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1 Introduction

The following basic result is usually known as Steinitz’s theorem:

Theorem 1.1. An algebraically closed field is uniquely determined by its characteristic and its
transcendence degree over the base field.

A countable algebraically closed field can have transcendence degree any natural number, or
ℵ0. However, if κ is any uncountable cardinal, and if an algebraically closed field F has cardinality
κ, it must have transcendence degree κ as well. This shows that, up to isomorphism, there is only
one algebraically closed field with cardinality κ and characteristic p, where we allow p = 0. In
other words, the theory ACFp of algebraically closed fields in a fixed characteristic is uncountably
categorical.

In this paper, we will prove MacIntyre’s theorem, which is effectively the converse of this result.

Theorem 1.2 ([Mac71]). Let F be a field, in some language extending the language of fields, such
that Th(F ) is uncountably categorical. Then F is algebraically closed.

Note that this result extends well beyond the language of fields: if the theory of F in any larger
language is uncountably categorical, then F is algebraically closed. In other words, regardless
of how much additional structure is added, a field which is not algebraically closed can never
be determined up to isomorphism by its logical theory, even in a fixed uncountable cardinality.
Furthermore, as our proof will show, the result is true for the larger class of ω-stable fields, rather
than merely those which are uncountably categorical.

The results we need to prove this theorem are mostly results saying that a certain map, such as
x 7→ xn, is surjective. To obtain these results, we will effectively reverse engineer the “geometry”
of the field F . We define Morley rank and Morley degree, which are purely logical versions of
the dimension and number of irreducible components of an algebraic variety. Then, we interpret
the desired surjectivity results as expressing a (non-topological) connectedness of the field F . The
assumption that Th(F ) is uncountably categorical implies another assumption, namely that F is
ω-stable. In turn, ω-stability turns out to be exactly the assumption required in order for Morley
rank and Morley degree to be well-behaved, and this allows us to prove the connectedness statement
we need. This positions us in the final section to give a satisfying proof of the main theorem.

Throughout the paper, we assume familiarity with basic concepts from model theory and alge-
bra, including some specific results from Galois theory in the final section.

It will be convenient to assume that the field F is ω-saturated, and for our purposes, this
assumption is harmless. Indeed, whether F is algebraically closed depends only on its theory, so
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it is enough to exhibit an ω-saturated model of Th(F ) and prove that the ω-saturated model is
algebraically closed. But every theory has an ω-saturated model: indeed, such a model can be built
explicitly from an arbitrary model, by repeatedly taking elementary extensions Mi ≺ Mi+1 such
that Mi+1 satisfies all countable types with parameters in Mi, and then passing to the union.

2 Morley rank

In this section, we introduce the concept of Morley rank, keeping in mind the example of an
algebraically closed field. References for this material include [Zie98], [Hod97] and [Mar02].

At first, we work over an arbitrary ω-saturated model M of a complete theory T .

Definition 2.1. Let D ⊂ Mn be a definable set for some n. We define the Morley rank of D,
RM(D), by the following recursive condition:

• RM(D) ≥ 0 if D is nonempty, and otherwise RM(D) = −1.

• If α is a limit ordinal, then RM(D) ≥ α if and only if RM(D) ≥ γ for all γ < α.

• We have RM(D) ≥ α + 1 if, and only if, there are infinitely many disjoint definable sets
Bi ⊂ D, such that RM(Bi) ≥ α.

Note that the final two conditions make sense inductively: whether RM(D) ≥ α or RM(D) ≥
α + 1 depends, respectively, only on which sets C satisfy the condition RM(C) ≥ β, for β < α or
β < α+ 1; this condition had its meaning fixed in a previous step of the induction.

The ordinals α for which RM(D) ≥ α may have an upper bound, in which case there is a least
such upper bound β and we have RM(D) = β. Otherwise, if there is no upper bound, then we write
RM(D) = ∞ (note that this is not the same as the case RM(D) = α for some infinite ordinal α).
As an example, let M be a countable set in the language of pure equality, with a predicate for every
subset of M . Since M is countable, we can write M as the countable union of countable sets Ai, so
we have RM(M) ≥ mini RM(Ai) + 1. Let i1 realize the minimum of RM(Ai). Then Ai1 in turn can
be written as the countable union of countable sets Bj , and we have RM(Ai1) ≥ minj RM(Bj) + 1.
Continuing in this way, we obtain an infinite decreasing sequence of ordinals, which is impossible.
Therefore, we have RM(M) =∞.

An important technical point which we will not focus on is that Morley rank does not particularly
depend on the choice of model, as long as all models in question are ω-saturated.

Lemma 2.2. Let M be an elementary substructure of N , where M and N are both ω-saturated
models of the complete theory T . Then for any formula ϕ with parameters from M , the Morley
rank of the solution set of ϕ within M is the same as the Morley rank of the solution set of ϕ within
N .

Proof. See [Hod97], lemma 9.3.2.

We define RM(ϕ) for any formula ϕ with parameters in A ⊂ M to be the Morley rank of the
solution set of ϕ in M (as usual, we require M to be ω-saturated). The lemma shows that if ϕ
is without parameters, RM(ϕ) is independent of the choice of ω-saturated model. In particular,
taking ϕ to be x = x, it makes sense to define RM(T ) as RM(M), where M is any ω-saturated
model of T .
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Once we have defined the Morley rank of a formula, we are well-positioned to define the Morley
rank of a type.

Definition 2.3. Let p be a type. If, for all ϕ ∈ p, we have RM(ϕ) =∞, then we say RM(p) =∞.
Otherwise, we define

RM(p) = min
ϕ∈p

RM(ϕ).

Note that this definition makes sense verbatim for any type p, regardless of the parameters.
The notion of Morley rank provides a notion of dimension which is robust in many important

ways. For example, the following lemma shows that it behaves well when we split a set into finitely
many components.

Lemma 2.4. Let D1, D2, . . . , DN be definable sets. Then we have

RM

 ⋃
n≤N

Dn

 = max
n≤N

Dn.

Proof. By induction, it’s enough to show the result in the case N = 2. Let D1, D2 be two definable
sets. One direction of the desired inequality is clear: Indeed, for i = 1, 2, we have Di ⊂ D1 ∪D2.
Therefore, if Di contains an infinite disjoint family of definable subsets of Morley rank at least α,
the same holds for D1 ∪D2.

To show the other direction, we prove the following claim by induction on the ordinal α: if
RM(X) ≥ α and X = Y ∪ Z, then RM(Y ) ≥ α or RM(Z) ≥ α. This clearly implies the desired
claim. The base case is trivial: if RM(X) ≥ 0, then X is nonempty. Therefore, either Y or Z is
nonempty, so either RM(Y ) ≥ 0 or RM(Z) ≥ 0. By induction, suppose that RM(X) ≥ α for some
ordinal α > 0. Suppose for contradiction that both RM(Y ) and RM(Z) are less than α. Letting
β denote their maximum, we have β < RM(X), so there exists an infinite disjoint family of sets
Bi ⊂ X with RM(Bi) ≥ β.

We claim that for all i, either RM(Bi ∩ Y ) ≥ β, or RM(Bi ∩ Z) ≥ beta. Indeed, Bi =
(Bi ∩ Y ) ∪ (Bi ∩ Z), and RM(Bi) ≥ β, so the desired claim follows by the inductive hypothesis. It
follows that either infinitely many i have RM(Bi∩Y ) ≥ β, or infinitely many i have RM(Bi∩Z) ≥ β.
Suppose the former holds. Then by the definition of Morley rank, we have RM(Y ) ≥ β+1 > RM(Y ),
a contradiction. This completes the proof.

In the case of algebraic varieties over an algebraically closed field, Morley rank reduces to the
familiar notion of (Krull) dimension.

Lemma 2.5. Let X ⊂ kn be an affine variety, where k is algebraically closed. Then we have

RM(X) = dim(X),

where dim(X) denotes the dimension of X as a variety (equivalently, as a scheme).

Proof (sketch). We show one direction, proving by induction on dim(X) that RM(X) ≥ dim(X)
for all varieties X. For the purpose of this proof, adopt the convention that if X is the variety
corresponding to the non-proper ideal k[x1, . . . , xn], then dim(X) = −1. The base case is just
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the Nullstellensatz: If dim(X) ≥ 0, then this means that X is defined by a proper ideal, so X is
nonempty and RM(X) ≥ 0. Now, we show the inductive step. We can write

kn =
⋃
a∈k

Pa,

where Pa = {(x1, . . . , xn−1, a) : x1, . . . , xn−1 ∈ k} is a hyperplane. Without loss of generality,
we may assume that X neither contains nor is contained in any Pa. In this case, the hyperplane
sections Pa ∩ X generically have dimension dim(X) − 1. Therefore, there are countably many ai
such that

dim(X ∩ Pai) = dim(X)− 1.

By induction, we have dim(X ∩ Pai) ≤ RM(X ∩ Pai). Since X is a countable union of these sets,
and since the sets are disjoint, it follows that

RM(X) ≥ dim(X)− 1 + 1 = dim(X).

For a proof of the other direction, see section 6.2 of [Mar02].

Just as we defined Morley rank to correspond to the dimension of a variety, we now define Morley
degree, which gives an analogue of the decomposition of a variety into irreducible components. For
any definable D1, D2, and any ordinal α, we say that D1, D2 are disjoint mod α if RM(D1∩D2) < α,
i.e., if their intersection has rank smaller than α. We likewise define the relations D1 =α D2 and
D1 ⊂α D2 in the natural way. Following [Zie98], we observe that the sets of rank less than α form
an ideal in the Boolean algebra of all definable sets. The relation =α is just equality in the quotient
Boolean algebra, and ⊂α is just the ordering.

Let D be any definable set with RM(D) = α < ∞. Then D is not the union modulo α of
infinitely many sets Ai which are disjoint mod α and satisfy RM(Ai) = α. Otherwise, we could
make each Ai be disjoint from the Aj for j < i, and then we would have RM(D) > α = RM(D),
which is a contradiction. The atoms in the quotient Boolean algebra are sets E with RM(E) = α
such that if C ⊂ E, either RM(C) < α or RM(E \ C) < α. It follows from the fact we just proved
about D that only finitely many atoms lie below it. Therefore, there is some n where if

D = D1 ∪ · · · ∪Dk,

where the Dk are disjoint mod α, then k ≤ n.

Definition 2.6. With notation as above, we define the Morley degree of D to be

d(D) = n.

Remark 2.7. An infinite structure M is strongly minimal if all definable subsets of M are finite or
cofinite. This is equivalent to RM(M) = d(M) = 1. Indeed, if M is strongly minimal, then any two
infinite definable subset of M intersect, so RM(M) = 1. Likewise, since any two infinite definable
sets D,E ⊂ M have infinite intersection, they cannot be disjoint mod 1, since this would mean
their intersection is finite. Therefore, d(M) = 1. Conversely, suppose that RM(M) = d(M) = 1.
If A ⊂ M is definable, infinite and coinfinite, then both A and M \ A are definable. We have
RM(A),RM(M \A) ≥ 1, since both are infinite. Since RM(M) = 1, this contradicts the assumption
that d(M) = 1.
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Using the notion of degree, one can show that types with finite Morley rank and formulas with
finite Morley rank correspond, in the following way:

Lemma 2.8. [[Zie98], Lemma 2.5] Let p be any type with parameters in A. If RM(p) < ∞, let
ϕ ∈ p be a formula such that RM(ϕ) = RM(p), and such that ϕ minimizes the Morley degree among
formulas with this property. Then we have

p = {ψ(x) : ϕ ⊂α ψ}.

Here, ψ ranges over all formulas with parameters in A, and ϕ ⊂α ψ means that the corresponding
containment of solution sets holds mod α.

Observe that the condition RM(p) < ∞ is necessary, because the Morley degree of ϕ is not
defined for RM(ϕ) =∞.

Proof. If ϕ ⊂α ψ, then ψ ∈ p. Otherwise, ϕ ∧ ¬ψ is in p. But RM(ϕ ∧ ¬ψ) < α, a contradiction.
Conversely, suppose that ψ ∈ p. It follows that ϕ ∧ ψ ∈ p, since p is a type. Therefore,

RM(ϕ ∧ ψ) = α. If the condition ϕ ⊂α ψ fails, then RM(ϕ ∧ ¬ψ) = α as well. But this implies by
a straightforward argument that d(ϕ) > d(ϕ ∧ ψ), which contradicts the assumption on ϕ.

Corollary 2.9. Let ϕ be a formula such that RM(ϕ) <∞. Then we have

RM(ϕ) = max RM(p),

Proof. One direction is trivial: If ϕ ∈ p, then RM(p) ≤ RM(ϕ) by definition. To show the converse,
it’s enough to find a type p which contains ϕ and does not contain any formula of strictly smaller
rank. However, the formula

p = {ψ(x) : ϕ ⊂α ψ}

from the previous proof trivially defines a type with the desired property.

We conclude the section by discussing how Morley rank transforms under definable maps. The
basic result is the following:

Lemma 2.10. Let D ⊂ M be a definable set, and let f : D → Mn be an injective map. Suppose
that f is definable — in other words, there exists some formula ϕ(x, y) such that ϕ(x, y) holds for
x ∈ D if and only if f(x) = y. Then we have

RM(D) = RM(f(D)).

Proof. The Morley rank of the set D depends only on properties of the lattice of definable subsets
of D. Since the bijection f : D → f(D) is definable, it induces a bijection between the lattice of
definable subsets of D, and the corresponding lattice for f(D). Therefore, the result follows.

Later on, we will need the following slightly stronger result, whose proof we merely sketch:

Lemma 2.11. With the notation of the previous lemma, suppose that f is merely finite-to-one.
Then we once again have

RM(D) = RM(f(D)).

5



Proof (sketch). For any element x and any parameter set A, we define RM(x/A) to be the Morley
rank of the type over A satisfied by x.

By Lemma 2.9 of [Zie98], if b is algebraic over Aa, then we have

RM(b/A) ≤ RM(a/A).

Let ϕ be the formula defining D, and let p be the unique type containing ϕ with RM(ϕ) =
RM(p). Likewise, let q be the type corresponding similarly to f(D). We can pass to an elementary
extension N of M in which both types p and q are realized, and we may pick realizations a of p
and b of q so that f(a) = b. In this case, the fact that f is finite-to-one ensures that a and b are
mutually algebraic over M . Hence, by the result quoted above, we have

RM(a/M) = RM(b/M).

However, RM(a/M) is exactly RM(p), and RM(b/M) is exactly RM(q). It follows that we have

RM(D) = RM(p) = RM(a/M) = RM(b/M) = RM(q) = RM(f(D)),

which is the desired result.

3 Totally transcendental theories and ω-stable theories

So far, we have seen that Morley rank provides a robust notion of dimension in some cases. However,
we have also seen that in other cases it fails to be defined, and we have yet to see how it relates to
the hypothesis of uncountable categoricity. In this section, we deal with both problems. First, we
show that uncountable categoricity implies a more general condition, namely ω-stability. Then, we
show that ω-stability is the right condition to ensure that Morley rank is well-defined.

Definition 3.1. Let T be a complete theory in a countable language. We say that T is ω-stable if
for all models M � T and all countable A ⊂M , there are only countably many types over A.

Theorem 3.2. Let T be a complete theory in a countable language. If T is uncountably categorical,
then T is ω-stable.

Remark 3.3. The proof still works in the case where T is merely categorical in some uncategorical
κ. In fact, according to a famous theorem of Morley, the two conditions are equivalent: a count-
able theory T is categorical in some uncountable cardinality if and only if T is categorical in all
uncountable cardinalities.

Proof. We will rely on the following claim: For all uncountable γ, there exists a model N of T such
that |N | = γ, and such that whenever A ⊂ N is a countable set, N realizes at most countably
many types over A. For a proof, see corollary 3.3.14 of [CK90].

Now, suppose for contradiction that T is not ω-stable. Then there exists a model M and a
countable A ⊂ M such that there are uncountably many types over A. By embedding M in
a sufficiently saturated model, we may assume that uncountably many types over A are actually
realized. It follows that M is uncountable, so |M | = κ for some uncountable κ. By the claim above,
there exists some N with |N | = κ which only realizes countably many types over every countable
set. But by uncountable categoricity, M and N are isomorphic, which gives a contradiction.
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Definition 3.4. The theory T is totally transcendental if we have

RM(T ) <∞.

Equivalently, T is totally transcendental if for all ω-saturated models M � T and all D ⊂ M , we
have RM(D) <∞.

Theorem 3.5. Let T be a complete theory. If T is ω-stable, then T is totally transcendental. If T
is countable and totally transcendental, then T is ω-stable.

Proof. First, suppose T is totally transcendental and countable. By Lemma 2.8, every type p over
A comes from a unique formula ϕ with parameters in A. Since A is countable, there are only
countably many such formulas. This proves one direction.

In the other direction, suppose that T is ω-stable, and let M be an ω-saturated model. Since
the power set of M is a set, as is the set of definable subsets of M , the class of ranks of definable
subsets of M is actually a set. In particular, there exists some ordinal α such that if D ⊂ M is
definable, then either RM(D) < α or RM(D) =∞.

Suppose there exists some D with RM(D) =∞. Since RM(D) > α, there exist countably many
disjoint Bi ⊂ D such that RM(Bi) ≥ α. By the assumption on α, this means that RM(Bi) =
∞. Repeating the same argument applied to B0, we obtain B00, B01 ⊂ B0, both disjoint, with
RM(B00) = RM(B01) =∞. Continuing in the same way, we obtain a “tree” of sets with undefined
Morley rank: For all finite binary strings σ, we have a set Bσ, such that

1. RM(Bσ) =∞.

2. If σ, τ are strings of the same length, then Bσ ∩Bτ = ∅.

3. if τ extends σ, then Bτ ⊂ Bσ.

There are only countably many Bσ, so there is some countable parameter set A over which
every set Bσ is definable. It follows that for every infinite binary string ν, there is a type pν with
parameters in A containing the conditions x ∈ Bσ for every initial segment σ of ν. However, by
condition (2), no two types corresponding to different strings can agree. Since there are continuum
many strings and A is countable, this contradicts the assumption that T is ω-stable.

The totally transcendental setting is where most of the rest of our arguments will take place.
With that in mind, we state two results we will need later. The first result tells us that if T is
totally transcendental, then Morley ranks of subsets of Mn are well-defined for all n.

Lemma 3.6. If M has Morley rank α and x has length n, then the solution set of ϕ(x) has Morley
rank at most (α+ 1)n. In particular, RM(Mn) <∞.

Proof. See Lemma 9.3.6 of [Hod97].

The second result says that the property of being totally transcendental is inherited by inter-
pretable structures. This will be useful later on, in the context of finite degree field extensions.

Proposition 3.7. Let T be totally transcendental in the countable language L, and let M be an
ω-saturated model. Let N ⊂Mn be a structure in some other language L′, which is interpretable in
M , in the sense that N is definable as are all its constants, functions, and relations. Then Th(N)
is totally transcendental.
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Proof. First, observe that N is ω-saturated. Indeed, given a countable parameter set A ⊂ N ⊂Mn,
ω-saturation of M guarantees that any type of M with parameters in A is realized. Since all the
structure of N is interpretable in M , a type p of N with parameters in A extends to a type q of
M with parameters in A. The type q is satisfied, and since N is definable, q includes the condition
that x ∈ N . Therefore, the type p is satisfied.

It follows that in order to show Th(N) is totally transcendental, we only need to show RML′(N) <
∞. Since M is totally transcendental, the Morley rank of N as a subset of Mn is finite. However,
since N is interpretable in M , every L′-definable subset of N is L-definable. It follows trivially
from the definition of Morley rank and induction that we have

RML′(N) ≤ RML(N) <∞,

and this completes the proof.

4 ω-stable groups

In this section, we consider the more specific situation of ω-stable groups, and prove several results
we will need for our main theorem. Most of these results are from [Las98].

Definition 4.1. An ω-stable group is a model G in a language L containing the language of groups,
such that G is ω-stable in the language L.

Remark 4.2. As we noted in the previous section, any structure interpretable in an ω-stable
structure is ω-stable. This means that the theory of ω-stable groups can often be extended to
groups interpretable in models of an ω-stable theory. Since ACFp is ω-stable, this can provide a
fairly natural model-theoretic angle on algebraic groups.

Lemma 4.3 ([Las98], Lemma 2.1). Let G be an ω-stable group, and let H be a definable subgroup.
Then the cosets of H have the same Morley rank as H itself.

Proof. For any left coset aH we have a definable bijection H → aH defined by f 7→ af , and the
same goes for right cosets. Therefore, the result follows from Lemma 2.10.

Theorem 4.4. Suppose that H ⊂ H ′ are definable subgroups of G. Then:

1. If [H ′ : H] is finite, then RM(H) = RM(H ′), and d(H ′) = d(H) · [H ′ : H].

2. if [H ′ : H] is infinite, then RM(H ′) > RM(H).

Proof. First, suppose that [H ′ : H] = n is finite. Then let e = a1, . . . , an ∈ H be (left) coset
representatives. By the lemma, we have RM(aiH) = RM(H) for all ai. Therefore, by Lemma 2.4,
it follows that RM(H ′) = RM(H). Let

H = D1 ∪ · · ·Dm

be a maximal decomposition of H into sets Di which are disjoint mod α. Then m = d(H). It
follows that ⋃

i≤n,j≤m
aiDj
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is a maximal decomposition of H ′ into sets disjoint mod α. It follows that

d(H ′) = mn = d(H) · [H ′ : H].

Now, suppose that [H ′ : H] is infinite. It follows that the decomposition of H ′ into left cosets
for H gives a decomposition of H ′ into infinitely many disjoint sets with Morley rank RM(H).
Therefore, we have RM(H ′) ≥ RM(H) + 1 > RM(H).

Corollary 4.5. There is no infinite descending sequence of definable subgroups of G. Any inter-
section ⋂

λ∈Λ

Hλ

of definable subgroups is equal to some finite subintersection.

Proof. Suppose for contradiction that Hn is an infinite decreasing sequence of definable subgroups.
For all n, d(Hn) is finite. It follows from part 1 of the theorem that for some m > n, RM(Hm) <
RM(Hn); indeed, either the degree or the Morley rank must decrease at each stage, and the degree
is finite. It follows that by passing to a subsequence, we may assume that RM(Hn) is strictly
decreasing. But there is no strictly decreasing sequence of ordinals, so this is a contradiction.

Now, suppose we have some intersection ∩λ∈ΛHλ, and suppose it is not equal to any finite
subintersection. Then for all a1, . . . , an ∈ Λ, there exists some an+1 such that

Ha1 ∩ · · · ∩Han 6⊂ Han+1 .

This allows us to build an infinite decreasing sequence of definable subgroups. But this contradicts
the result we just proved.

Definition 4.6. Let H be a definable subgroup of G. We say that H is connected if H has no
proper definable subgroup of finite index.

If F is a field of characteristic 0, then (F,+) is divisible. It follows that F has no finite quotients,
and therefore has no proper finite index subgroups; in particular, F is connected. Likewise, if F
is an algebraically closed field of any characteristic, then F× is divisible, and hence has no finite
quotients. This suggests that it would be helpful, given a field F we want to show is algebraically
closed, to show that F is connected. Indeed, this is what we will do in the final section.

Remark 4.7. In the context of algebraic groups, this definition of connected fits with the usual
one: an algebraic group G is connected if and only if it has no proper definable subgroup of finite
index. See Lemma 4.4 of [Pil98] for a discussion.

By our results above, if d(G) = 1 then G is connected. In fact, the converse is true as well.

Proposition 4.8. G is a connected group if and only if d(G) = 1.

Proof. See Proposition 4.3 of [Las98].

We conclude with a point that is not required for our proof of the main theorem, but which
helps to connect the ideas in this section to more familiar ones from algebraic geometry. In general,
if RM(G) = α and we have a maximal decomposition

G = D1 ∪ · · · ∪Dn
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of G into sets with RM(Di) = α which are disjoint mod α, then Lemma 2.8 shows that this
decomposition determines unique types p1, . . . , pn, each satisfying RM(pi) = RM(G). A type
satisfying this property is called generic, and can be thought of as an analogue of a generic point.
Thus, with the terminology introduced above, the group G is connected if and only if it has a
unique generic type.

5 The proof of MacIntyre’s theorem

In this section, we loosely follow [Hod93]. To complete the proof, we will require the following two
fundamental results from Galois theory which characterize cyclic extensions.

Theorem 5.1 (Kummer theory). Let F be any field, and suppose L/F is a cyclic extension of
degree n. If Char(F ) does not divide n and F contains all n-th roots of unity, then we have

L = F ( n
√
a)

for some a ∈ F .

Proof. For a proof using linear independence of characters, see section 14.7 of [DF04]. For a proof
using Galois cohomology, see Appendix B to [Sil09].

Theorem 5.2 (Artin-Schreier theory). Let F be a field of prime characteristic p, and suppose that
L/F is a cyclic extension. Then L is generated by a root of the polynomial

xp − x+ a,

for some a ∈ F .

Proof. See tag 09I7 of [Sta20].

For the rest of the paper, let F be a fixed infinite ω-stable field. This includes the case where
Th(F ) is uncountably categorical. As usual, we also assume that F is ω-saturated. First, we use
the machinery developed in the previous sections to prove the following:

Theorem 5.3. The groups F and F× are connected.

Proof. First, we deal with F . Suppose for contradiction that there exists some proper additive
subgroup A ⊂ F with finite index. Define

I =
⋂

f∈F×
fA.

The set I is clearly a subgroup, and we claim it forms an ideal of F . Indeed, pick any f ∈ F and
any b ∈ I. If f = 0, then trivially fb ∈ I. Therefore, assume f ∈ F×. For any f ′ ∈ F×, we can
write b = f ′af ′ for some af ′ ∈ A. It follows that for all f ′, we have

fb = f(f−1f ′)af−1f = f ′af−1f ′ ∈ f ′A.

Therefore, it follows that fb ∈ I, which shows that I is an ideal.
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Since F is a field, it follows that I is either 0 or F . Since 1 ·A = A ⊃ I, and since A is a proper
subgroup, we cannot have I = F . Therefore, in order to reach a contradiction, we only need to
show that I is nontrivial. By the descending condition for ω-stable groups (Lemma 4.5), we see
that I is equal to a finite subintersection:

I = f1A ∩ · · · ∩ fnA.

It follows that I contains the subgroup f1 · · · fnA ⊂ F . Since multiplication by the nonzero element
f1 · · · fn is an additive group automorphism of F , and since A has finite index in F , f1 · · · fnA has
finite index in F . In particular, I has finite index, Therefore, I is nontrivial. This implies that
I = F , and thus A = F .

This shows that F is connected. By Proposition 4.8, it follows that d(F ) = 1. If d(F×) = n > 1,
then we have a decomposition

F× = D1 ∪ · · · ∪Dn,

where each Di is disjoint mod RM(F×) from the others, and RM(Di) = RM(F×). Therefore, we
have

F = (D1 ∪ {0}) ∪ · · · ∪Dn,

Since F is infinite, every point is definable, and a point has dimension 0, we have RM(F ) =
RM(F×) ≥ 1. It follows that each set Di has RM(Di) = RM(F×) = RM(F ), and this contradicts
the assumption that d(F ) = 1. Therefore, we have d(F×) = 1, which shows that F× is connected
as well.

Now, we can finally prove our main theorem.

Theorem 5.4. Let F be an infinite ω-stable field. Then F is algebraically closed.

Proof. First, we show that for all n, the map x 7→ xn is surjective. Since 0n = 0, it’s enough to
show that the group homomorphism fn : F× → F× defined by

fn(x) = xn

is surjective. Since xn − 1 has at most n roots, the map fn has finite kernel, and is therefore
finite-to-one. It follows from Lemma 2.11 that

RM(fn(F×)) = RM(F×).

Therefore, by Theorem 4.4, fn(F×) has finite index in F×. Since F× is connected, it follows that
fn is surjective. This shows in particular that F is perfect, because if Char(F ) = p > 0, then the
Frobenius map, which is fp, is surjective.

Likewise, if Char(F ) = p > 0, we have an additive group homomorphism g : F → F, f(x) =
xp−x. This homomorphism has finite kernel consisting of the prime field Fp. Therefore, an identical
argument applied to the additive group shows that g is surjective.

Now, we show that F contains all roots of unity. The proof is by induction on n. Suppose that
F does not contain some θ which is an n-th root of unity. Then the extension F (θ) has degree
strictly less than n. Since F (θ)/F is a finite Abelian extension, there exists some L intermediate
between F and F (θ) such that L/F is a cyclic extension. Since k := [L : F ] < n, by induction
we know that F contains all k-th roots of unity. If If k is coprime to Char(F ), then Kummer
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theory implies this extension is generated by some element of the form n
√
a. But since the map fn

from above is surjective, this is impossible. If Char(F ) = p divides k, then by passing to a further
subextension, we may assume that L/F is cyclic of degree p. But by Artin-Schreier theory along
with surjectivity of the map g from above, this is likewise impossible.

It follows that F has no cyclic extensions. Indeed, if K/F is cyclic of degree n coprime to
Char(F ), then K/F is a Kummer extension, but as we saw above, F admits no Kummer extensions.
If K/F is cyclic of degree divisible by Char(F ) = p, then we can pass to an intermediate extension
L such that L/F is cyclic of degree p. It follows that L/F is an Artin-Schreier extension, but as
we saw above, F admits no Artin-Schreier extensions.

Suppose for contradiction that F is not algebraically closed. Then F has a nontrivial finite
extension K/F . Since F is perfect, we may assume that K/F is Galois. Every nontrivial group
has a nontrivial cyclic subgroup, so by the Galois correspondence there exists some L intermediate
between K and F such that the extension K/L is cyclic. Since L is interpretable in F , it follows
from Proposition 3.7 that L is an ω-stable field. Therefore, by the argument we just gave, L has
no cyclic extensions. This is a contradiction, and the proof is complete.
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