models is particularly significant.

Notwithstanding this pessimistic appraisal, we have also emphasized in these
pages that several solutions to this problem of endogenous ordering exist, all of
which shed light on this issue. The simple discretemodel we presented, together
with a sketch of the algorithm for determining the endogenous ordering and
a solution for the simple two-type case, is helpful in illustrating the economic
multidimensional screening contracts – one of our primary goals in this paper.
In addition, we present a variety of classes of restricted models that make the
modeling tractable although still allowing sufficient theoretical degrees of free-
dom for interesting economics to come out of the analysis. We are particularly
heartened by the recent results applied to auctions, bundling, and other rich
economic settings, especially competitive environments.
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